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In this article, we have considered Wick-type stochastic Korteweg de Vries (KdV)
equation with conformable derivatives. By the help of white noise analysis, Hermit
transform and extended G'/G- expansion method, we have obtained exact
travelling wave solutions of KdV equation with conformable derivatives. We have
applied the inverse Hermit transform for stochastic soliton solutions and then we
have shown how stochastic solutions can be presented as Brownian motion
functional solutions by an application example.
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Introduction

Let us consider the Wick-type stochastic KdV equation with conformable derivatives
in the form:

Df'Q+U(1)0Q0D{ 0 +V (1)9D;*Q =0 (1)
which is a perturbation of the KdV equation with conformable derivatives of the form:
Df'q +u(t)qD{q +v(1)Dy*q =0 ¥y

where u and v are non-zero integrable function on R*. In eq. (1), ¢ denotes the Wick product on
the Kondratiev distribution space (S)-1, U(¢), and ¥(¢) are (S)-1-valued functions. Please see [1]
for more details about stochastic Kondratiev spaces and Wick product.

In recent years, stochastic non-linear PDE have drawn great interest in many fields.
The exact solutions of the stochastic non-linear PDE reveal the internal mechanism of physical
events. However solving stochastic equations is more complicated by virtue of the additional
random terms when compared to deterministic equations. Wadati [2] firstly introduced and
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studied the stochastic partial differential KdV equation and obtained deformation of the soliton
during the propagation in the white noise environment. Liu [3] found general formal solutions
of Jacobi elliptic function for stochastic non-linear KdV equation, Liu et al. [4] obtained three
types of exact solutions to generalized stochastic KdV equation using Riccati equation mapping
method. There are also other studies on various stochastic wave equations [5-7].

In this work, we consider eq. (1) in a white noise environment, namely we will deal
with the Wick-type stochastic KdV equation.

Exact solutions of eq. (1)

Using the Hermit transform for eq. (1), (please see [1] for details about Hermit trans-
forms) we acquire the deterministic equation:

D¥O(x,,z) +U(t, 2)O(x,1,2)D*O(x,1,z) + V (¢, 2)D>*O(x,1,z) = 0 (3)

where z = (z1, z2,...) €(C) is a vector parameter. For the sake of simplicity we take
U(t,z) =u(t,z),V(t,z) =v(t,z), and O(x,t,z) = q(x,¢,z). We use the transformation:

q=q(s) &lxt,2)= k{%} +w| H(f_’az) dr (4)

o 7

where k£ and w are free constants while 8 is a non-zero function to be determined. So, eqg. (3)
reduces to following non-linear ordinary differential equation (NODE):
3
w@d—q+ku(t,z)qd—q+k3v(t,z)d—q3 =0 (5)
dg dg dg

The solution of NODE (5) can be given by a polynomial in (G'/G):

(&) =ap(t,2) + 21 (t,2) (%j b (t,z)(%’j_l ©)

where aqy,a,,b.(i =1,2,...,n) are functions to be determined later. The G = G(&) satisfies the
second order linear differential equation in the form:

G+ G +uG=0 @

where /4 and u are arbitrary constants. From the balancing between ¢(dg/d&) and d3g/d&®
appearing in NODE (5), we obtain the positive integer n = 2. Then solution of eq. (1) can be
written in the form:

’ N2 -1 )
0=+ a0 L Jraea ] e ) vnea(S] @

Substituting egs. (7) and (8) into eq. (5), collecting all terms with the same power of
(G’/G) and setting each coefficient to zero, we have the following solution sets.
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Case 1
12k%v(t,2) A 12k%v(t, z
a/l(t,z):—#' az(t,z):_#, bl(t’Z):O
u(t,z) u(t,z)

by(t,2)=0, ay(t,z)=ay(t,z), at,z)w=0

_ag(t, 2)ku(,z) + K3v(t,2) A% +8k3v(t,2)
w

ku(t,z)v(t,z) #0, 0=

Case 2

12k2v(t, z) A

a,(t,2)=0, a,(t,2)=0, u=#0, Z)=—
1 (t,2) 2(t,2) 20, b(t,2) o

12k2v(t, ) 11

b2 ===

. ag(tz)=ag(t,z), A#0, w=0

ag(t, z)ku(t, z) + K3v(t,2) A% +8k3v(t, z)
w

kq(t,z)u=0, 6=-

The values in the previous cases are substituted in eq. (8) and if the solutions of second
order linear ordinary differential eq. (7) are used, soliton solutions of eq. (5) are obtained as
following.

For case 1:
When A2 —44>0, the hyperbolic function travelling wave solution is obtained:

(4-B)(A+B)(A% - 4y)

G / i
ulxh12) = do + =0 [Bcosh (\1/122—4%‘5] + Asinh ()“22_4“5]} o

When 12 — 4.4 <0, we acquire the following trigonometric function travelling wave
solution:

(4% + B*) (A% —4u)

ey = ap 1 300D [T T — L o
G O ut,2) [Acos(W§J+Bsin(W§H

When A2 —4, =0, we get following rational solution:

3k2v(t, 2)[-4A4° + A2 (AE + B)?]
u(t, z)(AE + B)?

qs(x,t,z) =ag + (1)

where 4 and B are arbitrary constants and:
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a) ¢ 3 2 3
eg:]{x_J+J-aokz4(z',z)+k v(ri_z(zl +8k V(T’Z)'udr (12)
a 0 T
in equations (9)-(11).
For case 2:
When A2 —44>0:
24k 1v(t, 2) 24 A
qa(x,t,2) = ay — + (13)
wt.2) A=A —auT () —A+A% —4ul(x,1)
where
T(x,f) = B ; 4 (14)

2 2
A+ Bcoth {MZ_A'#;‘J B+ Atanh {Wf}

When 12 —4u<0;

_ 24k%v(t,z) ! + 2K
95 (x,1,2) = ag + W{z —J4u— 22T (x,0) [,1 _ Wr(x,t)r 19)

N L | \Ap-A°
Bcos[zéJ— Asm[sz

where

I(x,1)= (16)
Acos{“ 4;12— 2 5} + Bsin(“ 4ﬂ2_ z 5}
When 12 —44=0;
Gt = ag + 24k%v(t, z) u(AE + B)[-2A4 + AE(A — 2] )

u(t, z)[-2A4 + A(AE + B)]?
where in (14), (16), and (17), & is as given in (11).

Exact stochastic solutions of eq. (1)

In this part, we have used the Theorem 4.1.1 from Holden et al. [1]. By applying the
inverse Hermite transform to the above solutions we have exact stochastic hyperbolic,
trigonometric and rational solutions of eq. (1) respectively:

(4—B)(A+B)(A?* —4u)

O (x,t)=a +3k2V(t)<> . [72 [12 & (18)
SERRNT0) [Bcosh{i_‘wf}+/lsinh{l_4ﬂ§ﬂ

2 2
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(4% + B3 (A% - 4p)

w2y | 02
1) = 0 _32 _ 19
0x(x)= e+~ 05 [ ACOSO[\/MZ p 5} Bsino[ 422 gﬂ (19)

2

3k%V (£)0[-4A4% + A2 (A& + B)?]

Os(x,t) = ay + U(0)0(AE + B) (20)
where
a 3,2 3
£ ,{%J N agkU () + K°A lI_/(T) LB () o
0
in egs. (18)-(20).
24k° v (1) 24 5
= ’ - 22)
R {M I e)) (A RN Ly s t)}
where
H0= 2 : 2 (23)
A+ Beoth { 4 J B+Atanh{\/}7%
2u
_ o 24k° 286211 (0)
QS(X,t)—ao U(t) {ﬂ_ 4p— 22 F(x ) [ﬂ_mr(x,t)}w} (24)
where
2
Bcos [ ] Asin [4!‘2_15}
Hen = (25)
2
Acos {\/T f} + Bsin (‘/A"uzﬁ 5}
05 (r1) = ay + 24K uV (H)0(AE + B)[-24+ AE(A - 24)] -

U()0[-24 + A(AE + B)]?
in egs. (23), (25), and (26), & is as given in (21).

Example

Assume that « =1, V(¢)=yU(r), and U(t) = f(t) + oW,, where y and o are free
constants, £(¢) is bounded or integrable function on R. and W; is the Gaussian white noise that
satisfies W, = B;, B; is a Brownian motion. The Hermit transform of W; is given by
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Vf/t(z) =>71z; [, (r)d. Using the definiton of W,(z) we get following white noise functional
solutions.

b (A-B)(A+ B)(A* — 4u)

1) = g + 3K _ o [V @
Q, (x.1) =ag +3k%y {Bcosh[ 122 4”§}+Asinh( /122 4u§ﬂ (@7)

Ay (4* + B*)(A* —4u)

# 2
0, (x1)=aqg+3k%y !ACOS[\WZ—AZ 5} Bsin[\/wz—zz ‘)’ZH (28)

12k?y 4?
QB3 (x,t) =dy +3k2712 —W (29)
where
t 2
£ = ko + (agh + k3722 +8k37,u){ [r@de+ O'{Bl —%H (30)
0

in egs. (27)-(29).

+

2u A
0, (wn)=ag~ 24k2/¢7{[ AR —aur(s, t)]z —A A% - Aur(x, t)} 31)

where
B A
I'(x,t)= + (32)
, 2 , 2
A+Bcoth{/12_4ﬂ§J B+Atanh{/12_4”gfj
, 1 N 2u
0y, (vi1) = a0 = 28k ury {—MJ‘W—%ZFM —[ﬂ—mr(x,t)ﬂ (39
where

Bcos[“éwz_/12 ff]—Asin[Hﬂzﬂlz 5]
Acos{Wf]+Bsin[W§J

I'(x,t)=

(34)
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24K° uyLf (0) + oW, (A& + B)[-24 + AE(A - 2)]
[/()+oW,][-24+ A(4E + B)F
in egs. (32), (34), and (35), ¢is as given in (30).

0, (1) =dp + (35)

Conclusion

In this study, we have constructed the exact solutions of stochastic non-linear partial
differential KdV equation with conformable derivative driven by Gaussian white noise. With
the help of Hermit transform Wick products converted to the ordinary products and eventually
the Wick-type stochastic equation reduced into the deterministic model. We have used the ex-
tended G'/G-expansion method for determining various exact soliton solutions. Then by apply-
ing the inverse Hermite transform to these obtained solutions we have acquired exact stochastic
hyperbolic, trigonometric and rational solutions of eq. (1). Additionally we have demonstrated
how the obtained stochastic solutions are presented as Brownian motion functions solutions
giving an example.
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