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Introduction 

Non-linear problems are unavoidable in science and technology because the majority 

of phenomena in nature have non-linear behavior. Non-linear equations belong to non-linear 

problems, and their analytical solution is hard to find in general. Due to this limitation, iterative 

methods are good candidates to find the approximation solution of non-linear equations. The 

effectiveness of an iterative method for computing the solution of non-linear equations can be 

measured by the Ostrowski efficiency index [2]. Optimal efficiency index can be obtained in 

Kung and Traub conjecture (K-T) [1]. According to the K-T conjecture, an iterative method to 

find a simple root of non-linear equations is optimal if it reaches an order of convergence p = 

2n–1, where n is the number of functional evaluations per cycle. 

The classical Newton’s method (NM) has quadratic convergence to find the simple 

root, and it attains the optimal convergence order in the sense of K-T conjecture. In NM, we 

use two functional evaluations and hence obtain optimal convergence order 22–1 = 2. Quadratic 

convergence means when we are in the vicinity of the root, the error in the approximation of 

root at step k  is the square of the error in the approximation of root at step  

k + 1. Generally, we observe very fact convergence in this case. But when we deal with a non-

linear equation, it is hard to compute an explicit derivative expression for the derivative then 

NM is out of the question. In such a situation, we are looking for derivative-free optimal 

convergence order methods. Steffensen’s method (SM) [3] is a derivative-free optimal 

convergence method that also offers quadratic convergence. Fourth-order derivative-free 

optimal order four iterative is established in [4, 5]. Other Steffensen type optimal order iterative 
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methods for finding simple roots can be found [6-8]. Authors use interpolation polynomial to 

enhance the convergence order. Cordero et al. [9] constructed a technique to obtaining 

derivative-free methods with optimal convergence order in the sense of K-T conjecture. In the 

aforementioned article, the authors provided Steffensen type methods of optimal order four, 

eight, and sixteen using Padé approximation. Interested readers can consult articles [9-11] and 

references in them. 

Thirty-two order optimal method 

We constructed a five-point optimal convergence order thirty-two iterative method 

for computing simple roots of smooth non-linear equations. Six function evaluations are used 

to achieve the optimal convergence order in the sense of K-T conjecture. Let f be a smooth non-

linear function and α be a simple root of f(x) = 0, i.e., f(α) = 0, and ( ) 0.f    Our proposed 

optimal order iterative method is FM32: 
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= / ,y yt f f  =1/(1 )B adf  and polynomial of it ’s are: 

2 0 1=1p t t   

3 2 2 3
3 0 1 2 3 4 0 1 0 0 1 0 1 1=1 2 2p t t t t t t t t t t t t t           
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Theorem 1 Let I   be a simple root of a sufficiently differentiable function 

:f I    in an open interval I. If x0 is in the vicinity of α, then the method FM32 has 

optimal convergence order 32.  

Proof. Let ex be an error in x i.e. ex = x – α, 1 = ( ),c f   and ( )= ( )/[ ! ( )]j
jc f j f   for 

j = 1, 2, 3, 4, 5, 6. The proof of an order of convergence is established by using MAPLE. We 

obtain the following error equation: 
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54967 13 65510 65510 6551 6551 13102

c c c c c c c c c c cc a
c c em         

5 3 2 2 2 2
5 63 3 5 3 4 5 6 4 4 5

3 1 2

32755 3121 6611 5 5 5
1

39 78 78 39 39 26

c c c c c c c c c c
c c a c         

23 3 3 2 2
3 4 4 3 36 3 3 4 51 4 1

3 3 4 1 3 4 3 4

181385 19 13567
166

83 554 1385 2770 166

c c c c cc a c c a
c c c a c c c c c        

2 23 3
36 3 3 4 5 6 3 3 4 54 1 4

3 4

34 260 29 224149 10797 130

13567 13567 13567 83 10797 10797 10797

c c c c c c c c c cc c a c
c c         

3 2 3 3 33
6 5 4 4 6 33 4 6 3 3 4 5 3 14

1 2 1 3 3

10797 29 112 76165
1 35

166 166 83 83 35

c c c c c c c c a cc
c a c c a c c         
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4 2 3 2 22 2 2
6 23 5 5 3 4 3 6 4 5 3 4 54 1

3 3

28 112 277 366 4286

761 761 35 2143 2143 4286 4286 4286

c c c c c c c c c c c cc c a
c c          

4 2 3 2 24 4
6 25 3 4 3 6 4 5 3 4 54 1 4

3 3

196 4881410

4286 7 3525 3525 3525 3525 1175 3525

c c c c c c c c c cc c a c
c c          

6 4 2 3 2
2 2 4 6 43 5 3 4 3 3 4 5

5 6 4 3 4 1 2

705 28 488 3
1 / 35 1 / 35 1 / 35 1

7 5 35 35

c c c c c c c c
c c c c c c a c          

2 33
2 2 3 3 26 3 3 4 5 3 4 3 4 51 4

1 3 4 3 4 6 3

9 43 943 3 1
50

5 430 430 215 5 50 50

c c c c c c c c c cc a c
c a c c c c c c          

33 2
2 7 3 2 2 3 3 3 5 34 1 4

3 1 2 1 3 3 3 5

2 943 94 11
1 9 4 / 9

25 9 47 94 9

c c cc c a c
c c a c c a c c c c          

2
4 7 2 6 8 8 8 32 334

3 1 2 3 4 1 2 3 1

11
1 6 1 1 ( )

9

c
c c a c c c c a c c c a e O e        

Numerical results 

To validate our proposed iterative method FM32, we adopt the following definition of 

approximated computational order of convergence (ACOC):  

 2 1

1

log[| ( )/ ( ) |]
ACOC =

log[| ( )/ ( ) |]

k k

k k

f x f x

f x f x

 



 

where xi is the sequence of approximations to root α, which is computed by using FM32. We 

choose six non-linear functions to compute the computational order of convergence. Table 1 

list the functions and their simple roots. In tab. 2, we have shown that the approximated 

computational order of convergence is thirty-two, which supports our theoretically computed 

order of convergence. The effect of the parameter a of the accuracy of root approximation is 

depicted in figs. 1(a) and 1(b). The higher value of the graph corresponds to higher accuracy. 

We conclude that the smaller parameter values a give us better accuracy in approximating the 

first-order derivative. The smaller value a improves the accuracy of approximation of the root.  

Table 1. Non-linear equations and simple roots 

Non-linear functions Simple roots 

4 2 5 2 2
1( ) = cos( ) ln(1 π) πf x x x x x     1.77245 

2 2
2( ) = exp( ) sin( ) 3cos( )f x x x x x   – 0.8077428 

3
3( ) = 10f x x   2.154434 

2 2
4( ) = sin( ) 1f x x x   1.40449 

5( ) = ( 2)exp( ) 1f x x x   – 0.44285 

3
6( ) = ( 1) 2f x x    2.25992 
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Table 2. Approximated computational order of convergence, a = 00.01 

  

Figure 1. Effect a on the accuracy of root approximation; (a) effect of the parameter a on the accuracy 

of root approximation f1(x) = 0 and (b) effect of the parameter a on the accuracy of root approximation 
f4(x) = 0  

Conclusions 

Multi-point numerical iterative methods are numerically stable to compute the simple 

roots. We proposed a five-point numerical iterative method to compute the simple roots of non-

linear equations. Our proposed method is numerically stable because it uses the information at 

six different points. It has thirty-two order of convergence that is optimal in the sense of K-T 

conjecture. Our numerical iterative method does not require the evaluation of the analytical 

derivative of the functions. We use the finite difference technique to approximate the derivative. 

The discretization of the first-order derivative introduces a parameter a. The small value of the 

parameter a can better approximate the first-order derivative. The parameter a can change the 

dynamics of the numerical iterative method by changing its path of convergence. To validate 

our numerical iterative method, we choose six non-linear equations to find the simple roots. In 

all numerical simulations, the value of the parameter a  was 0.01. All the initial guesses are 

reported in tab. 2. We performed three iterations in all numerical simulations. 
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  f1  f2  f3 f4 f5 f6 

Initial guess  1.5  –1.2  2.15  1.40  –0.44  2.25 

f(x1) 2.36e-1  4.85  6.16e-2  1.11e-2  4.70e-3  4.69e-2 

f(x2) 3.82e-25  1.41e-5  5.45e-72  2.65e-62  6.30e-68  1.68e-51 

f(x3) 5.16e-849  2.96e-171  8.83e-2314  2.28e-2102 8.65e-2375  4.50e-1733 

ACOC 31.9456  29.9191  32.0011  32.0023  31.9991  32.0058 

 32.0000  31.9999  32.0000  32.0001  32.0000  32.0001 
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