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In this paper, we study the soliton wave of the fractional Benjamin-Ono equation 
based on the extended simplest equation method. The accuracy of the obtained 
soliton wave solutions is investigated by comparing the obtained analytical and 
semi-analytical solutions. The semi-analytical solutions are constructed by apply-
ing the Adomian decomposition method. The semi-analytical method is used based 
on the constructed initial and boundary conditions from the obtained analytical 
solutions. Both solutions (analytical and semi-analytical) are plotted through dif-
ferent techniques for explaining the internal waves of deep-stratified fluids. 
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Introduction 

Non-linear evolution equations have attracted the attention of many researchers in 

different fields based on their ability to formulate many complex phenomena [1, 2]. Traveling 

wave solution is one of the essential branches for studying these phenomena [3-5]. 

Consequently, many researchers have formulated accurate analytical schemes such as the 

extended Jacobi elliptic function method, the F-expansion method, the modified simple 

equation-method, the modified simple equation-method, the (G′/G)-expansion method, the 

modified (G′/G, 1/G)-expansion method, the exp[–ϕ(ζ)]-expansion method, and so on [6-10]. 

These methods are effective for developing these complex models through studying the 

analytical and dynamical behavior of each one of them based on the methods’ computtaional 

solutions [11-15].  

The strategy of this paper applies the ESE and analytical and semi-analytical schemes 

to the FBO equation [16-24]. 
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Application 

In this part, we apply the extended simplest equation (ESE) and Adomian decompo-

sition (AD) analytical and semi-analytical schemes to the fractional Benjamin-Ono (FBO) 

equation. This model is given by: 

   0, 0 1t xx xD        (1)  

where u the Hilbert Transform Operator which is defined by: 
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Employing the next wave transformation , ,  /  x t x c t    ( ) ( ) ( ) then 

integrating the obtained ODE with respect to  and with zero constant of integration, get:  
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Balancing the highest order derivative term and non-linear term in eq. (2) gets n = 1. 

Consequently, the general analytical solution of the FBO equation is given by 
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where ' 2( )   ( )   ( ), f f f        while λ, m are arbitrary conatnts.  

Analytical solutions 

Handling eq. (2) through the ESE method’s framework gets thefollowing values of 

the above-shown parameters. 

Family I 

 2 2 2 2 2
1 0 10, 4 , 2 , ( 4 )a a a c                  

Family II 

 2 2 2 2 2
1 0 12 , 4 , 0, ( 4 )a a a c                

Thus, the soliton wave solutions of the FBO equation are given by:  

– for 0,       0,    we get: 
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– for 0,     0 ,    we get: 
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– for 0,     0 ,    we get: 
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Figure 1. Soliton wave representation in 3-D, 2-D, and contour plots for eq. (4) when a = –1, m = 4  
 

 

Figure 2. Soliton wave representation in 3-D, 2-D, and contour plots for eq. (5) when a = –1, m = 4 
 

 

Figure 3. Soliton wave representation in 3-D, 2-D, and contour plots for eq. (6) when a = –1, m = 4 
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Figure 4. Stream plot representations for eqs. (4)-(6) 

 

Figure 5. The 2-D plots of analytical and semi-analytical solutions and absolute value of error 

 

Semi-analytical solutions 

Applying the AD semi-analytical schemes based on solutions eq. (4) and the following 

values of the shown-parameters a = –1, m = 4, u = –1 get the following semi-analytical solutions 

of the FBO equation in the following formula:  

 0 ( ) 4 8      (8) 
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Thus, the semi-analytical solution is given by: 
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Table 1 shows the values of analytical and semi-analytical with different values of .   

Table 1. Analytical and semi-analytical solutions' value of the FBO equation along with  
different value of ζ 

Conclusion 

This paper applies the ESE and AD analytical and semi-analytical schemes to con-

struct novel accurate soliton solutions of the FBO equation for more explanation of the internal 

waves of deep-stratified fluids. The obtained solutions have been explained through some dif-

ferent plot techniques to describe the dynamical behavior of the considered model, figs. 1-4. 

The accuracy of solutions has been checked, fig. 5. The applied methods’ framework shows 

their effectiveness and power for implementing some non-linear evolutions equation with inte-

ger-order or fractional order.  
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