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In this paper, we present a numerical study of turbulent natural-convection in a 
square cavity differentially heated and filled with nanofluid and subjected to an 
inclined magnetic field. The standard k-ε model was used as the turbulence model. 
The transport equations were discretized by the finite volume method using the 
SIMPLE algorithm. The influence of the Rayleigh number, the Hartmann number, 
the orientation angle of the applied magnetic field, the type of nanoparticles as 
well as the volume fraction of nanoparticles, on the hydrodynamic and thermal 
characteristics of the nanofluid was illustrated and discussed in terms of stream-
lines, isotherms and mean Nusselt number. The results obtained show that the heat 
transfer rate increases with increasing Rayleigh number and orientation angle of 
the magnetic field but it decreases with increasing Hartmann number. In addition, 
heat transfer improves with increasing volume fraction and with the use of Al2O3 
nanoparticles.
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Introduction 

Nanofluids are solutions containing particles of nanometric size suspended in a base flu-
id, in order to improve its thermal properties. Thanks to their thermal performance, nanofluids can 
be used in several sectors, including domestic, engineering and biomedical. In the case of thermal 
convection within nanofluids, which are generally good conductors, both thermal and electrical, 
and in the presence of a magnetic field, the nanofluid is subjected to two volume forces: the buoyan-
cy force and that of Lorentz. The latter can induce MHD. The study of convection flow connected 
with MHD is very important in engineering due to its wide applications, such as electromagnetic 
casting, liquid-metal cooling of nuclear reactors, and plasma confinement. In recent years, con-
siderable attention has been devoted to the study of the MHD of nanofluids in natural-convection 
mode. Indeed, Ghasemi et al. [1] studied numerically by the finite volume method, the convective 
behavior in a differentially heated square cavity filled with nanofluid (Al2O3-water) and subjected 
to a constant horizontal magnetic field. They showed that heat transfer decreases with increasing 
Hartmann number and that increasing volume concentration can lead improve or decrease heat 
transfer depending on Hartmann number and Rayleigh number. This work by Ghasemi et al. [1] is 
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followed by another study of the same problem, established by Nemat et al. [2] in which the Boltz-
mann method is used to perform the numerical simulations. The results of the investigation indicate 
that the mean Nusselt number improves with increasing volume fraction of nanoparticles, however 
the effect of nanoparticles becomes less important in the presence of a high magnetic field. Mejri  
et al. [3] presented a numerical study of natural MHD convection in a square cavity filled with 
a nanofluid. The vertical walls are subjected to a sinusoidal variation in temperature, while the 
horizontal walls are kept adiabatic. Their results show that the heat transfer rate increases with an 
increase in the Rayleigh number but it decreases with an increase in the Hartmann number. An-
other numerical study considering the same nanofluid confined in a square enclosure whose tem-
perature of its vertical walls varies linearly, is carried out by Mahmoudi et al. [4]. They found that 
according to Hartmann number, the direction of the magnetic field controls the effects of nanopar-
ticles. Mansour et al. [5] studied numerically the influence of the magnetic field on the nanofluid 
in natural-convection in an inclined trapezoidal cavity saturated in a porous medium of constant 
porosity. They have shown that an optimal heat transfer rate is obtained at higher Rayleigh val-
ues in the absence of magnetic force. Natural-convection in the presence of a magnetic field in 
a square cavity subjected to a temperature gradient and filled with the Cu-water nanofluid, is 
studied by El Hammami et al. [6]. The results show that the application of a magnetic field causes 
significant changes in flow structure and heat transfer. It causes a decrease in heat transfer and 
considerably reduced flow velocities. Sourtiji et al. [7] examined heat transfer by natural-convec-
tion in the presence of a magnetic field in a L-shaped cavities filled with Al2O3-water nanofluid. 
They observed that the heat transfer is augmented by adding the nanoparticles to the base fluid and 
increases with solid volume fraction of the nanofluid. The MHD natural-convection of Cu-water 
nanofluid in a skewed cavity has been studied numerically by Islam et al. [8]. They found that the 
local Nusselt number increases with the increase in the Rayleigh number and the concentration of 
nanoparticles. All the aforementioned works cited concern the study of the MHD of natural-con-
vection in laminar regime. For the turbulent natural-convection MHD, we find in the literature, 
a numerical investigation on the laminar and turbulent convection of pure water confined in a 
square enclosure subjected to the influence of a uniform horizontal magnetic field conducted by 
Sajjadi and Kefayati [9]. Another work on the transfer of heat by convection and radiation in a 
turbulent flow of a nanofluid (CuO-water) subjected to the influence of a magnetic field, is carried 
out by Rahmati et al. [10]. The results show that heat transfer improves with increasing volume 
fraction of nanoparticles and decreases with increasing Hartmann number. Recently, Lafdaili et 
al. [11, 12] studied the heat transfer by natural turbulent convection in a 2-D and 3-D cavity filled 
with water containing suspended nanoparticles. They examined the effect of the form ratio and the 
nanoparticle type on heat transfer and flow structure.

In the present work, we numerically study the heat transfer by turbulent natural-con-
vection of nanofluids confined in a square enclosure differentially heated and subjected to a 
inclined magnetic field. Numerical simulations are performed to predict the effect of Hartmann 
number, magnetic field orientation, Rayleigh number, volume fraction and nanoparticle type on 
heat transfer and flow structure.

Modelling and equations

The studied configuration is shown in fig. 1. It is a square cavity, filled with water 
containing different concentrations of (Cu, Al2O3 or TiO2) of uniform size and shape. The cav-
ity is formed by a left vertical wall maintained at a hot temperature, Th, a right vertical wall 
maintained at a cold temperature, Tc, and two other horizontal walls considered adiabatic. The 
enclosure is exposed to a uniform magnetic field of intensity, B0, oriented at an angle, γ, with 
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respect to the x-axis. All the thermophysical properties of nanofluids are considered constant, 
except for the variation in density which is estimated by the Boussinesq approximation. Table 1 
shows the thermophysical properties of pure water and of the nanoparticles studied. The joule 
heating and viscous dissipation are neglect.

Table 1. Thermophysical properties of pure water and of the nanoparticles [6, 13]

ρ [kgm–3] Cp [Jkg–1K–1] λ  [Wm–1K–1] β ⋅10–5 [K–1] σ [Sm–1]
Water 997 4186 0.61 27 0.05

Cu 8933 385 400 1.67 5.96 ⋅ 107

Al2O3 3970 765 40 0.85 35 ⋅ 106

TiO2 4250 686.2 8.95 0.9 2.6 ⋅ 106

To account for the effects of turbulence, the k-ε model is used. Therefore, the classical 
conservation equations, in the dimensionless form are written below in a cartesian co-ordinate 
system (x, y):
 – Continuity equation
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Figure 1. Physical 
model of the square 
cavity and boundary 
conditions
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 – Turbulent kinetic energy equation
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 – Turbulent dissipation rate equation
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where FEMX and FEMY represent, respectively, the dimensionless Lorentz forces in the x- and  
y- directions. Their expressions are written:
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The Pk represents the stress production and is calculated: 
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t nf

nf f

Pr 2 2
Rak Y

P U V U V
X Y X

µ

ρ ϑ

 ∂ ∂ ∂ ∂     = + + +      ∂ ∂ ∂ ∂       
(9)

The Gk is the buoyancy term, and is defined:
( )t nf nf

nf f f
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The eddy viscosity is calculated:
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2
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= (11)

The µnf, dynamic viscosity, of the nanofluid is evaluated using Brinkman’s model [14]:
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−
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where ϕ is the nanoparticle volume fraction.
The λnf , the thermal conductivity of the nanofluid is defined by the Maxwell-Garnett 

model [15]: 

( ) ( )
( ) ( )

p f f p
nf

p f f p

+ 2   2
 =

+ 2  + f

λ λ φ λ λ
λ λ

λ λ φ λ λ

 − −
 
 − 

(13)



El Hattab, M., et al.: Turbulent Natural-Convection Heat Transfer In a Square ... 
THERMAL SCIENCE: Year 2022, Vol. 26, No. 4A, pp. 3201-3213 3205

The σnf, the electrical conductivity of the nanofluid is presented by Maxwell [15]:

( )
( ) ( )
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f
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 = 1+

2 1
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+ − −
(14)

where δ = σp/σf.
In eqs. (1)-(6), the dimensionless variables are used:
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To calculate the density, the coefficient of thermal expansion and the heat capacity, we 
use the following general relations [16]:

( )nf f p1ρ φ ρ φρ= − + (17)

( ) pnf f1β βφ β φ= − + (18)

( ), ,f ,pnf 1p p pC C Cφ φ= − + (19)

The constants in the k-ε model are: 

 Cµ = 0.99, Cε1 = 1.44, Cε2 = 1.92, σT = 0.9, σk = 1.0, σε = 1.3

The expression of Cε3 suggested by Henkes et al. [17]:

3 tanh uC
vε = (20)

The stream function is calculated:
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The mean Nusselt number along the hot wall of the cavity is defined:
1

nf
0

f 0

Nu dm X Y
X

λ θ
λ =

∂
= −

∂∫ (22)

Numerical method and code validation

The governing equations associated with the boundary conditions are discretized by 
the finite volume method proposed by Patankar [18], using the power law scheme. The ve-
locity-pressure coupling is ensured by the SIMPLE algorithm [18]. The resulting system of 
discretized equations is solved iteratively using the tri diagonal matrix algorithm method. The 
convergence criterion is defined by the formula:
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where RΦ(i, j) is the residual relative to the physical quantity Ф, N, and M are the number of grid 
points in the x- and y-directions, respectively.

In order to ensure that the numerical solution is independent of the grid, we calculated 
the mean Nusselt number on the hot wall for five non-uniform grids. The grid independence 
tests are carried out for Ra = 109, Ha = 0 and ϕ = 0 and are presented in tab. 2. From this table, it 
appears that the 120 × 120 grid shown in fig. 2, is fine enough to perform numerical simulations.

Table 2. Result of the mean Nusselt number, and  
the maximum stream function, |ψ|max

Grid size (X×Y) Num Error [%] |ψ|max Error [%]
60×60 55.951 – 0.001618 –
80×80 56.565 1.097 0.001617 0.061

100×100 56.840 0.486 0.001609 0.494
120×120 56.995 0.272 0.001608 0.062
140×140 57.090 0.166 0.001607 0.062

In order to validate our numerical code 
that we developed using the scientific language 
FORTAN90, we compared our results with 
those of Bairi et al. [19], Barakos et al. [20], 
and Dixit et al. [21]. The comparison concerns 
the mean Nusselt number along the cold wall 
of a cavity filled with air. Table 3 clearly shows 
that the works are in good agreement. Anoth-
er validation was performed by comparing our 
results with the experimental results obtained 
by Ampofo and Karayiannis [22]. Figures 3(a) 
and 3(b) are, respectively, vertical velocity and 
temperature profiles at the cavity mid-height. 
As observed in the figures, the values of veloc-
ity profile are almost confused with the mea-
sured results. The temperature profile is also in 
good agreement with the measurement.

Table 3. Comparison of results obtained in this study by previous works 
Ra Present work [19] [20] [21]
107 16.47 16.073 – 16.8
108 30.10 31.339 32.3 30.5
109 54.37 – 60.1 57.4

Figure 2. Grid distributions inside the domain
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Figure 3. Comparison between present work and experimental results for  
Ra = 1.58 ⋅ 109 and Pr = 0.71; (a) vertical velocity and (b) temperature at the cavity mid-height

Results and discussions

A numerical investigation was carried out to study the convective turbulent flow and 
heat transfer in the presence of magnetic field employing nanofluid. In this section, we discuss 
the numerical results obtained. This physical phenomenon is studied for a wide range of the 
parameter as shown in tab. 4.

Table 4. The ranges of the physical parameters
 Rayleigh number 107 to 109

 Hartmann number 0 to 6400
 Orientation angle, γ  0° to 90°

 Solid volume fraction, ϕ 0% to 6%

At Ra = 109 and without magnetic field effect (Ha = 0) the streamlines and isotherms 
are presented in figs. 4(a) and 4(b), respectively. These figures show that the temperature and 
velocity gradients have become steeper close to the vertical walls, it means that most of the flow 
occurs along the vertical sides of the cavity. To investigate the effect of the magnetic field, re-

Figure 4. Streamlines (a) and isotherms (b) for Ra = 109, Ha =0 and nanofluid (water + 4%Cu) 
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sults illustrated in figs. 5 and 6 demonstrate the influence of magnetic field intensity (Ha = 400,  
1600, and 6400) and different orientation angle of magnetic field (γ = 0°, 30°, 60°, and 90°) 
on the fluid-flow and the temperature distribution in the cavity. The Rayleigh number and the 
volume fraction of the copper nanoparticles are set at 109 and 0.04, respectively. The applica-
tion of the magnetic field causes notable changes in the hydrodynamic and thermal structure 
of the flow, as shown in figs. 5 and 6. In general, as Hartmann number augments circulation 
strength is decreased. When γ = 0°, the magnetic field lines are horizontal and the Lorentz force 
FEMY acts in the vertical direction and in the opposite direction to the buoyancy force, which 
has the effect of decelerating the circulation of the nanofluid in the cavity, the streamlines is 
characterized by a large main cell almost elliptical shape. When γ is increased to 90°, the mag-
netic field lines are vertical and the Lorentz force FEMX acts in the horizontal direction and in 
the opposite direction of the flow, the streamlines change shape and two small swirls appear, 
near the right and left vertical walls. It is also observed from fig. 5, that the value of the stream 
function increases with the increase in the orientation of the magnetic field, this is due to the 
fact that when the orientation angle γ increases the horizontal component of magnetic field de-
creases and the vertical component increases, but the effect of the latter component is less than 
that of horizontal magnetic field, which improves the intensity of the flow. For low Hartmann 
number Ha = 400, the isotherms contours shown in fig. 6 are marked by stratification in vertical 
direction of the cavity and by a high temperature gradient, which shows that the heat transfer is 
dominated by convection. The increase in the Hartmann number leads to a decrease in the flow 
intensity and consequently the isotherms are transforming from convection conduction. This 

Figure 5. Streamlines for Ra= 109 and nanofluid (water + 4%Cu);  
(a) γ = 0°, (b) γ = 30°, (c) γ = 60°, and (d) γ = 90°
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transformation of the isotherms is more pronounced at the high Hartmann number (Ha = 6400). 
The isotherms are also affected by magnetic field orientation angle γ as presented by fig. 6, the 
change in isotherms is very evident by comparing between γ = 0° and γ = 90° in particular for 
a high Hartmann number. 

Figure 7 illustrates the variation of mean 
Nusselt number with the orientation angle of 
magnetic field for different Hartmann num-
bers when the cavity is filled with a Cu-water 
nanofluid (ϕ = 0.04) and the Rayleigh number 
is fixed at Ra = 109. It can be seen that, for a 
given orientation angle of magnetic field, the 
Nusselt number decreases as the Hartmann 
number increases. The figure shows also that 
the Nusselt number improves when increasing 
the orientation angle, but at the higher Hart-
mann number (Ha = 6400), the mean Nusselt 
number is not sensitive to the increase of the 
orientation angle.

Figure 6. Isotherms for Ra= 109 and nanofluid (water + 4%Cu); 
(a) γ = 0°, (b) γ = 30°, (c) γ = 60°, and (d) γ = 90°

Figure 7. Variation of mean Nusselt number  
with γ at various Hartmann numbers for  
Ra = 109 and nanofluid (water + 4%Cu)
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The variation of the mean Nusselt number as a function of the Hartmann number 
for different values of the orientation angle of the magnetic field is shown in fig. 8. It is noted 
that for all the γ values, the mean Nusselt number decreases with the increase in Hartmann 
number. This decrease is due to the reduction in the circulation strength as the Hartmann 
number increases. The mean Nusselt number increases with increasing orientation angle, but 
as the Hartmann number tends towards high values, the Nusselt number converges to a value 
of about 2.4.

Figure 9 illustrates the variation of the mean Nusselt number as a function of the 
Hartmann number for γ = 30°, ϕ = 0.04 and for different Rayleigh numbers. It is clear that 
increase in Hartmann number decreases the mean Nusselt number. It is due to the fact that 
magnetic field has a negative effect on buoyancy force and it causes to slow down the flow 
motion. However, the mean Nusselt number increases with increasing Rayleigh number. 
Also, it is observed that as Hartmann number increases the Nusselt number tends to a con-
stant value for Ra = 107 and 108.

Figure 8. Variation of mean Nusselt  
number with Hartmann number at  
various orientation of the magnetic field  
for Ra = 109 and nanofluid (water + 4%Cu)

Figure 9. Variation of mean Nusselt  
number with Hartmann number at  
various Rayleigh number for γ = 30°  
and nanofluid (water + 4%Cu)

We study in this paragraph, the influence of different types of nanoparticles (Cu, Al2O3, 
and TiO2) dispersed in the base fluid on heat transfer. Figure 10 shows the variation of the mean 
Nusselt number as a function of the volume fraction of the nanoparticles for γ = 30°, Ha = 0, 
Ha = 100 and for different Rayleigh numbers. It is clear from the figure that in both cases: with 
and without the effect of the magnetic field, the Nusselt number increases monotonically with 
the increase in the volume fraction for all Rayleigh numbers and nanofluids. The highest heat 
transfer is obtained for Al2O3 since it has the lowest density in comparison with Cu and TiO2. 
The heat transfer is improved also with the increase of the Rayleigh number.

The enhancement in the heat transfer provided by the nanofluid (ϕ = 0.06) in compar-
ison with the pure fluid (ϕ = 0): 

 
( ) ( ) ( ){ }m m m% Nu 0.06 Nu 0 / Nu 0 100E φ φ φ = = − = = × 

is shown in the tab. 5. It follows from the table that the addition of the Al2O3 nanoparticles in 
the base fluid leads to a better improvement in the heat transfer rate compared to the use of Cu 
or TiO2 nanoparticles. This observation is valid either in the absence or in the presence of the 
magnetic field.
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Conclusions

In this paper, MHD turbulent natural-convection in square cavity filled with nano-
fluids is numerically studied. Some important conclusions from this study can be drawn are as 
follows.

 y The flow intensity decreases with an increase in the Hartmann number but it increases with 
an increase in the orientation of the magnetic field.

 y The mean Nusselt number increases on increasing the orientation of the magnetic field, but 
at a high value of the Hartmann number, Nusselt number is not sensitive to the increase of 
the orientation angle.

 y The mean Nusselt number increases with increasing Rayleigh number, but it decreases with 
an increase in the Hartmann number.

 y Increasing the volume fraction of nanoparticles enhances the heat transfer.
 y The type of nanoparticles is an important factor to heat transfer enhancement. The highest 

heat transfer is obtained when using for Al2O3 nanoparticles.

Nomenclature 

Figure 10. Variation of mean 
Nusselt number with ϕ at 
various nanoparticles with  
γ = 30°; (a) Ra = 107,  
(b) Ra = 108, and (c) Ra = 109

Table 5. Enhancement of the mean Nusselt number E% for γ = 30°
Ra = 107 Ra = 108 Ra = 109

Cu Al2O3 TiO2 Cu Al2O3 TiO2 Cu Al2O3 TiO2

Ha = 0 6.50 11.55 8.64 6.87 11.75 8.81 7.05 11.86 8.93
Ha = 100 6.45 7.96 5.28 6.89 10.00 7.22 7.04 11.15 8.26

B0  – strength of the magnetic field, [T]
Cp – specific heat at constant pressure, [Jkg–1K–1]
E  – dimensionless dissipation rate, [–]

Gk  – buoyancy term, [Jkg–1s–1]
g  – gravitational acceleration, [ms–2]
H  – cavity height, [m]
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