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In this study a novel mathematical model for electroosmotic flow for Cu-water 
based nanofluid with heat transfer phenomenon is reported for scraped-surface 
heat exchanger. The flow is initiated due to motion of lower wall of the channel 
and axial pressure gradient. The flow is modelled with aid of low Reynolds number 
and lubrication approximation theory. Exact analytical expressions are gathered 
for axial velocity, and stream functions for various stations of scraped-surface heat 
exchanger. Physical phenomenon of electro osmotic parameter are investigated on 
velocity profile, velocity distribution and pressure rise at edge of the blades. It is 
reported that electro-osmotic parameter mainly works as dragging force, it can be 
used to control the flow. This controlling mechanism may be helpful in mixing 
different materials in scraped-surface heat exchanger. Pressure rise at edge of the 
blades mainly rises below the blades with electro-osmotic, whereas, this profiles is 
suppressed for region above the blades and between the blades.  
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Introduction 

Scraped-surface heat exchangers (SSHE) are abundantly used in various industries. 

They are used in pharmaceutical, chemical, and food industries. But they are vibrantly used in 

food industry to carry out different food processing operations. Due to complex structure of 

SSHE, large capital investment is required to carry out experimental research, also food 

industrialists are naturally inclined to minimize the cost and to optimize the profit. Due to these 

and other reason large research has been done to study flow behavior inside SSHE.  

Duffy et al. [1] studied mathematically flow of Newtonian and rheological power law 

fluid, and explored analytical expressions for the velocities, stream functions and flow rates, 

and suggested the equilibrium position of the blades. Fitt et al. [2] provide the understanding 

about channeling process for Newtonian fluid in a simplest model of SSHE. Pascual et al. [3] 

studied the flow in laboratory construed SSHE and gathered great similarity with result which 
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already established through numerical computations. Smith et al. [4] extended the work of 

Duffy et al. [1], they studied the flow by taking temperature dependent viscosity. Siddiqui et 
al. [5] explored the exact analytical solution and provided many important flow phenomena. 

To optimize the heat transfer process a precise construction of SSHE with rotating blades has 

been constructed by Blasiak et al. [6]. Imran et al. [7, 8] carried out research to study the 

rheological fluid transport using Adomian decomposition method through SSHE. Exact 

analytical solution for narrow gap SSHE for the second-grade fluid has been studied by [9]. 

Magnetic properties of Newtonian fluid transport with heat phenomenon has been studied by 

Imran et al. [10, 11]. Acosta et al. [12, 13] explored the flow by using dynamic heat exchanger 

for homogeneous viscous fluid with heat transfer. 

Problem formulation 

Steady heat transfer of aqueous ionic Cu-

nanofluid flow in a slender gap scraped-surface 

heat exchanger is taken, fig. 1. In this problem 

water is taken as base fluid and Cu as nanofluid 

particles. Flow for SSHE is investigated by 

dividing geometry into three regions of channel. 

Region below the blades (0 )x L   is termed 

as Region 1, above the blade (0 )x L   is 

Region 2, and between the blade ( )l x L l    

is Region 3. It is assumed that lower boundary of the channel is moving with velocity, U, and 

upper boundary is at rest, the flow is developed by motion of the lower boundary and due to 

axial pressure gradient. Also, electric field, Ex, is applied in the axial direction. The SSHE blade 

occupies the position (0 )x L   and their pivot is situated at (xp, hp). 

If   signifies angle of inclination of the blade along the x-axis like y = h(x): 

 p p( )h h x x    

In order to non-dimensionalise, incorporating the following scaling variables: 
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Using the previous scaling variables and using the lubrication approximation theory, 

and Debye-Huckel linearization [14] the equations of motion the take the form: 

 

Figure 1. Geometrical scheme of Cu-water 

nanofluid surface heat exchanger  
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For no-slip condition k = 1, 2, 3: 
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 1 2 3 3 30, 1 atu u u y H        (7) 

Exact solution for physical problem 

Solving eqs. (2)-(4) along with boundary conditions one may gather the exact solution: 
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 for k = 1, 2, 3. 

where 1 2 3, , ,k k kc c c  and 4kc  are variables terms used for simplification, their values are not 

included here for brevity.  
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Results and discussions 

Flow of electro-osmotic Cu-nanofluid with heat transfer in SSHE has been investi-

gated. The flow is modelled by using lubrication approximation theory. Maxwell-Garnelt model 

thermal model [15] has been capitalized. In this section effect of electro osmotic parameter is 

investigated on the velocity profile, velocity distribution and pressure rise at the edge of blades. 

It is observed from fig. 2 that velocity profile in Regions 1 and 3 rise at start and then tend to 

decline in the middle of the flow with rise in electro-osmotic, me, whereas, velocity in Region 

2 continuously declines, here electro-osmotic parameter mainly working as dragging force, it 

mean that this can be used to control the flow. This controlling mechanism may be helpful in 

mixing different materials in SSHE. Stream lines pattern are exhibited in fig. 3, it is seen that 

there are some back flow region under the blades, and it is observed that stream lines in Region 

2 possesses parabolic profile. On other-hand rectilinear flow behaviour in Region 3 is recorded. 

From fig. 4 it is quite obvious that in region 1 pressure rise at edge of the blades mainly rises 

with electro-osmotic me, whereas, pressure rise profiles are suppressed for Regions 2 and 3.  

 

Figure 2. Analysis of electro-osmotic parameter me in different station of SSHE by fixing Gr = 0.01,  
H = 1.7, l = 1, B = 0.6, xp = 0.49, a = 1.25322, x = 1, Uhs = –1,   = 0.2  

 

 

Figure 3. Stream line patterns in SSHE by fixing Gr = 0.01, H  = 1.7, me = 2, l = 1, B = 0.6, xp = 0.49,  

a = 1.25322, x = 1, Uhs = –2,   = 0.2  



Waheed, A
 

 

 

Figure 4. Analysis of pressure rise at the edge of the blades as function of electro-osmotic parameter me 
by fixing Gr = 0.01, H  = 1.7, l = 1, B = 0.9, xp = 0.49, a = 1.25322, x = 1, Uhs = –2,   = 0.2  

 

Conclusions 

Flow of electro-osmotic Cu-nanofluid with heat transfer in SSHE has been inves-

tigated by using lubrication approximation theory. Some key findings of current investigation 

are the following.  
 Electro-osmotic parameter mainly retards the flow, it mean that this can be used to control 

the flow. This mechanism may be helpful in mixing different materials in SSHE.  

 It is seen that there are some back flow region under the blades, and it is observed that 

stream lines in Region 2 possesses parabolic profile, and has rectilinear flow behaviour in 

Region 3.  

 Pressure rise at edge of the blades mainly rises with electro-osmotic, me, parameter in 

Region 1, whereas, pressure rise profiles are suppressed in Regions 2 and 3. 
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