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This study consider Gerdjikov-Ivanov equation where the perturbation terms ap-
pear with full non-linearity. The Jacobi elliptic function ansatz method is imple-
mented to obtain exact solutions of this equation that models pulse dynamics in 
optical fibers. It is retrieved some bright, dark optical and singular solitons profile 
in the limiting cases of the Jacobi elliptic functions. The constraint conditions de-
pending on the parameters for the existence of solitons are also presented.  
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Introduction 

Optical solitons keep the fiber optic industry afloat. For that reason it is necessary to 

look deeper into these soliton dynamics. The most familiar equation is the non-linear 

Schrodinger equation (NLSE) in the field of optics. In the present paper, we consider a NLSE 

that has a quintic non-linearity, namely the perturbed Gerdjikov-Ivanov (pGI) equation. It is 

studied to govern the dynamics of soliton propagation through optical fibers, and metamaterials. 

It also has many important applications in photonic crystal fibers. Some effective methods have 

been proposed for solving exact solutions of the Gerdjikov-Ivanov equation [1-11]. 

The Gerdjikov-Ivanov equation in the dimensionless form: 

 
4 2 = 0t xx xiq aq b q q icq q    (1) 

where q = q(x, t) is the complex values function and q* denotes the complex conjugation of q. 
The parameters a, b, and c are real-valued constants. Moreover a and b represent the coefficient 

of group velocity dispersion and quintic non-linearity, respectively. 

–––––––––––––– 
* Corresponding author, e-mail: minc@firat.edu.tr 
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In presence of perturbation terms, the GI equation extends to: 

 
4 2 22 = [ ( ) ( ) ]

m m

t xx x x x xiq aq b q q icq q i q q q q q        (2) 

where a ithe inter-modal dispersion, λ explain self-steepening with short pulses, m is the 

coefficient of the higher-order dispersion, and m is the full non-linearity parameter. In this work 

we will consider pGI equation which is denoted by eq. (2). 

Mathematical analysis 

We use the following wave transformation to obtain solutions of eq. (2): 

 ( , )( , ) = ( )ei x tq x t u   (3) 

 = , =x vt x wt        (4) 

where u(ξ) represent shape of the pulse, the function  ( , )x t  is the phase component of the 

soliton, ν and κ are the velocity and frequency of the soliton, respectively, w is the wave number, 

and θ is the phase constant. 

Substituting hypothesis (3) into eq. (2) and then decomposing into real and imaginary 

parts we get imaginary part: 

 2 2= 2 [(2 1) 2 ] mv a cu m m u          (5) 

while real part is: 

 2 2 1 3 5( ) = 0mau w a u u c u bu           (6) 

The hypothesis: 

 ( ) = ( , )pu Asn B   (7) 

where sn is the Jacobi elliptic function,  is the modulus of Jacobi elliptic function and 
0 < <1.  Also A represents the amplitude and B represents inverse width while unknown index 

p will be determined. Using the eq. (2), eq. (6) reduces to: 

 2 2 2 2 2( 1) ( , ) ( ) ( , )p pa p pAB sn B ap p p AB sn B        

 2 2 2( 1) ( , ) ( ) ( , ) –p pa p p AB sn B w a Asn B         

 2 1 (2 1) 3 3 5 5( , ) ( , ) ( , ) = 0m m p p pA sn B c A sn B bA sn B         (8) 

From eq. (8), matching the exponents 
2 ( , )psn B

 and 
(2 1) ( , )m psn B

 yields: 

 (2 1) = 2m p p   (9) 

which gives: 

 
1

=p
m

 (10) 
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If we equate the coefficients of these two functions to each other and equal the 

coefficients of the other functions to zero in (8), as functions are linearly independent, yields:  

 

1
2 2

2

( )( )
=

[ (1 ) 1]

mm w a
A

m

 



    
 

    
 (11) 

 

1
2 2 2

2

( )
=

[ (1 ) 1]

w a m
B

a m

     
 

    
 (12) 

which requires the constraints: 

 2 2( ) [ (1 ) 1] < 0w a m        (13) 

and 

 2 2( ) [ (1– ) 1] < 0w a a m      (14) 

Considering (3) and (7), the Jacobi elliptic function solution of (2) is obtained: 

1

2 2
( )

2 2

( )( ) ( )
( , ) = ( ), e

[1 (1 ) ] [1 (1 ) ]

m
i x wtm w a w a

q x t sn m x vt
m a m

    



  
           
         

 (15) 

when modulus 1,  solution (15) becomes: 

1

2 2
( )( 1)( ) ( )

( , ) = tanh ( ), e
2 2

m
i x wtm w a w a

q x t m x vt
a

    



  
        

   
   

 (16) 

For the dark optical soliton solution (16), the conditions (13) and (14) reduce to  

 22 ( ) < 0w a     (17) 

and 

 22 ( ) < 0a w a    (18) 

If we use the hypothesis: 

 ( ) = ( , )pu Acn B   (19) 

From eq. (19), eq. (6) reduces to: 

 2 2 2 2 2(1 )( 1) ( , ) [ (2 1) ] ( , ) –p pa p pAB cn B ap p p AB cn B        

 2 2 2( 1) ( , ) ( ) ( , ) –p pa p p AB cn B w a Acn B         
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 2 1 (2 1) 3 3 5 5( , ) ( , ) ( , ) = 0m m p p pA cn B c A cn B bA cn B         (20) 

Equating the exponents and coefficients 
2 ( , )pcn B

 and (2 1) ( , ),m pcn B  and 

setting coefficients of rest of functions to zero in (20) gives the same value in (10) and:  

 

1
2 2

2

( )( )
=

[ (1 ) 2 1]

mm w a
A

m

 



    
 

    
 (21) 

 

1
2 2 2

2

( )
=

[ (1 ) 2 1]

w a m
B

a m

     
 

    
 (22) 

with conditions: 

 2 2( ) [ (1 ) 2 1] < 0w a m        (23) 

and 

 2 2( ) [ (1 ) 2 1] < 0w a a m       (24) 

Hence, we get the Jacobi elliptic function solution for pGI equation: 

1

2 2
( )

2 2

( )( ) ( )
( , ) = ( ) , e

[ (1 ) 2 1] [ (1 ) 2 1]

m
i x wtm w a w a

q x t cn m x vt
m a m

    



  
           
         

 (25) 

when modulus 1,  (25) becomes following bright optical soliton solution 

1

2 2
( )( 1)( ) ( )

( , ) = sec ( ) e

m
i x wtm w a w a

q x t h m x vt
a

    



  
        

   
   

 (26) 

with conditions:  

 2( ) < 0w a     (27) 

and 

 2( ) < 0w a a    (28) 

Now, we use the initial hypothesis: 

 ( ) = ( , )pu Ans B   (29) 

 2 2 2 2 2 2 2 2( 1) ( , ) (1 ) ( , ) ( 1) ( , ) –p p pa p p AB ns B ap AB ns B ap p AB ns B         

 2 2 1 (2 1)( ) ( , ) ( , )p m m pw a Ans B A ns B           
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 3 3 5 5– ( , ) ( , ) = 0p pc A ns B bA ns B    (30) 

From eq. (30), matching the exponents (2 1)m p  and 2p   we obtain the same value 

in (10). By performing similar operations as above yields: 

 

1
2 2

2

( 1)( )
=

( 1)

mm w a
A

 



   
 

 
 (31) 

 

1
2 2 2

2

( )
=

( 1)

w a m
B

a

    
 

 
 (32) 

with restrictions: 

 2( ) < 0w a     (33) 

and 

 2( ) < 0w a a    (34) 

Thus another Jacobi elliptic function solution of (2) is given by: 

1

2 2
( )

2

( 1)( ) ( )
( , ) = ( ), e

(1 ) ( 1)

m
i x wtm w a w a

q x t ns m x vt
a

    



  
        

   
     

 (35) 

when modulus 1  we have singular optical soliton solution which is given by: 

1

2 2
( )( 1)( ) ( )

( , ) = coth ( ) e
2 2

m
i x wtm w a w a

q x t m x vt
a

    



  
        

   
   

 (36) 

 

Figure 1. (a) profile of the solution of eq. (16) and (b) profile of the solution of eq. (26) 
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Conclusion 

We have studied the generalized pGI equa-

tion that is used for description of pulse propa-

gation in the optical fiber. The non-linear terms 

appear with full non-linearity in the model. We 

have acquired generalized exact solutions of the 

pGI equation applying the Jacobi elliptic func-

tion ansatz method. We have retrieved bright, 

dark and singular optical soliton solutions as 

well as Jacobi elliptic function solutions of this 

equation. The constraint conditions depending 

on the parameters for the existence of solitons 

are also reported. In addition we have present 

the figures of the optical soliton solutions for ar-

bitrary values of parameters. These solutions are 

helpful for realising properties of the non-linear Schrodinger type equations and for recognising 

physical phenomena described by the equation. 
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Figure 2. Profile of the solution of eq. (36) 
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