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In order to investigate the solute distribution and freckles formation during direc-
tional solidification of superalloy ingots, a mathematical model with coupled so-
lution of flow field, solute and temperature distribution was developed. Mean-
while, the reliability of this model was verified by the experimental and simula-
tion results in relevant literatures. The 3-D directional solidification process of 
Ni-5.8 wt.% Al-15.2 wt.% Ta superalloy ingot was simulated, and then the dy-
namic growth of solute enrichment channels was demonstrated inside the ingot. 
Freckles formation under different cooling rates was studied, and the local seg-
regation degree inside the ingot was obtained innovatively after solidification. 
The results show that the number of freckles formed at the top gradually decreas-
es, and so do the degree of solute enrichment at these freckles with the increase 
of cooling rate. Moreover, the relative and volume-averaged segregation ratio is 
defined to describe the segregation degree inside the ingot. The span of relative 
segregation ratio for positive segregation is wider than that for negative segrega-
tion, but it accounts for less of total volume. As the cooling rate increases from 
0.1 K/s to 1.0 K/s, the proportion of weak segregation (–20%~20%) increases 
significantly from 26% to 41%, so that the segregation degree is weakened in 
general. By analyzing the freckles formation and segregation degree inside the 
ingot, the numerical simulation results can provide a theoretical basis for opti-
mizing the actual production process to suppress the freckle defects. 

Key words: nickel-based superalloy, directional solidification,  
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Introduction  

Directional solidification technology can control the grain orientation so that all 

grain boundaries are parallel to the height direction of the casting. The casting produced by 

this technology has longer fatigue life and higher creep resistance, thus becoming the main 

process in the production of alloy components for advanced manufacturing industries, such as 

aerospace, automobile and medical care [1]. However, the change of liquid density caused by 

thermal and solute concentration gradient usually cause the thermosolutal convection, which 

may lead to elongated solute enrichment channels [2]. These channels usually can not be 
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eliminated by heat treatment or rolling process after solidification, showing as spot defects, 

also known as freckles [3]. Nickel-based superalloy castings, which are mainly used in the 

manufacture of key hot-end components of aero-engines and large gas turbines, are more 

prone to such defects [4]. This has led to a great increase in the scrap rate, thus increasing the 

production cost and energy consumption.  

In order to optimize the directional solidification process and reduce the formation 

of freckles, it is very significant to understand the formation mechanism of freckles and clari-

fy the basic relationship between the freckles and the main process parameters. Scholars have 

conducted extensive and in-depth research by experiments and numerical simulation. Wang 

et al. [5] observed the macro-segregation phenomenon in the vertical directional solidification 

process of Pb-15 wt.% Sn and Sn-15 wt.% Pb alloys, and found that obvious freckles extend-

ing to the upper half of the steel ingot appeared in the lead-rich alloy, while no obvious mac-

ro-segregation phenomenon appeared in the tin-rich alloy under the same conditions. 

Shevchenko et al. [6, 7] developed an in-situ radiography technology to investigate the for-

mation of stable channels under several solidification conditions. It was found that the den-

drite fragments caused by remelting tended to stay in the channels, proving that channel seg-

regation is necessary for the formation of freckles. Felicelli [8] predicted the thermosolutal 

convection and channel segregation during directional solidification of multi-component al-

loys based on the continuum model established by Bennon and Incropera [9]. Guo and Beck-

ermann [10] and Sung et al. [11], respectively, reported the effect of grid spacing on the simu-

lation results of freckle formation in lead-tin alloy and nickel-based superalloy, and also pro-

posed a more reasonable grid spacing in the numerical calculation. Sun et al. [12] simulated 

the formation of freckles during directional solidification of nickel-based superalloy castings 

under the condition of cross-section shrinkage. The results show that cross-section shrinkage 

leads to the increase of local permeability in the mushy zone, which promotes the formation 

of freckles. Kumar et al. [13] considered the effect of different permeability laws in the 

mushy zone on the prediction of macro-segregation and channel segregation, and found that 

the prediction results of channel segregation are more easily affected by permeability changes 

than the former.  

However, most of the simulation studies on 3-D directional solidification only pre-

dict the formation of freckles at the overall level, and fail to fully demonstrate the growth 

phenomenon of solute enrichment channels until now. Meanwhile, to the best of our 

knowledge, there are few literatures that predict the local degree of segregation inside the in-

got after solidification. In this work, the channel segregation and freckle formation are repro-

duced at the global level, and the dynamic growth phenomenon of solute enrichment channels 

in the ingot is shown during directional solidification of Ni-5.8 wt.% Al-15.2 wt.% Ta super-

alloy ingot. Subsequently, the effect of cooling rate on freckle formation was analyzed and 

discussed. In particular, the local degree of segregation was innovatively obtained from a lo-

cal point of view inside the ingot after solidification. 

Mathematical model 

Governing equations 

Taking into account heat transfer, solute transport, and buoyancy driven flow during 

directional solidification of a multicomponent alloy, the prediction model for freckles is de-

veloped in this paper. The following assumptions are used in the model: the Boussinesq ap-

proximation is employed to consider the laminar flow driven by thermosolutal buoyancy, the 
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solidification process satisfies the local thermodynamic equilibrium and the solid phase is as-

sumed to be motionless, and the mushy zone is approximately an isotropic porous medium 

and its permeability model is described by the Carman-Kozeny relation. On the basis of the 

above simplifications, the full details of the prediction model are presented [14-17]: 

Mass conservation: 

 V 0 =   (1) 

Momentum conservation: 
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where Sg indicates the effect of density difference caused by the gradient of temperature and 

solute concentration of mushy zone on the flow. It can be derived explicitly from: 

 g T ref C l l,ref
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As dendrite gap in mushy zone is assumed to be treated as porous medium, the per-

meability of Darcy resistance term without regard to solidification shrinkage can be de-

scribed: 
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The liquid fraction fl can be obtained from the following expression: 
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Energy conservation: 
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where l ,ph c T f L= +  l liq ,ph c T L= +  and s sol .ph c T=  

Solute conservation: 

 l l( ) ( V ) ( ) [ ( )] [ ( )V]i i i i i i iC C D C D C C C C
t
    


+ =  +  − − −


 (9) 

where l l s s ,i i iC f C f C= +  s l ,i i
pC k C=  and l s 1.f f+ =  



Cui, J
 

According to these equations, the solid fraction fs can be obtained by: 
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In order to close the governing equations of fluid-flow, heat transfer and solute 

transport aforementioned and realize their coupling solution, it is necessary to supplement the 

relationship between liquid fraction and solute concentration. The phase diagram method is 

used to update the solid fraction during solidification process of multi-component alloys, 

where the liquidus temperature in solidification system can be obtained by: 

 liq liq mT m C T= +   (11) 
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In addition, the equilibrium partition coefficient of solutes in solidification system 

can be obtained from eq. (12). In this way, the updated equation of solid fraction in the solidi-

fication system of multi-component alloys are as eq. (13). 
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Simulation conditions 

The Ni-5.8 wt.% Al-15.2 wt.% Ta alloy 

always serves as a calculation example at the 

present simulation level. The computational 

domain, boundary conditions and grid used for 

simulation are shown in fig. 1, with the ingot 

height of 0.15 m and diameter of 0.1 m. In or-

der to be closer to the production reality, the in-

itial temperature field is set to be linearly dis-

tributed along the height direction with a tem-

perature gradient G of 1000 K/m. The initial 

cooling temperature of bottom is 1685 K, and 

the cooling rate is 0.2 K/s. 

It is assumed that the melt is instantly filled with whole casting, and the side wall is 

adiabatic. The boundary cooling condition of top is ∂T/∂z = G, which is Neumann boundary 

condition. At the boundary, the solute field has no exchange with the outside and the velocity 

field is treated as no slip condition. The finite volume method has been adopted for simulta-

neously solving the coupled macroscopic mass, momentum, energy, and species conservation 

 

Figure 1. Schematic diagram of computational 
domain; (a) boundary condition and (b) grid 
used for simulation (for color image see journal 
web site) 
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equations. Based on the SIMPLEC algorithm, the commercial CFD software ANSYS FLU-

ENT is employed to carry out simulations. Second-order discretization method for the con-

vection terms is used to treat the fluid-flow in this paper. Besides, the simulation is performed 

using a computational time step of 0.01 seconds. Thermodynamic and transport properties 

used for calculation are shown in tab. 1 [18-20]. 

Table 1. Thermodynamic and transport properties of Ni-5.8 wt.% Al-15.2 wt.% Ta alloy 

Model verification 

To verify the reliability of the previous de-

veloped multi-field coupled mathematical model, 

it was used to simulate a benchmark case of lat-

eral solidification process of Sn-5 wt.% Pb alloy 

in a cavity that is 0.1 m long and 0.06 m wide. 

The parameters set in the simulation are con-

sistent with those in the literature [21-23]. Based 

on this, the simulation results were compared with 

the results in the previous literatures. The cavity is 

only cooled on the left side, and the other bounda-

ries are adiabatic, as is shown in fig. 2. The rela-

tive segregation ratio, Srel, is defined to evaluate 

the local segregation degree inside the ingot: 

 0
rel

0

 100%
C C

S
C

−
=   (14) 

After solidification, the horizontal lines at the height of 25 mm and 55 mm inside the 

cavity were intercepted, and the relative segregation ratios on these lines obtained from the 

simulation were compared with the simulation and experimental data in the literatures, as 

shown in fig. 3. It can be found that the negative segregation is more obvious in the upper part 

Parameters Value Parameters Value 

Density,  ρ, [kgm–3] 7365 Equilibrium partition coefficient, kTa 0.48 

Specific heat, cp, [Jkg–1K–1] 660 Solutal expansion coefficient,  
β

Al 

C , [(wt.%)–1] 
2.26×10–2 

Thermal conductivity, λ, [Wm–1K–1] 80 Solutal expansion coefficient,  
β

Ta 

C , [(wt.%)–1] 
–3.82×10–3 

Dynamic viscosity,  μ, [kgm–1s–1] 4.9×10–3 Reference concentration, C
Al 

l,ref, [%] 5.8 

Solutal diffusivity, D, [m2s–1] 5×10–9 Reference concentration, C
Ta 

l,ref, [%] 15.2 

Latent heat, L, [Jkg–1] 2.9×105 Reference temperature, Tref, [K] 1685 

Thermal expansion coefficient,  βT, [K–1] 1.2×10–4 Eutectic concentration, C
Al 

e , [%] 37.5 

Slope of liquidus, mAl, [K(wt.%)–1] –5.17 Eutectic concentration, C
Ta 

e , [%] 76.1 

Slope of liquidus, mTa, [K(wt.%)–1] –2.55 Eutectic temperature, Te, [K] 1560 

Equilibrium partition coefficient, kAl 0.54 Melting temperature, Tm, [K] 1754 

 

Figure 2. Schematic diagram of unidirectional 
solidification of Sn-5 wt.% Pb cooling from 
the side 
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of the cavity, while the middle and posterior of the lower part of the cavity show serious posi-

tive segregation along the solidification direction. The present predictions are generally con-

sistent with the simulation results in the literature. In particular, the present predictions are 

more closer to the experimental data of Hebditch et al. [24] which is considered as a bench-

mark to verify the accuracy of their own models by later scholars. In summary, the reliability 

of mathematical model developed in this work is verified. 

 

Figure 3. Comparison of relative segregation ratio Srel at specific height from the bottom of  
the ingot at the end of solidification; (a) 25 mm and (b) 55 mm 

Results and discussion 

Flow field, solute and temperature distribution during solidification 

In order to fully demonstrate the growth of solute enrichment channels and freckle 

formation inside the ingot, three moments during solidification were selected for research, 

which were 30%, 60% and 100% of the complete solidification time respectively. Figure 4 

shows the enrichment channels of both solutes formed inside the ingot at 30% solidification  

(t = 880 seconds), and it can be found that the channel has begun to take shape at this mo-

ment. This is due to the fact that the equilibrium partition coefficients of both solutes are less 

than 1, and they are precipitated from the solid phase into the mushy zone. Therefore, density 

inversion is initially formed in the mushy zone, thus making the liquid therein unstable. In ad-

dition, the channels near the wall are significantly longer and richer in solute concentration. 

This is because the flow resistance at the ingot wall is much lower than that in the mushy 

zone, and thus the liquid convection is stronger and more conducive to the upward extension 

of the channels. 

Since the solute conservation equation of Ta is the same as that of Al, the concentra-

tion distribution trends of both solutes are similar, which is also confirmed by fig. 4. There-

fore, only the concentration distribution of solute Al will be shown and discussed below. In 

fig. 5(a), several channels are formed in both longitudinal sections (X = 0, Y = 0), around 

which there are all negative segregation of solute. It can be seen from fig. 5(b) that the loca-

tions of channels on cross section X = 0 are the final solidification region, and the liquid frac- 
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Figure 4. Enrichment channels of both solutes inside the ingot at 30% of full solidification time;  
(a) Al and (b) Ta (for color image see journal web site) 

tion isosurface (fl = 0.9) shows obvious crater-like fluctuations with upward jets at the loca-

tion where the solute enrichment channels are formed. The solute-rich fluid continuously con-

verges toward the channels of mushy zone, contributing to solute enrichment in these chan-

nels and solute shortage in the surrounding area during solidification. Density inversion 

caused by the combined effect of temperature and solute concentration gradients induces 

steady upward jets inside the channels, which also fundamentally explains why solute en-

richment channels could appear and continue to grow. Two isosurfaces of liquid fraction are 

shown in fig. 5(c), which are used to approximate the liquidus and solidus line, respectively. 

There is a certain extent of fluctuation in the isotherms within the liquid region, mainly due to 

considerable disturbance caused by the flow pattern of multiple vortices, as shown in fig. 5(a). 

 

Figure 5. Results at 30% of full solidification time; (a) streamlines and solute distribution, (b) velocity 
field and liquid fraction at X = 0, and (c) temperature distribution (for color image see journal web site) 

Figure 6 shows the channel segregation inside the ingot at the end of solidification  

(t = 2900 s). Combining figs. 6(a) and 6(b), it can be found that the solute enrichment areas 

show several channel-type distributions that correspond to the location of the freckles appearing 

at the top which are all positive segregation. As prevoiusly discussed, solute redistribution at the 

solidification front leads to solute accumulation in the solidification direction, and thus the final 

concentration of solute Al distributed at the top exceeds the initial value. The isotherms tend to 

be horizontal at the end of solidification, as shown in fig. 6(c). In order to more intuitively dis-
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play the development of internal channels, two cross-sections of Z = 0.05 m and Z = 0.1 m in 

combination with the top are selected to observe the change of freckles after solidification as 

shown in fig. 6(d). Several freckles disappear from section Z = 0.05 m to Z = 0.1 m, indicating 

that channels at the corresponding location cannot keep growing all the time. There are multiple 

channels merging from Z = 0.1 m to the top, which will promote the growth of local solidifica-

tion front and eventually form stable segregation channels. In theory, it can be explained by the 

fact that new solute accumulation around the channels may lead to new channels which compete 

to develop with each other. Induced by upward flow in the new channels, some original chan-

nels may deviate from its vertical development trend and even disappear due to the preferential 

growth of new channels. As a result, these original channels might merge with new channels or 

close directly without further development before reaching latter positions. 

 

Figure 6. Results after solidification; (a) solute distribution, (b) solute enrichment channels of Al inside 
the ingot, (c) temperature distribution, and (d) development of segregation channels inside the ingot 

(for color image see journal web site) 
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Effect of cooling rate on freckle formation 

As a crucial process parameter in actual production, cooling rate is closely related to 

the formation of freckles. Using several evaluation indexes, this work comprehensively ana-

lyzes and discusses its influence from qualitative and quantitative perspectives. Figure 7 

shows the formation of freckles at the top under different cooling rates. It can be seen that 

with the increase of cooling rate, the number of freckles formed at the top gradually decreas-

es, and so do the degree of solute enrichment at these freckles. One reason for this phenome-

non is that the greater the cooling rate, the larger temperature difference between the bottom 

and the top of mushy zone. In this situation, density inversion in the mushy zone is more dif-

ficult to form, and then thermal-solute buoyancy is also harder to induce upward strong con-

vection. Finally, solute enrichment channels will be more difficult to form. On the other hand, 

the greater cooling rate definitely leads to the faster solidification process and the lower per-

meability of mushy zone, then less liquid is supplied from the liquid region. Therefore, many 

channels are difficult to maintain steady growth so that the segregation degree of solutes will 

inevitably decrease. 

 

Figure 7. Freckle formation at the top of the ingot under different cooling rates; (a) 0.1 K/s, (b) 0.2 K/s, 
and (c) 0.5 K/s (for color image see journal web site) 

The Srel will convert to the minimum segregation ratio, Smin, and the maximum seg-

regation ratio, Smax, when solute concentration is assigned its minimum and maximum values 

respectively. Besides, volume-averaged segregation ratio, Svol, is defined to evaluate the over-

all segregation degree: 

 

2
0

vol
0

( ) d 100%
 

d

C C V
S

V C

−
=

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 (15) 

where C is the solute concentration on each grid centroid, C0 – the initial solute concentration, 

and dV – the volume size of each grid. 

The values of Smin obtained from fig. 8(a) decrease continuously with the increase of 

solidification time, which means negative segregation becomes more and more serious and 

reaches its peak after solidification. In the enlarged view, it can be found that the values of 

Smin gradually decrease with the increase of cooling rate at the initial stage of solidification. 

This is mainly due to the fact that thermosolutal convection and then solute segregation occur 
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earlier under a higher cooling rate at this moment. In this way, this fact can explain the phe-

nomenon that the values of Smax increase with growing cooling rate at the initial stage in fig. 

8(b). However, it should be noticed that the pattern of segregation after solidification is the 

opposite. As the cooling rate changes from 0.1 K/s to 1.0 K/s, the final value of Smin also in-

creases from –43% to –41%. From fig. 8(b), it can be seen that the values of Smax after solidi-

fication are generally identical under different cooling rates, remaining at about 173%. The 

most serious area of positive segregation is concentrated at the top of the ingot, while the in-

tensity of thermosolutal convection near the top is fairly limited at the later stage of solidifica-

tion. Therefore, the segregation degree is not greatly influenced by the change of cooling rate. 

As can be seen in fig. 8(c), the values of Svol under different cooling rates always tend to in-

crease first and then decrease, mainly due to the increasing negative segregation region as the 

solidification process proceeds. More importantly, it can be seen from figs. 8(a) and 8(b) that 

the absolute values of Smax are larger than that of Smin in general. As previously discussed, the 

values of Svol will tend to decrease when there are enough negative segregation regions at the 

later solidification stage. In addition, the final value of Svol decreases from 27% to 23% as the 

cooling rate increases from 0.1 K/s to 1.0 K/s, as shown in fig. 8(c). 

 

 

Figure 8. Comparision of;  
(a) minimum segregation ratio,  

(b) maximum segregation ratio, and 
(c) volume-averaged segregation ratio under 
different cooling rates 

(for color image see journal web site) 

In order to further explore the segregation degree inside the ingot after solidification, 

this study presents the volume size in each range of Srel under different cooling rates from a 

local perspective, as shown in fig. 9. It should be noticed that the ranges of Srel remain the 

same with the increase of cooling rate. Most of the areas inside the ingot are in the range of  
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–40% to 0, accounting for about 83% of the to-

tal volume. The span of Srel for positive segre-

gation inside the ingot is wider than that for 

negative segregation, but it accounts for less of 

the total volume. Due to the gradual accumula-

tion of solutes during upward solidification, on-

ly the areas near the top and internal solute en-

richment channels are positive segregation and 

the values of Srel for negative segregation are 

more concentrated. 

The numerical range of relative segrega-

tion ratio is divided into several parts as shown 

in tab. 2, which are defined as severe area (area 

1), normal area (area 2), weak area (area 3) for 

positive segregation and weak area (area 4), 

normal area (area 5) for negative segregation. 

From tab. 2, it can be seen that the volume sizes 

of area 1, area 2, and area 3 do not show an ob-

vious change pattern under different cooling 

rates, and these three areas account for a small proportion of the total volume. However, the 

volume sizes of area 4 and area 5 which account for a relatively large proportion increase and 

decrease respectively with growing cooling rate. Based on the comprehensive analysis, the 

proportion of weak area for segregation (–20%~20%) increases significantly from 26% at 0.1 

K/s to 41% at 1.0 K/s, so that the segregation degree is weakened in general. 

Table 2. Volume sizes and corresponding proportions of each defined area under different cooling rates 

Conclusions 

In this work, a mathematical model for coupling flow field, solute distribution and 

temperature distribution during directional solidification of multi-component alloy is devel-

oped. After model verification, the dynamic growth of solute enrichment channels and the 

formation of freckles in Ni-5.8 wt.% Al-15.2 wt.% Ta alloy ingots are simulated. What’s 

more, the effect of cooling rate on freckle formation and local segregation degree inside the 

ingot is analyzed and discussed. The main conclusions are as follows. 

• The solute enrichment channels will grow continuously in the early stage of solidifica-

tion, and then they keep developing and changing all the time during solidification. As 

multiple unstable channels merge or disappear directly, stable segregation channels are 

finally formed. After solidification, final channels formed in the ingot correspond to the 

 

Figure 9. Volume size of each range of relative 

segregation ratio under different cooling rates 
(for color image see journal web site) 

Cooling rate 
[Ks–1] 

Volume sizes (× 10–5 m3) and corresponding proportions 

> 80%, area 1 20~80%, area 2 0~20%, area 3 –20%~0, area 4 < –20%, area 5 

0.1 1.69 (1.43%) 7.21 (6.12%) 8.74 (7.42%) 22.31 (18.94%) 77.83 (66.08%) 

0.2 1.81 (1.54%) 6.94 (5.89%) 7.88 (6.69%) 23.40 (19.87%) 77.74 (66.01%) 

0.3 2.16 (1.83%) 8.19 (6.95%) 9.38 (7.96%) 25.23 (21.42%) 72.81 (61.82%) 

0.5 2.60 (2.21%) 8.05 (6.84%) 8.93 (7.58%) 28.91 (24.55%) 69.27 (58.82%) 

1.0 2.26 (1.92%) 8.89 (7.55%) 9.20 (7.81%) 38.66 (32.82%) 58.77 (49.9%) 
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distribution of freckles at the top. The channels near the wall are more likely to keep 

growing, while most of the channels inside the ingot cannot continue to grow. 

• With the increase of cooling rate, the number of freckles formed at the top gradually de-

creases, and so do the degree of solute enrichment at these freckles. As the cooling rate 

increases from 0.1 K/s to 1.0 K/s, the values of maximum segregation ratio after solidifi-

cation are generally identical, remaining at about 173%. In this process, the final value of 

minimum segregation ratio increases from –43% to –41%, while the final value of vol-

ume-averaged segregation ratio decreases from 27% to 23%. In addition, the values of 

volume-averaged segregation ratio under different cooling rates always tend to increase 

first and then decrease. 

• The span of relative segregation ratio for positive segregation inside the ingot is wider 

than that for negative segregation, but it accounts for less of the total volume. In contrast, 

the values of relative segregation ratio for negative segregation are more concentrated, 

and the numerical range of –40% to 0 can account for about 83% of the total volume. As 

the cooling rate increases from 0.1 K/s to 1.0 K/s, the proportion of weak segregation (–

20% ~ 20%) increases significantly from 26% to 41%, so that the segregation degree is 

weakened in general. 
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Nomenclature 

C – average mass fraction of solutes, [wt.%] 
Cl – mass fraction of solutes in liquid phase, [wt.%] 
C0 – initial mass fraction of solutes, [wt.%] 
Cs – mass fraction of solutes in solid phase, [wt.%] 
cp – specific heat, [Jkg–1K–1] 
D – solutal diffusivity in the liquid, [m2s–1] 
fl – liquid fraction 
fs – solid fraction 
g – normal terrestrial gravity, [Nkg–1] 
h – averaged specific enthalpy, [Jkg–1] 
hl – specific enthalpy in liquid phase, [Jkg–1] 
hs – specific enthalpy in solid phase, [Jkg–1] 
K – mush permeability, [m2] 
kp – equilibrium partition coefficient 
L – latent heat, [Jkg–1] 
mliq – slope of liquidus, [K(wt.%)–1] 
p – pressure, [Pa] 
T – temperature, [K] 
Tliq – liquidus temperature, [K] 
Tm – pure solvent melting temperature, [K] 

Tsol – solidus temperature, [K] 
t – time, [s] 
u – the fluid velocity in the x direction, [ms–1] 
V  – velocity vector 
v – fluid velocity in the y direction, [ms–1] 
w – fluid velocity in the z direction, [ms–1] 

Greek symbols 

βC – solutal expansion coefficient, [(wt.%)–1] 
βT – thermal expansion coefficient, [K–1] 
δ – secondary dendritic arm spacing, [m] 
λ – thermal conductivity, [Wm–1K–1] 
μ – dynamic viscosity, [kgm–1s–1] 
ρ – mass density, [kgm–3] 

Subscript 

ref – reference values 

Superscript 

i – each component 
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