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In this article, we propose a new model for the scaling law heat conduction equa-
tion associated with the Richardson scaling law. To find the analytical solution
for it, we present a scaling law series associated with the Kohlrausch-Williams-
Watts function analogous to the Fourier series. The proposed technology is effi-
cient to handle the Richardson scaling law problems in mathematical physics.
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Introduction
Jean Baptiste Joseph Fourier [1] proposed the theory of the well-known Fourier heat
conduction equation in the 3-D case by:
0=(x,Y,1,t)
—a

where V2 is the Laplace operator and y is the thermal diffusivity of the medium. The 1-D
heat conduction equation reads:

MVPE(X, Y, 2,t) @)

0= (x,t %5 (x,t
( ):7 (x,1)

2
o W )

Richardson [2] suggested the well-known scaling law:
PO)=2x° (3)

where A € (0,+00) is the normalization constant, X € (—o0,4+0) and D e (0,+o0) is the scaling
exponent. The scaling law derivative of the function 3;(x) associated with the Richardson
scaling law (3) is defined [3]:

X2 d35(x)

7D @

RSL Dg(l)Sﬂ (X) _
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The differential of the function J,(x) associated with the Richardson scaling law
(5), denoted by d3;(x), is [3]:

A3, (x) = (DAXP™)" DT (x)dx (5)
The scaling law integral of the function @4(x) associated with the Richardson scal-
ing law (3) is defined [3]:
RSP 4(x) = (AD) j @ 5 (x)x° dx (6)
The scaling law indefinite integral of the function @(x) associated with the Rich-
ardson scaling law (3) is defined [3]:
RN D@, (x) = (AD) j @ 5 (X)X dx 7

The improper scaling law integrals of the function @5(X) associated with the Rich-
ardson scaling law (3) are defined [3]:

Jim 1 0@ (0= lim {(AD)Iwﬁ(x)xD 1dx}_(ﬂD)J.wﬂ(x)xD “dx ®)
b o)
lim 5107, (9 - .!L”;{umj wﬂ<x>XD_l"X} = (2D)[ @, (" Tox ©)
and
bL "1Pa, 09 = lim {(w) [@5(x)x° 1dx}—(/lD) [@s00xdx  (10)

The net change theorem for the scaling law integral associated with the Richardson
scaling law (3) reads [3]:

35(b) -3 4(a) = FLIPRDY 3,5(x)] (11)
The properties of the scaling calculus associated with the Richardson scaling law (2)
are [3]:
RSLpW1=0, DO (AxP) =1, DO (AxP)" = n(axP)™ (12a,b,c)
RSL Dg(l)esﬂ,x[) _ SeﬂxD , RSL Dg(l) In(lXD) — # , RSL Dg(]_)SAXD _ (In S)SAXD (13a,b,c)
RSLIM1= 2bP — 18P, FSL D [n(AxP)"] = (AbP)" — (1aP)" (14a,b)

RopIEY (#j:ln(sz)—ln(zaD), RSLI D [(Ins)s™” 1= s 5% (15ab)

D D D D D D
RS;Iél) (eix ) _ eib _ eia ’ RSI;;'él) (selx ) _ es};b _esla (16a,b)
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where s is a constant, and e*" =% A"x"/n! is the Kohlrausch-Williams-Watts function
[4, 5]. The scaling law heat conduction equation may be used to describe the heat transporta-
tions in the sheared granular materials [6], carbon nanotube materials [7], and carbon nano-
tubes [8].

To solve the problems, the non-Fourier law [3]:

&LV OE(X, Y, 2,8) =Q(X, Y, Z,1) (17)

was suggested, where x is the thermal conductivity of the scaling law materials, =(X, Y, z,t)
is the temperature distribution, and the scaling law gradient associated with the Richardson
scaling law (3) is [3]:

4.0 . 4. 0 4. 0
RSLy = 1(ADxP = + j(uDyP )= + k(ADzP 1) — 18
p =I( ) o J(ADy"™) Y ( ) = (18)
and the scaling law Laplace-type associated with the Richardson scaling law (3) is [3]:

0\ oY %
RSLA RSLVZ RSLV RSLVD—(/IDXD -1 ) + ﬂ,DyD_l— +(;{/DZD_1—j —
OX oy oz

[AZDZ 2(D 1)] +[12D2 2(D 1)]8y +[2/2D2 2(D l)] (19)

The main target of the paper is to set up the theory of the scaling law heat conduc-
tion associated with the Richardson scaling law (3), and to propose the theory of an scaling
law series associated with the scaling law subtrigonometric series and Kohlrausch-Williams-
Watts function to solve the scaling law heat conduction equation in the 1-D case.

Theory of a scaling law series associated with the
Kohlrausch-Williams-Watts function

In this section, we suggest analytical theory of a scaling law series associated with
the Kohlrausch-Williams-Watts function analogous to the Fourier series.
The Kohlrausch-Williams-Watts function is represented [9, 10]:

e = cos(AxP) +isin(AxP) (20)

where cos(Ax°) =22 ,A%"x*" /(2n)! and sin(AxP) == A2 @R /2 1)1,
The scaling law series associated with the scaling law subtrigonometric series is:

Q) = %éo +3 Bocos(nix®) + 3¢, sin(nAxP) 21)
n=1 n=1

where &, bn, and ¢, are the coefﬂuents for the scaling law series of the function N(x).

It is observed that N(AxP) =R(x), where N(x) has the period 2z, and that R(x)
can be expressed by the scaling law subtrigonometric series.

This implies that:

/A
j sin(mAx2)sin(n, Ax®)xPldx =w/AD (0, =n,) (22)
—Sn/a
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Rz
j sin(mAx2)sin(n, Ax°)xPtdx =0 (n, #n,) (23)
—Qm/a
Q2
j cos(nAxP)cos(n,AxP)xPrdx =w/AD  (n, =n,) (24)
i~
Rz
j cos(nAx)cos(n,Ax°)xPldx =0 (n, = n,) (25)
77
o7
I sin(n,Ax2) cos(n,AxP)xPtdx =0 (26)
QA
Rz
j sin(n.AxP)xPldx = 0 27)
=
and
Rz
f cos(nAxP)xPdx =0 (28)
QA

It is easy to find that:

m : D D
elnllx e—lnzlx XDfldX =/AD (n_l_ — nz) (29)
E=r)
m f D : D
I e|n1};x e—mzlx XD—ldX -0 (nl - nz) (30)
X
Vmwa 5
j e xPIdx =0 (n, #0) (31)
—Rin/2
and
wa
xPdx = /4D (32)
—Rlwa

Let us define the scaling law product of two functions ¢, (x) and w, (x) with
weighted function a(x) = x°" by:

a(

b
(dh (900, (9) = [, (X, (X)x° Tk (33)
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If:
b
(dh, (000, (9) = [, 0, (9 Hx=0 (g %1,) (34)
a
and
b
(dh (900, (9) = [, (I, (9= (ny=n,) (35)
a

where A is a constant, then two functions ¢, (x) and y, (x) are the weighted orthonormal
functions with weighted function a/(x) = xP2.

Thus:
<sin(nl/1xD),sin(n2/1xD)> 9 =/AD (n =n,) (36)
a(X)=X
< . DYy i D _
sin(mAx™~),sin(n, Ax )> o =0 (n#ny) (37)
<cos(n1/1xD),cos(n2/lxD)> oo =w/AD (n =n,) (38)
a(X)=X
<cos(n1/1xD),cos(n2/1xD)> o =0 (n#n,) (39)
a(X)=X
<e"WD el > =m/AD (7 =ny,) (40)
a(x)=x""
<e"WD ginAx” > =0 (n, #ny) (41)
a(x)=x""
where a=-X7z/1 and b=Y/z/A.
Now, by (14 a, b), we find
b
RSL Mg — (iD)j xPldx = Ab® — 2aP (42)
a
such that:
An/2 . /A 1 w o
[ Reoxdx= | {—éo +> bncos(nax®) + "¢, sin(nax®) |x°tdx =
) —Rfn/a 2 n=1 n=1
Yi g s S
= | >8> :% [ xPdx = 4m/aD (43)

R/ —Rin/a



Yang, X.-J., et al.: A New Insight on Analytical Theory of the Scaling law ...

1030 THERMAL SCIENCE: Year 2022, Vol. 26, No. 2A, pp. 1025-1035
i
R(x)cos(nAxP)xPdx =
¥z
iz
J' { a0+an cos(nAx )+chsm(n/1x )}cos(nﬂx )xPldx =
—Rin/A n=1
fn/n
I {an cos(nAx )}:os(nﬂx )xPLdx =
—Rfn/a
. Qn/a
=bn I cos(nAx®)cos(nAxP)xPdx =
K/
=Dbnn/AD (44)
and
Yn/a N
R(x)sin(nAxP)x°dx =
iz
Rn/a 1 o 0
_[ {5 +Y bacos(nix®) + Y ¢, sin(nlxD)}sin(nixD)xD‘ldx:
iy n=1 n=1
R/ [ oo
I {ZCnsin(nﬂxD)}sin(n/ixD)xD‘ldx:
—¥fmaln=l
Wi
[ sin(nax®)sin(nix®)x>dx =
—Rn/2
=6 wAD (45)
Thus, with the aid of (43)-(45), we have:
Vi
4, =Dz j R(x)x°dx (46)
iz
A m A
bn =AD/x j R(x) cos(n1xP)xPdx (47)
iz
and
YaiZ
€ =ADIz [ R)sin(nix®)x®dx (48)
R/ A

such that we determine the scaling law subtrigonometric series (21).
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Let us define a scaling law series associated with the Kohlrausch-Williams-Watts
function:

R = Y g.e™ (49)
Nn=—o0

where ¢, are the coefficient for the scaling law series of the function K(x).
We now compute:

[ See™ xPdx=g, [ €™ e ™ x> dx=g,na/D (50)
—Rn/a —Xn/a
Thus, with use of (50), we obtain:
G, =AD/m [ AR(0e ™ xPldx (51)
—Rn/a

Let R(AxP) =R[A(=x)P] with the period 27. Then we obtain:

Q(x) = %ao +3 By cos(nix®) (52)
n=1
where
/2 /2 .
8,=ADIn | Ne0x"tdx=24D/n [ Ne0x°Tdx (53)
n/a 0
and
. n/a ) n/a .
bn = AD/n j R(x)cos(nAxP)xPldx = 2AD/n j R(x)cos(nAxP)xPldx  (54)
fnin 0
Let R(AxP) = —R[A(-x)P]with the period 2z. Then we obtain:
R(X) =Y ¢, sin(nix®) (55)
n=1
where
€ =AD/n [ N00sin(nAx®)x®dx=24D/m | R(x)sin(nix®)x®dx (56)
R/ 0

The general theory of the scaling law series associated with the Kohlrausch-Wil-
liams-Watts function [10].
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Theory of the scaling law heat conduction
Let us recall that the non-Fourier law [3]:
—FNVBE(X Y, 2,1) = Q% ¥, 2,1) (57)

where « is the constant, and:

-V Y, 2,t) = up(ADt°™) (58)

0=(X,Y,2,t)
ot
where v is the specific heat capacity and p is the density (mass per unit scaling law volume) of
the scaling law material.
Connected with (57) and (58), we obtain the scaling law heat conduction equation:

LYok VE(x,y,2,0] = pp(Dt> ) EE V2D (59)
This implies that the scaling law heat conduction equation reads:
Ry b LV (X, y,z,t)]=up(ﬂDtD-1)w (60)
If x is a constant, then the scaling law heat conduction equation:
(D) EEILD _ msgtay 2, (61)
where y =x/(vp) is the thermal diffusivity of the medium.
The 1-D scaling law heat conduction equation can be expressed:
—_ 2=
(ADt°Y) O=(x1) — J[A2D2x20 D] 0 u(;ﬂ) (62)
ot OX
subject to the initial and boundary conditions:
E(x,0) =Vv(x) (63)
and
Z(0,t) =Z(L,t)=0 (64)
where x[0,L] and t > 0.
Analytical solution for the scaling law heat
conduction equation in the 1-D case
Suppose that:
E(x,t) =Z()I1(x) (65)

such that:
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(ADtP 1)5[2(01_[()()] J[A2D2X2PD] [Z(t);‘[(x)] (66)
ot OX
which leads to:
2
ot Z0 _ s nazpze- 1K) (67)
ot OX
This implies that:
L pto- 1)52('[) _7_[22D%® 1)]a I1(x) (68)
Z(t) ot TI(x) x>
Let:
i(thD—l)az_(t) =R (69)
2(t) ot
such that:
V(423 1)]a T1(x) _— (70)
T1(x) x>
where R is a constant.
Thus:
(1DtP1) 2 aza) _RE(t) (71)
and
[22D2P 1)]a I1(x) —_I(x) (72)
ox?
where & =R/y.
According to [9, 10], we find that:
3(t) = Te (73)
and
T1(x) = I, cos(y/EAxP) + I, sin(\/EAxP) (74)
where T, IT;, and IT, are the constants.
Since:
2(0,t)==(L,t) =0 (75)
then T1, =0 and:
T1(x) =TT, sin(\/EAL®) =0 (76)
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Here, we have \[ZALP = nz, which leads to:

2 2
nm nm
R=y| —| and
y(/ILD] 6= (ALDJ

Thus:
TI(x) = iS(n)sin (E—g xP j =v(x) 77)
n=1
which yields that
L L
(n) = ILv(x)sm( xDjxD‘ldx= ZLRDiv(x)sin(nLliDjxD‘ldx (78)

From (73) and (77) we have T =1 such that:

e \2
lj AtP

E(X,t) = ilg(n)Sin (lr_]—g XD je_y[lLD
n=1

(79)

Conclusion

This work studied the scaling law heat conduction process associated with the Rich-
ardson scaling law and the analytical theory of the scaling law heat conduction equation asso-
ciated with the Richardson scaling law. We also proposed the theory of the scaling law series
associated with the Kohlrausch-Williams-Watts function. The result is important for us to find
the scaling law series solutions for the scaling law PDE in mathematical physics.
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Nomenclature

X, Y, Z — space co-ordinates, [m] Z(X, Y, z, t) — temperature, [K]
t — time, [s] p — density, [kgm3]
_ £ P 11
Greek symbols v specific heat capacity, [Jkg—K™]

y — heat conductivity, [Wm=—K™1]
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