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In this paper, we attempt to investigate the steady and laminar flow of incompress-
ible water based nanofluid between inclined plates and over an inclined plate. A 
uniform and external magnetic field is applied in order to control the non-fluid-
flow. The Cu-water based nanofluid can be also used for heat transfer enhance-
ment. We can gain additional thermal energy in the fluid by increasing the volume 
fraction of Cu nanoparticles in the base fluid and improving the thermophysical 
parameters for the single-phase model. The results also show that adjusting the 
Prandtl and Eckert numbers causes the velocity profile to change fast. According 
to our findings, fluid elements may be more intensively accelerated by raising the 
nanoadditive concentration and enhancing the thermo-physical characteristics of 
the fluid.
Key words: heat transfer, nanofluid, non-parallel walls, inclined walls,  

nanofluid-flow

Introduction 

Nanomaterials’ superior thermal properties enable for more efficient heat transmission 
in engineering, industrial, and technological operations. By altering the concentration of the 
nanoparticles, the characteristics of nanofluids may be adjusted [1]. Sheikholeslami et al. [2] 
investigated the six-lobed absorber tube with integrated turbulators. To boost the solar unit’s 
productivity, the authors mixed hybrid nanoparticles into the base fluid. A visualization experi-
ment was carried out by Zhang et al. [3] using a high speed for enhancing the heat transfer per-
formance of pulsating heat pipe. The influence of varied concentrations of SiO2-H2O nanofluid 
on the thermal performance of pulsing heat pipes was explored experimentally. Olabi et al. [4] 
examined the use of nanofluids in heat exchangers of various shapes. The use of nanofluids was 
shown to increase heat transfer both experimentally and statistically. The thermal performance 
of a small heat sink thermoelectric cooling module using water-based nanofluid is explored 
experimentally in a work by Wiriyasart et al. [5]. Azimi and Riazi [6] investigated a situation of 
nanofluid-flow between two spinning disks for unstable nanofluid-flows.

Azimi and Mozzafari [7] exploited an intelligent black-box identifier to study the 
unsteady 2-D graphene oxide-water nanofluid heat transfer between two infinite parallel walls. 
Wire drawing, extrusion, hot rolling, and other applications such as metal spinning, rely on 
fluid-flow across a stretched surface [8]. To ensure that the end product fulfils the specified 
quality criteria, it is critical to understand the process’s flow and heat characteristics [9]. With 
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both non-Newtonian and Newtonian fluids, as well as applied electric and magnetic fields, 
variable thermal boundary conditions, and power law change of the stretching velocity, a wide 
range of issues involving heat and fluid-flow across a stretching sheet have been explored. The 
convective transport equations are discussed in terms of similarity as well as direct numerical 
solutions. In this paper our hypothesizes are addition of nanoparticles can increase the heat 
transfer coefficient in the system. The volume fraction parameter of nanoparticles (copper) can 
play an important role in how the temperature profile is formed, and in particular, the addition 
of nanoparticles increases the heat transfer rate. 

Today, the issue of increasing heat transfer rate is one of the most important issues in 
industrialization. In industrial applications, especially pure water is used as a cooling fluid and 
ethylene glycol and oil, which due to low thermal conductivity, there is a need to increase the 
heat transfer rate. For this reason, nanofluids can be used for cooling, which can increase the 
heat transfer rate by improving the thermophysical properties of the base fluid [10]. 

The majority of problems in fluid mechanics including viscous nanofluid-flow over 
a stretching wall and or between two inclined walls are non-linear in nature and are charac-
terized by non-linear differential equations. Consequently, these equations are usually solved 
using numerical and analytical methods such as the Hermite wavelet method [11], homotopy 
perturbation method (HPM) [12], reconstruction of variational iteration method [13], and 
Galerkin optimal homotopy asymptotic method [14]. In this paper, we presented the results 
of the numerical solutions for nanofluid-flow between two inclined walls and over an inclined 
wall.

Related works

The topic of nanofluid-flow and heat transmission over a stretched surface has piqued 
the interest of many academics in recent years [15-18]. Al-Mamun et al. [19] considered 
non-Newtonian nanofluids flow over the stretching sheet in similar conditions. In this work, the 
effects of viscous dissipation and natural-convection have not been investigated. The authors 
report that the velocity profile increases with increasing caisson fluid parameter. The similarity 
solution was performed to convert the equations and then the ODE was solved with MATLAB. 
In an article by Khashi’ie et al. [20] the effect of using hybrid nanofluid on the velocity profile 
in the problem of 3-D fluid-flow over the elastic sheet was discussed. They have obtained the 
results assuming a single-phase model. In this paper, the effect of viscosity dissipation is con-
sidered negligible. There is no information regarding the behaviour of velocity profiles before 
and after imposing external magnetic field. 

Wahid et al. [21] investigated the flow of nanofluid over an elastic plate by considering 
the slip conditions on the wall. They have studied the impact of several parameters on tempera-
ture and velocity profiles. They reported that as the volume fraction of copper nanoparticles in 
the base fluid increases, the local Nusselt number on the wall increases. In this article, similarity 
solution was used. Ali et al. [22] investigated the effect of magnetic dipole on the heat transfer 
phenomenon for the ethylene glycol based nanofluid containing ferromagnetic nanoparticles. 
They have presented the solution results of the nanofluid-flow problem over a stretching sheet. 
The applied magnetic field has a special effect on the nanoparticles and the fluid-flow can be 
controlled with the help of the applied magnetic field. The finite element method has been 
used to solve ordinary non-linear differential equations. According to the results obtained by 
the authors of this paper, ferromagnetic nanoparticles have the potential to achieve higher heat 
transfer compared to free magnetic nanoparticles. 
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Hazarika et al. [23] considered the effect of a magnetic field on a water-based nanoflu-
id-flow as it passed over an elastic plate. Viscous dissipation effect is taken into account but the 
natural-convection coefficient is assumed to be very low. According to the results, increment of 
nanoparticles solid volume fraction decreases dimensionless velocity. The effect of magnetic 
field on the flow of non-Newtonian fluid in the presence of nanoparticles has been investigat-
ed in a paper by Hayat et al. [24]. This article considers a 2-D incompressible viscous MHD 
copper-water nanofluid-flow over an inclined stretching wall and between two inclined walls.
Specific instructions 

Problem description

Case A 

Here, we consider the steady 2-D flow of an incompressible water based nanofluid 
fluid between two inclined and rigid walls. The semi angle between the electrically isolated 
plates is fixed by the angle of . The regime is laminar. We have assumed that the rigid non-par-
allel plates meeting at a vertex, with sink or source at the mentioned vertex, are extended to 
infinity. In order to investigate Jeffery-Hamel problem, a homogeneous external magnetic field 
which is applied in z-direction, is considered in this work. The working water-based nanofluid 
is electrically conducting fluid and it contains Cupper nanoparticles. 

A polar co-ordinate system with its origin at the apex is defined for formulating the 
Jeffery-Hamel problem. A homogenous magnetic field (the strength is B) is applied external-
ly on the working water-based nanofluid in the transverse direction. This magnetic field can 
produce a body force called Lorentz force and it is possible for us to control the fluid-flow by 
changing the strength of the applied magnetic field. It is very important to note that the flow is 
purely radial. By assuming a purely radial flow in the defined polar co-ordinates, the problem 
will be simplified and similarity solution transformation can be derived. As the flow is pure-
ly radial, there is just one velocity component, vr, and this velocity component is a function 
of radial and angular co-ordinates (under steady-state conditions). However, according to the 
previous research works, this important assumption can be violated even for a Newtonian fluid 
[25, 26]. 

The governing equations of MHD water-cupper nanofluid-flow in a wedge-shaped 
channel with a fixed angle, can be written (the fluid is incompressible, the flow is purely radial, 
steady, and laminar):
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The energy and concentration equations can be also written:
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Subject to the following boundary conditions:
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where θ and r are the polar co-ordinate system’s components, u(r, θ) is the velocity component 
in r-direction, and it is assumed to be a function of θ and r. In the aforementioned equations, 

P is the pressure, B0 – the strength of the imposed 
magnetic field, ρnf – the density of nanofluid while 
n nf – the kinematic viscosity coefficient. 

As it is depicted in fig. 1 and due to the 
fact, that at the walls, the nanofluid has zero 
velocity (the no-slip condition) the boundary 
conditions can be defined. We can assume that  
u(r, θ) = 0 at the plates while at the centreline be-
tween the walls ∂u(r, θ)/∂θ is assumed (according 
to the rule of symmetry). The working nanofluid 
is a water based nanofluid and its solid volume 
fraction is φ. The physical properties, such as den-
sity and the kinematic viscosity [6], and thermal 
properties, such as thermal conductivity [7] of the 
nanofluid can be defined:
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Figure 1. Geometry of problem – Case A
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Introducing η = θ/α and f(θ) = ru(r, θ) the velocity parameters dimensionless form can 
be obtained by dividing to its maximum values, F(η) = f(θ)/fmax). 

Substituting the introduced dimensionless parameters into eqs. (3)-(6) and also elimi-
nating the pressure term achieves the following ordinary differential equation:
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where φ is the solid volume fraction of cupper nanoparticles, Ha and Re are Hartman and Reyn-
olds numbers, respectively. The boundary conditions can be also re-written:

( ) ( ) ( )1 0, 0 1, 0 0F F F ′= = = (9)

The coefficient of kinematic viscosity of the working nanofluid should be measured 
using the predetermined formula in eq. (7). 

The achieved eq. (8) is a non-linear differential equation and classical techniques can-
not solve this problem. Hence, we have chosen Runge-Kutta method for solving the equation 
and also, we have solved the equation analytically in order to be sure about the accuracy of the 
achieved results. 

Case B 

Consider the 2-D nanofluid-flow on an inclined elastic wall. The sheet is being lin-
early stretched with constant speed of Uw(x) = cx where c is a positive and constant parameter. 
A permanent and constant magnetic field B0 is continuously applied in the y-direction. Consid-
ering Cartesian co-ordinates, we write the equations of mass, momentum and energy for the 
proposed problem:
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The schematic of the problem can be seen in 
fig. 2. Here, φ is nanoparticles solid volume frac-
tion. According to fig. 2, on the stretching wall we 
have Tw = T∞ + ax2 where a is a positive constant 
parameter. In light of the mentioned conditions and 
the assumptions of the problem, we can express the 
boundary conditions: 
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It should be noted that vw(y) is the suction velocity at the porous stretching sheet. We 
define the following parameters for non-dimensionalization of the partial differential equations:

Figure 2. Geometry of problem – Case B
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The non-dimensional form of the resultant equations, as well as accompanying bound-
ary conditions, can be stated by substitution of eq. (14) in eqs.(10)-(12):
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Results and discussions

Case A 

In the first part, MHD nanofluid-flow of an electrically conducting water-based nano-
fluid between two inclined walls is investigated and studied analytically and numerically. This 
theoretical study has many industrial applications like controlling of flows and/or design of 
diagnostic devices which make use of the tissue fluids and magnetic fields interaction. This 
paper presents an approximate solution for MHD flows of nanofluid between two rigid inclined 
isolated walls. The mass, momentum, energy and concentration conservation equations were 
presented and studied. However, the main goal of this article is to discuss about the effects of 
different physical parameters on the velocity profile. 

It is also worth mentioning that while application of magnetic field can produce Lo-
rentz force and it gives us this possibility to control the flow, adding copper nanoparticles to 
the base fluid leads to enhancement of the heat rate. Copper has higher thermal conductivity in 
comparison with base fluid (water) so dispersion of nanoparticles in water can hugely improve 
the thermal properties of the working fluid. For both cases diverging and converging channel 
(the negative and positive values of fixed angle between the inclined walls), the channel angle 
effect of velocity profile is shown in figs. 3(a) and 3 (b). It is worth mentioning that for achiev-
ing both figures we assumed Re = 30, φ = 0.1, and Ha = 100. 
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Figure 3. Effect of semi angle on velocity profile in case Re = 30, φ = 0.1,  
and Ha = 100; (a) upper- converging channel and (b) down- diverging channel

It can be concluded that while the velocity is a decreasing function of channel angle 
in diverging channel, we can expect an increment in the dimensionless velocity when channel 
angle increases in convergent channel. This is due to the fact that in diverging channels an 
increase in the angle between the rigid walls may accelerate fluid elements near the plate. This 
may lead to an increase in the amount of the positive pressure gradient. Hence, in a diverging 
channel by increasing the channel angle to a certain value, a backflow will occur. Figure 4, 
shows the effect Hartman number (representative of magnetic force) on velocity profile for a 
diverging channel (positive half-angle). 

In fig. 4 the effect of the magnetic field strength on the radial velocity is depicted. 
According to the figure, by changing the Hartmann number (or the strength of magnetic field) 
w can easily control the nanofluid-flow and this has an important influence on the working 
system’s performance evaluation results. Therefore, by increasing Hartman number (Lorentz 
force) the occurrence of back flow phenomenon in the diverging channel will be prevented. 

Figure 4. Effect of Hartman number on 
velocity profile in case α = π/24, Re = 100, and 
φ = 0.0	

Figure 5. Effect of solid volume fraction 
number on velocity profiles in case α = –π/18, 
Re = 40, and Ha = 100
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Increasing the magnitude of Hartman number results in an increment in radial veloci-
ty. As it is mentioned, back flow is highly possible for large Reynolds numbers in case the angle 
between the rigid walls is positive. Hence, we can come to the conclusion that the transverse 
magnetic field reduces pressure gradient and opposes the transport phenomena. As by varying 
Hartman number, we can change the Lorentz force produced by inducing magnetic field on the 
electrically conductive fluid, and this increment in Lorentz force leads to more resistance to 
transport phenomena. 

Solid volume fraction of the nanoparticles is another influential parameter. In fig. 5 
we have shown the effect of solid volume fraction on velocity profiles in case the half-angle 
is positive channel (diverging channel). As it is depicted in fig. 5, by decreasing solid volume 
fraction number, the velocity will be decreased. It means that by increasing the nanoadditive 
concentration and improving the thermo-physical properties of the fluid, fluid elements can be 
more intensely accelerated.

In tab. 1, our results are compared to the results of recent study by Adel et al. in [27].

Table 1. Error analysis (Adel et al. [27] vs. current study) 
for Case A when Re = 50, Ha = 1000, and α = –10

x [27] Our results Error
0.2 0.99763519 0.997629224 ~ 0.1%
0.4 0.98522918 0.985221386 ~ 0.1%
0.6 0.93520006 0.935192106 ~ 0.1%
0.8 0.73853168 0.738525188 ~ 0.1%

Case B

In this section, we will present our achieved results. 
In fig. 6, the effect of external magnetic force on temperature profile is investigated. 

Figure 7 shows the effect of the volume fraction of copper nanoparticles on dimensionless tem-
perature profiles. As can be seen from the figure, by increasing the volume fraction of copper 
nanoparticles in the base fluid, and because the thermo-physical properties for the single-phase 
model are improved, we can obtain more thermal energy in the fluid. 

Figure 6. Effect of magnetic F on 
temperature profile

Figure 7. Effect of nanoparticle C on 
temperature profile
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Increasing the rate of heat transfer is one of the desirable phenomena in the industry, 
which can be achieved by adding nanoparticles to the base fluid, which is water here. 

Figure 8 depicts the influence of the Eckert number on the temperature profile; as seen 
in this graph, the thickness of the thermal boundary-layer increases as Eckert number increases. 
The impact of raising Eckert number values in the flow zone to increase temperature dispersion. 
The influence of viscous dissipation, which accounts for the heat energy stored in the fluid ow-
ing to frictional heating, is considered in this study. There is a magnification in order from figure 
to show the amount of difference better. It should be noted that to obtain fig. 8, other coefficients 
are considered s = 0.0, φ = 0.05, λ = 1.0, Pr = 6.2, and M = 2.0, respectively.

Figure 9 shows the effect of a magnetic field on the velocity profile. The increase in 
velocity when the magnetic field reaches M = 1 from zero is greater than the increase in velocity 
when M reaches from one to two. This figure is obtained while φ = 0.05, Ec = 0.15, and Pr = 6.2. 
By changing the Prandtl and Eckert numbers the velocity profile varies rapidly.

Figure 8. Effect of Eckert number on 
temperature profile

Figure 9. Effect of magnetic F on  
velocity profile

By introducing the following parameters, we can examine the error sensitivity and 
error analysis for the numerical solution obtained in this paper:

( )
( ) ( )

(0)
0.5 0.5hnf
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f 1 2

Nu Re 0 , 
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In tab. 2, our results are compared to the results of study by Waini et al. [28].

Table 2. Error Analysis (Waini et al. [28] vs. Current study) for Case B

φ2 [28] CfRex
0.5 Our results [28] NuxRex 

0.5 Our results Error

0.005 –1.3287098 –1.3272937 1.961773 1.9616047 ~0.1%

0.02 –1.409490 –1.4096591 1.989308 1.9891453 ~0.1%

0.04 –1.520721 –1.5208630 2.026446 2.02628990 ~0.1%

0.06 –1.634119 –1.6324060 2.064150 2.063997469 ~0.1%
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Validation

Case A - ODES: Here, we also attempt to validate the achieved approximate results, 
so the ODE subject to the BC have been also solved analytically by HPM-pade method. We 
have used MAPLE software for this purpose. In this section, the basic ideas of HPM will be 
illustrated. Consider the following differential equation which is non-linear:

( ) ( ) 0,  A F u η η− = ∈Ω (19)
 	 Subject to the general boundary condition:

, 0,   FB F
n

η Γ∂  = ∈ ∂ 
(20)

where A is a differential operator and B is a boundary operator while u(η) is an analytical func-
tion, and the Γ is the Ω domain’s boundary. According to the HPM, the predefined operator A 
should be divided into two different part: a – L (which is the linear part) and b – N (which is the 
non-linear part). So we can rewrite the eq. (20):

( ) ( ) ( ) 0L F N F u η+ − = (21)
The structure of homotopy perturbation is defined:

( ) ( ) ( ) ( ) ( ) ( )0, 1 0H f p p L f L F p A F u η   = − − + − =   (22)

where the embedding parameter p ∈ [0, 1] is introduced. Moreover, F0 is an initial approxima-
tion that can satisfy the predetermined boundary condition. While the embedding parameter 
changes from zero to one, f(η, p) can change from F0 to Fη: 

( ) [ ], : 0,1f p Rη Ω× → (23)

According to eq. (22), we can obtain:
( ) ( ) ( )0,0 0H f L f L F= − = (24)

	 By considering f(η, p) as:

( ) ( ) ( ) ( )2
0 1 2f f pf p fη η η η= + + + ⋅⋅⋅ (25)

hence, the approximation is achieved:

( ) ( ) ( )0 1 2F f f fη η η= + + + ⋅⋅⋅ (26)

Based on the HPM, the homotopy form of our equation can be obtained:

( )

( ) ( )

33
0

3 3

3
2.5 1.25 2s

3
f

dd1
d d

d d d2Re 1 1 4 1 0
d dd

Ffp

f f ff Hp

η η

ρ
α ϕ ϕ ϕ ϕ α

ρ η ηη

 
− − +  

 
       + − − + + − − =              

(27)

The proper linear operator will be later chosen to satisfy the boundary condition. The 
boundary conditions are:

( ) ( ) ( ) ( ) ( ) ( )0 0 1,   0 0 0,   1 1 0f F f F f F′= = = = = =′ (28)

Inserting eq. (25) into eq.(27), and rearranging based on p-terms powers, the follow-
ing set of equations will be achieved:
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( )
3 3 3

1.250 1 20 0 01
3 3 3

d d dd: 0, : 4 1
dd d d

f F ffp Hp ϕ α
ηη η η

  − = + − −      
(29)

We have considered A = (1 – φ)1.25 and B = (1 – φ)2.5[1 – φ + 1 – φ(ρs/ρf)] in order to 
simplify the solution of the eq. (27) with boundary conditions. Solving the eq. (27) yields:

( )

( )

2
0

6 4 2 2 2
1

1

1 1 1 4 2 12 Re 4 2Re Re
60 24 2 15 3 6

f

f B HA B B AH

η η

α η α α η α α α η

= −

   = − + − + − + − − +     

(30)

	 Thus, the solution is F(η) = f0(η) + f1(η) + .... The ratio of polynomials constructed from 
the Taylor series expansions coefficient (of a known function) is referred to as Pade’ approxi-
mate. The [L/M]. Pade’ approximates to a function F(η) can be achieved:

( )
( )

L

M

ZL
M Q

η
η

  =  
(31)

where ZL(η) is a polynomial of L degree and QM(η) is a polynomial of M degree. The power 
series can be achieved (in terms of η):

( )
0

i
i

i

F aη η
∞

=

=∑ (32)

( ) ( )
( ) ( )1L L M

M

Z
u O

Q
η

η η
η

+ += + (33)

The coefficients of QM(η) and ZL(η) can be determined from eq. (33). The denominator 
and numerator should be multiplied by a constant. By leaving [L/M] unchanged, the normaliza-
tion condition can be imposed:

( )0 0 1Q qη = = (34)
The prementioned polynomials ZL(η) and QM(η) will be expanded in power series in 

terms of η of order L and M. Hence, we achieve:
( )
( )

2
0 1 2

2
1 21

L
L L

M
M M

Z z z z z

Q q q q

η η η η

η η η η

= + + + ⋅⋅⋅ +

= + + + ⋅⋅⋅ +
(35)

Using eqs. (32) and (35) in eq. (33), eq. (33) can be re-written in the notation of formal 
power series [29]:

( )
2

10 1 2
2

1 20 1

L
i L ML

i M
Mi

z z z z
a O

q q q
η η η

η η
η η η

∞
+ +

=

+ + + ⋅⋅⋅ +
= +

+ + + ⋅⋅⋅ +∑ (36)

By cross multiplication of eq. (35), and from eq. (36), the next set of linear equations 
can be obtained: 

0 0

1 0 1 1

1 1 0L L L L

a z
a a q z

a a q a q z−

=

+ =

+ + + =



(37)
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and
1 1 1

2 1 1 2

1 1

0
0

0

L L L M M

L L L M M

L M L M L M

a a q a q
a a q a q

a a q a q

+ − +

+ + − +

+ + −

+ + ⋅⋅ + =
+ + + =

+ + + =







(38)

From eq. (38), we get qi, 1 < i < M. As the 
values of q1, q2,...,qM are all known, the formu-
la for the unknown quantities z1, z2,...,zL will be 
given by eq. (37). The diagonal approximants 
like [4/4], [5/5], and [6/6] are more accurate in 
comparison with non-diagonal approximates. 
The diagonal approximates can be calculated 
by built-in utilities of MAPLE. It should be 
noted that MAPLE software is used to achieve 
the diagonal pade’ approximants. The effect 
of one of the influential parameters (Reynolds 
number) on velocity profile in case Ha = 40 and  
φ = 0.1 is shown in fig. 10 As it can be illustrat-
ed in fig. 10, by increasing the Reynolds num-
ber, the velocity will be increased uniformly. 

We have also presented a comparison between numerical results and approximate analytical 
solution obtained from HPM-pade’ method in the same figure. The achieved results have a very 
good agreement with analytical solutions, according to the figure.

Case B - PDES: To validate our results, the code developed by Vakilipour et al. [30] 
has been used. In fig. 11, we have presented the data obtained from the similarity solution 
(ODE) and the Vakilipour et al. code (CFD). Figure 12 shows the effect of nanoparticles solid 
volume fraction increment on the temperature profile, using Runge-Kutta (ODE) and CFD 
solution. By comparing the results obtained by the CFD method with our obtained data (ODE), 
we can ensure the validity of the archived results. 

Figure 11. Effect of M on temperature profile 
when s = 0.0, λ = 1, Ec = 0.05, Pr = 6.2, φ = 0.0 
(

Figure 12. Effect of M on temperature profile 
when s = 0.0, λ = 1, Ec = 0.05, Pr = 6.2, M = 2.0  
s  

Figure 10. Effect of Reynolds number on 
velocity profile:

 
Ha = 40, φ = 0.1 (red: 

pade’[6/6], black: RK4)  



Azimi, M., et al.: The 2-D Cu-Water Nanofluid-Flow and Heat Transfer over ... 
THERMAL SCIENCE: Year 2022, Vol. 26, No. 6B, pp. 5053-5067	 5065

Conclusion 

This paper is devoted to the numerical study of MHD problems on a flow of a 
conducting nanofluid over an inclined plate as well as MHD nanofluid-flow between two 
inclined plates. Two different approaches are employed to investigate the flow and heat 
transfer characteristic of a viscous, incompressible and electrically conducting nanofluid. 
The fourth order Runge-Kutta method has been used for achieving the results for both 
of the cases. To validate the results, a pressure-based finite volume-based solver is also 
utilized. The chosen semi analytical approach for validation of the results is HPM-pade’. 
The effects of different parameters, such as Hartmann number or external magnetic field 
strength, nanoparticles solid volume fraction, and, etc. on velocity and temperature profiles 
have been studied. The achieved results are compared with those of numerical solution in 
several numerical cases. In this work, MAPLE 17 software as a powerful mathematical 
tool for analytical studies has been exploited and for analytical investigation firstly, a lo-
cal similarity solution for the transformed governing equations is obtained. The reduced 
ODE are solved once the governing PDE and boundary conditions are transformed into a 
dimensionless form. We showed the thickness of thermal boundary-layer decreases with 
increment in solid volume fraction of nanofluid due to higher heat transfer rate. For the first 
case, a steady, laminar nanofluid-flow through a converging-diverging channel is investi-
gated in this article. The beginning part of this article was concerned with to the consid-
eration of MHD flow in a wedge-shaped channel of Cu-water nanofluid. For validation of 
the numerical results, an analytical solution for MHD flows of Cu-water nanofluid between 
two non-parallel plates is presented. For both cases, a similarity transform reduces the Na-
vier-Stokes and energy equations to a set of non-linear ODE. We solved the equations then 
analytically by means of the Runge-Kutta method. Close agreement of the numerical and 
analytical results assures us about the accuracy of HPM-pade’. The effects of key parame-
ters on are studied carefully through some plots. For the second part a pressure-based finite 
volume-based solver is used.

Nomenclature
B0	 – magnetic field, [wbm–2]
F(η)	– dimensionless velocity
Ha	 – Hartmann number
M	 – magnetic parameter
P	 – pressure term, [Pa]
Re	 – Reynolds number
r, θ	 – cylindrical co-ordinates
V	 – velocity vector
u, v	 – velocity components along x,  

y axes, respectively, [ms–1]

Greek symbols

α	 – angle of the channel
β 	 – constant
η	 – dimensionless angle
θ 	 – any angle, [°]
µ 	 – dynamic viscosity, [Pa⋅s]
n 	  – kinematic viscosity, [m2s–1]
ρ 	 – density, [kgm–3]
φ 	 – nanoparticle volume fraction

Subscripts

∞ 	 – vondition at infinity
f 	 – base fluid
nf 	 – nanofluid – 	
s	 – nanosolid-particles
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