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In this paper we present a second order numerical scheme for the Cahn-Hilliard
equation, with a Fourier pseudo-spectral approximation in space. An additional
Douglas-Dupont regularization term is introdyced, which ensures the energy
stability. The bound of numerical solution in H and ¢ norms are obtained at
a theoretical level. Moreover, for the global nature of the pseudo-spectral meth-
od, we propose a linear iteration algorithm to solve the non-linear system, due to
the implicit treatment for the non-linear term. Some numerical simulations verify
the efficiency of iteration algorithm.
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Introduction

The Cahn-Hilliard (CH) equation [1], which models spinodal decomposition and
phase separation in a binary alloy, is one of the best known gradient flow type models in
mathematical physics. For any ¢ € H!(Q2) , the energy is given by:

1 1 &°
E(g) = (—¢“——¢2+—|V¢2]dx (1)
£ 47 27 2

where ¢ is a positive constant that dictates the interface width and the CH equation can be
viewed as the H-'conserved gradient flow of the energy functional (1):

4 =Au, with y:=5,E=¢’—$—c’Ap @)

Here we consider dimension two and take the spatial domain Q to be the usual 27-
periodic torus. Subsequently, the energy dissipation law follows from an inner product with
(2) by u. Meanwhile, the equation also is mass conservative.

The analysis for the CH equation turns out to be quite challenging, since it is a
fourth-order, non-linear parabolic type PDE. Many numerical works have reported interesting
computational results for CH equation [2-7]. Among these results, one usually investigates the
semi-implicit or fully implicit numerical schemes because of the difficulties introduced by the
combination of non-linearity and stiffness. Meanwhile, of these works, with a cut-off of the
double-well energy and artificial stabilization term, Wu et al. [2] proposed a linear second-

* Corresponding author, e-mail: zhengkelong@swust.edu.cn



Kang, X.-R., et al.: Convergence Analysis of the Energy-Stable Numerical ...
1038 THERMAL SCIENCE: Year 2022, Vol. 26, No. 2A, pp. 1037-1046

order scheme for CH type equations and diffuse interface tumor models. Guillen-Gonzalez
and Tierra [3] presented a linearized second-order scheme with an alternate variable. Based
on the modified version of the Crank-Nicolson discretization, a convex splitting finite differ-
ence scheme for CH equation was also reported in [4].

Recently, spectral and pseudo-spectral schemes are often considered when high-
resolution solvers are sought for the CH equation. For the periodic boundary condition, the
Fourier method is a natural choice to obtain the optimal spatial accuracy. For example, a con-
vex splitting Fourier collocation spectral scheme with an implicit treatment of non-linear
terms has been discussed in [8].

In this paper, a semi-implicit Fourier pseudo-spectral numerical scheme for CH
equation with the BDF three-point stencil in the temporal approximation is discussed. The re-
sults show theoretically and numerically that the proposed scheme can achieve the best stabil-
ity performance. In addition, the energy stability of the proposed scheme also gives a uniform
H* bound at a discrete level. As a result, £°(0, T; H?) and £(0, T; L*) estimates of the numeri-
cal solution are proved. Similar to the linear iteration algorithm reported in [8] for the modi-
fied Crank-Nicolson scheme, the linear iteration solver is employed again for this scheme.

Notations

For simplicity of presentation, we use a square domain, i.e., L = 1 and a uniform
mesh size hy = hy = h, Nx = Ny = N. We will assume that N = 2K +1 is always odd. All the var-
iables are evaluated at the regular numerical grid (xi, y;), with x; = ih, yi=jh, 0 <1, j<N.

For a periodic function f over the given 2-D numerical grid, we define the grid func-
tion space:

Gy ={f :2? > R| f isperiodic}
As for definitions and properties of Vi and An used in the next section, see the de-

tails in [8].
The spectral approximations to the £2 inner product and norm are introduced as:

N-1
I, =< f> <f.g>= h? > £,

i,j=0
and the " and 1°,1< p <eo norms for a grid function:
N-1
”f”w = Osmg\(l-1| fiil, ||f||p = (hzijzz:o| fi] |p)1/p 3)

To obtain a pseudo-spectral approximation at a given set of points, an interpolation
operator Iy should be introduced. Given a uniform numerical grid with 2N + 1 points in each
dimension and a discrete vector function f, where each point is denoted by (x;, y;) and the cor-
responding function value is given by fi;, the interpolation of the function is:

N
(DY) = D (F D) expl2mi(lx +my)] 4)
I,m=-N

where the (2N + 1)2 pseudo-spectral coefficients (f S)I,m are given by the interpolation condi-
tion fi,j :(IN f)(X,,yJ)
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The following lemma enables us to obtain an H™ bound of the interpolation of the
non-linear term; the detailed proof can be found in [9].

Lemma 1. Suppose that m and K are non-negative integers, and N = 2K + 1. For any
¢ € Pnk (with trigonometric polynomial up to degree nK) in RY, we have the estimate:

[t <)ol (5)
for any non-negative integer r.

The fully discrete numerical scheme
By the Fourier pseudo-spectral discretization in space, the second order accurate in
time backward differentiation formula (BDF) type numerical scheme can be formulated as
follows: for m > 1, given o™, ™' € Gy, find 9™ € Gy, such that:
3¢m+l _4¢m +¢m—1
2s

—As(-AR) (" —g™) + BAL (" - 20" + ™) (6)

= AN[(@™)? - (29" — ™) - 2AN 9™ -

where s = T/M.
To investigate the energy stability of eq. (6), we introduce the following modified
discrete energy:

B+1
2
The analogue results for the energy-decay property of eq. (6) can follow by an simi-
lar argument with suitable modification in [8]; the details are skipped for simplicity.

Theorem 1. For any B >0 and given¢™,¢™* ¢ Gy . the numerical eq. (6) is uncondi-
tionally energy stable, i.e., if A> 1/16, we have:

En (0" ™) <Ey(" ") < <Ey(¢°.97) <Gy (8)

Maximum estimate of the numerical solutions

Lemma 2. Suppose that " € Gy,m=12,...,M are the unique solutions to eq. (6).
Then, we have the following estimates:

ol <cu 7l <ce. o

1,04 1,2 &° 2 1 2 2 v
B 0.0 =2l 2o+ S Il v ool 2SN )

<
. <Cs ©

where C;, Cy, and Cs are positive constants independent of s, h, and T.
Proof. According to Theorem 1, the energy bound is given by:

2
R T R N A SN s BN 0 BNV B €1

in which we applied the simplified initial value ¢ = #°. Following the inequality for any
f eGy:



Kang, X.-R., et al.: Convergence Analysis of the Energy-Stable Numerical ...

1040 THERMAL SCIENCE: Year 2022, Vol. 26, No. 2A, pp. 1037-1046
1 s 1 .1 s 1
“Nfl==Iflb==fl -=|Q 11
4|I Il 2|I Ik 8|I Ily 2| | (11)
since:

5|f|4—1|f|2+120
8 2 2

holds at a point-wise level. Therefore, for all m > 1, it follows from the discrete energy (8)
that:

o], <(8co 412" =C (12)

Next, according to the following fact:

1 2 (2 2
Yl St o< 2

we obtain directly the estimates:

o"| <.f2C, +2]Q]=C,. [V 4" ZC°+2|Q| =G, (14)
"], < [vue"], <

“ “ Finally, applications of the Sobolev inequality and the Poincare inequality yield
#"| . <Cs.
M For the term associated with the cubic non-linear part in eq. (6), the following esti-
mate is given.
Lemma 3. Suppose that ¢™ € Gn, m =0, 1,..., M are defined as in Lemma 2. Then,
we have the following estimates:

213

|ant@™?1], <Cqfate™|] (15)

where C, := 3CC;"® is also independent of s, h, and T.

Proof. Denote ¢S is the continuous exten5|on of the discrete grid function ¢™, with
the interpolation formula given by (4). Due to A[(4" )»le Py . applying Lemma 1 (n=3,d = 2)
and the Holder inequality, we have:

[ant@™?1], = |AZW [@T] , < (V3)? |l (16)
At the same time, it follows from the standard expansion:
ALY )] = 340V A0 + 640 [Vl an

that;
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Jat@)1. <3¢l -Jad]., +oc[o].
2 2
sc|fe e, -ves
(¢S H s H H

+C, -”wﬁ;"

2
H!

X RS (L ¥

<C (caz |agy .

213

{4

)]

< c{cg o8

2/3

<cclB HA a2 (18)

in which the Sobolev embedding from H! into L8 and the Gagliardo- Nlrenberg mequallty are
repeatedly applied. Hence, a combination of (16), (18) and the equality HA B “ “AN¢ H
indicates the result (15).

We note that the | || : estimate of the numerical solutions obtained in Lemma 2 is not
sufficient to derive an maximium bound in the 2-D case for the CH equation. We need an
|{l4> bound to obtain point-wise control of the numerical approximation.

Theorem 2 Assume an initial data ¢° € H? per () and A > 1/16. Then, the following
bound is valid for the numerical solution given by the approximation eg. (6):

161, o1 = max 8], <C (19)

0<m<M

where sM =T andC > 0 is a constant independent of h and s, but dependent of T. Moreover,
the £~ bound of the numerical solution:

161 gr4<C. ¥Ym=0 (20)

is valid.
Proof. Taking the discrete inner product of (6) with A,Z\, ™ gives:

<3¢m+1 " ,A2N¢m+1> A (A3 (™~ g7, 3,47+

25<Af\‘¢m+l A2 ¢m+1>
=s(Ay (", A g -5 (Ay (267 - " A% ™) +
Bs(Ay (™" — 24" +¢™), AR ™) (21)
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Applying the summation-by-parts with periodic boundary condition, we have:
%<3¢m+l _4¢m +¢m—l'A$\‘¢m+l> —
1 m+1 m m-1 m+1
= (AN @ 4g" 1+ g7, A ) 2
3 m-+1 2
= (Z“ANqﬁ 2
3 m2 1 m-1
b S

:jm+1 _jm (22)

Lo s )-
el

[an (™ —om )] ]=

S s I W St T

For the stabilizing term, the following identity is valid:

+ 2y 1 + 2
(AR @™ =™, AR ™) = [HA o HAWHJ oAk -em], @)
Similarly, the surface diffusion term can be handled:

<A$\l¢m+1,A2N¢m+1>:”A,2\l¢m+1

2

) (24)

In turn, we apply the Cauchy inequality and e-inequality to the concave term, and
get:

_<AN 24" _¢m—l)’A$\l¢m+l> < HAN (2¢" _¢m—l)H2 . “A%\l¢m+1 ) <

ST o ST I

S ST I e s

2 2p
< gz +2p|nie [+ L|aiem L + o) (25)

for any 8> 0, in which the inequality (a + b)? < 2(a? + b?) and:

e[, =(o 4k )< 0, + 27 |, < Sorlsel e

2 4ﬂ
For ¢ =m, m — 1 are also used

The estimate for the last term on the RHS of eq. (21) is similar to that of the concave
diffusion term. First, we will need the following weighed Sobolev inequality:

[eanrd [ sclvd ) [sio)" <ceseltd [ <6+ gia, e
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for any g > 0, Where(f5 >0depends on B, f, and Cs. Then, using the summation-by-parts
formula and the Cauchy inequality, we have:

<A%\l¢m+laAN (¢m+1 _2¢m +¢m—1)> _

=“_(_AN )2 gt 2 +2<(_AN PG A )3/2¢m>_

_<(_AN )3/2¢m+1’(_AN )3/2¢m—1> <

1 2
E(_AN)3/2¢I’T1—1 <

S%H(_AN)s/z¢er1 2

+leanon]+

2 2

+

B2 mi
—A
No 2B

= B 2 m-1
<3C: + A 28
5+og Ng (28)

2
ﬂZm
+||=A
2 HB N

2 2

Next, we consider the inner product associated with the non-linear term. According
to Lemma 3, we arrive at:
5/3
<AN(¢m+l)3’A2N¢m+l>SHAN(¢m+l)3H2 '“A2N¢m+l ) <

) <C, “Arle¢m+l

2

2 2
<C,Cf + Az gm 2 <C, +||E-AZ g (29)
= Me™4 4 N 2= 6 4 N

in which Cg4 =C£C§3 and the Young inequality (p = 6, g = 6/5) is applied in the last step.
Therefore, a combination of egs. (27)-(29) yields:

) 2
- (A?g ﬁsggzs]nyw Bz g g <

<[ A5 vaps sl pelsion o v )

where C; =C5(f) + 65(ﬁ) +Cgand 7™, 7 ™ are defined in eq. (22).
Choosing B = £%/8 fixes C7 from previous inequality, we have:

gmL_ gm J{ATSZ +%€25J”Aﬁl¢m+l z + ATSZHA,Z\‘ (™ _¢m)”§ <

S 0

where Cy is a constant due to the fixed f.
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Adding the term ¢ S“A " “ /8 to both sides gives:

N R T

jm+1+(A752+1_ SJHA ¢m+1

AR R e A et @)
Now, we define a modified energy:

Hr j[’% ]HA o+ Lors| g )
Then, it follows that:

2 As
Hm+1Jr S”Af\,qﬁmﬂ

HAﬁ, (@™ 4" )H <H"+C;s (34)
which shows that:
m-1
H"<H°+C, Ts<H®+C,T =Cq (35)
j=1

Note that:

R SR i A

AR e i
I AR I T
Then, it follows from egs. (31)-(35) that:
N Hi <4TM <4HM <4C, (36)

From Lemma 3, the following result is made:

¢m+1

2 2
i +“AN¢”‘+1 L SC3 +4Cq:=C

To conclude, we employ the elliptic regularity and have:
el <c sl <l )=cllerl, lowel ) <ves =¢ - @n
In addition, we observe the following Sobolev inequality:
. sl <clet], sco=c. vmeo
where the first estimate is based on the fact that ¢™ is the point-wise interpolation of its con-

tinuous extension ¢¢' which gives the 1” bound of the numerical solution. This finishes the
proof.
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Linear iteration solver

In this section, we propose a linear iteration method to solve the eq. (6). The eq. (6)
can be reformulated as a closed equation:

(gI+ AS’AZ +¢%sA —BsAy j¢m+l =
=sAy (g™)3 +(2I —25Ay + As®AZ —2BsA, )¢m +[(B +1)sAy —%I}zsml (38)

where Z denotes the identity operator.
Also, define a linear operator Z and the value fn associated with the m" and (m — 1)
levels:

L= GI+ ASPAZ +?sAY - BsANj
f -:(ZI—ZSA + As’A2 —2BsA )¢m +{(B+I)SA —EI}/ﬁm_l (39)
m - N N N N 2

Then, eg. (38) can be simplified:
L™ =My (4" + 1, (40)

Obviously, the non-linear part in this equation is treated implicitly. To overcome the
difficulty associated with the implicit treatment of the non-linear term, a linear solver is nec-
essary, and we propose the following linear iteration algorithm:

3
£¢m+l,(k+1) — SAN |:¢m+l,(k):| + fm (41)
in which ¢™%® corresponds to the numerical solution at the k" iteration.

Efficiency of iteration algorithm

We present some numerical tests to verify the efficiency of the proposed scheme
compared to the CN scheme in [8] solved by the iteration algorithm (41). Different values of
the diffusion coefficient ¢2 and the stability constants A, B are used.

Take the phase variable ¢(x, y) = sin(2nx)cos(2ny) over the domain Q = [0, 1]? and
fix N = 128. By setting 10-° as the tolerance of iteration error, we record the average iteration
time from T = 0to T = 0.5 for eq. (6) and CN scheme in [8]. We fix A=1,B=1, and & =
0.01, 0.005, and 0.001 with different time step s; = 0.01, s, = 0.005, and sz = 0.001 and the
various results are reported in tab. 1.

Table 1. The average iteration times for two schemes

Equation (6) CN scheme
&2 S1 S2 S3 S1 S2 S3
0.01 6 4 25 5 3.6 2
0.005 10 5 25 12 4 2
0.001 34 12 6 130 24 2
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Clearly, for small &2, eq. (6) costs the lest computational effort, compared to the CN
scheme.
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Conclusion

In this paper, we presented an energy-stable second order in time numerical scheme
for the CH equation. Following the leading H* estimate indicated by the energy stability, we
establish a uniform in time bound of the numerical solution. As a result of this H? estimate, a
discrete maximum bound is also available for the numerical solution. Moreover, we also use
the linear iteration algorithm in which the non-linear system can be decomposed as an itera-
tion of purely linear solvers with more economical computational cost.

Nomenclature

X —space co-ordinate, [m] Q —domain, [m?]

A, B — adjustable parameters, [-] fim — Fourier coefficient, [-]
V  —divergence operator, [-] E - energy functional, [-]
An —discrete Laplacian operator, [-] h - spatial step size, [m]
References

[1] Cahn, J. W, Hilliard, J. E., Free Energy of a Nonuniform System. I. Interfacial Free Energy, Journal of
Chemical Physics, 28 (1958), 3, pp. 258-267

[2] Wu, X, etal., Stabilized Second-Order Convex Splitting Schemes for Cahn-Hilliard Models with Appli-
cation to Diffuse-Interface Tumor-Growth Models, International Journal for Numerical Methods in Bi-
omedical Engineering, 2 (2014), 4, pp. 180-203

[3] Guillen-Gonzalez, F., Tierra, G., Second Order Schemes and Time-Step Adaptivity for Allen-Cahn and
Cahn-Hilliard Models, Computers & Mathematics with Applications, 8 (2014), 4, pp. 821-846

[4] Guo, J, etal., An H? Convergence of a Second-Order Convex Splitting, Finite Difference Scheme for
the Three-Dimensional Cahn-Hilliard Equation, Communications in Mathematical Sciences, 2 (2016), 3,
pp. 489-515

[5] He, Y., etal., On Large Time-Stepping Methods for the Cahn-Hilliard Equation, Applied Numerical
Mathematics, 5 (2017), 3, pp. 616-628

[6] Ju, L., etal., Fast and Accurate Algorithms for Simulating Coarsening Dynamics of Cahn-Hilliard Equa-
tions, Computational Materials Science, 2015 (2015), 4, pp. 272-282

[7] Khiari, N., etal., Finite Difference Approximate Solutions for the Cahn-Hilliard Equation, Numerical
Methods for Partial Differential Equations, 2 (2007), 3, pp. 437-455

[8] Cheng, K., etal., A Second-Order, Weakly Energy-Stable Pseudo-Spectral Scheme for the Cahn-Hilliard
Equation and Its Solution by the Homogeneous Linear Iteration Method, Journal of Scientific Compu-
ting, 69 (2016), 3, pp. 1083-1114

[9] Gaoittlieb, S., Wang, C., Stability and Convergence Analysis of Fully Discrete Fourier Collocation Spec-
tral Method for 3-D Viscous Burgers’ Equation, Journal of Scientific Computing, 1 (2012), 5, pp. 102-
128

Paper submitted: June 15, 2021 © 2022 Society of Thermal Engineers of Serbia.
Paper revised: July 12, 2021 Published by the Vin¢a Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: July 21, 2021 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.


http://www.vin.bg.ac.rs/index.php/en/

