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In this article the theory of the supertrigonometric and superhyperbolic functions 
associated with the J and H functions are proposed for the first time. The series 
representation for the heat-diffusion equations are also given by using the J and 
H functions. The results are efficient and accurate for the description for the solu-
tions of the PDE in mathematical physics.
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Introduction

It is well known that the special functions [1, 2] can be structured by using the power 
series, infinite products, generating functions, differential, difference, integral, and functional 
equations, integral representations, repeated differentiation, trigonometric series, or other series 
in the orthogonal functions, having the important applications not only in the field of pure and 
applied mathematics but also in the field of mathematical physics [3]. 

Let us recall the H and J functions, which are defined by means of the Mellin-Barnes 
type integrals. In order to introduce the H and J function, we now denote C, R, R+, and N as 
the sets of the complex, real number, positive real number, and integer numbers, respectively. 
Suppose that x ∈ C\{0}, i = (–1)1/2, q ≥ 1, 0 ≤ n ≤ p, 0 ≤ m ≤ q, {aj, bj} ∈ C, and {αj, βj} ∈ R+. 

Let 
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The Fox H function Hm,n
p,q(x) proposed by Fox [4], is defined by the Mellin-Barnes type 

integral [5]: 
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where L is the infinite contour in the complex plane, (a certain contour separating the poles of 
the two factors in the numerator) with the poles [5]:

{ }( )1,  ;  0j
j

j

b
k j n

β
+

= − = ∈ ∪



  (2)

and

{ }( )1
1,  ;  0j

j
j

a
k j n

α
− +

= = ∈ ∪



  (3)

The J function Jm,n
p,q(x) , proposed by Yang [6], is defined by the Mellin-Barnes type 

integral [6]:
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where L is a certain contour separating the poles of the two factors in the numerator with the 
poles, given by eqs. (2) and (3) [6].

For l ∈ N ∪ {0}, the connection with the H and J functions, investigated by author in 
[6], is given:
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where L is a certain contour separating the poles of the two factors in the numerator. 
Motivated by the Euler formula, given in 1748 Euler [7], and the proposed idea pre-

sented in the published monographs [3, 8], we plan to develop the supertrigonometric and 
superhyperbolic functions associated with the J and H functions. The main target of the paper 
is to suggest the supertrigonometric and superhyperbolic functions associated with the J and H 
functions, and to present a potential application in the heat-diffusion equation. 

The special functions: the J and H functions

In this section we investigate the series representations for the J and H functions. 
In order to study the series representation of the J function, we now introduce the 

kappa function:
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where the mu function is defined:	
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for s ∈ C and υ ∈ N.
There exist the following special cases:
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It is not difficult to find that eq. (15) is the series representation of the J function by 
using the kappa function. 

In a similar way, it is shown:
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where L is a certain contour separating the poles of the two factors in the numerator. 
This implies:
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It is easy to see that eq. (18) is the series representation of the H function by using the 
J function.

The supertrigonometric functions associated with the J function 

Let λ ∈ C and τ ∈ C. 
With eq. (15) we show:
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The supersine function associated with the J function is defined:
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The supercosine function associated with the J function is defined:
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The supertangent function associated with the J function is defined:
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The supercotangent function associated with the J function is defined:
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The supercosecant function associated with the J function is defined:
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The supertrigonometric functions associated with the H function 

By using eq. (7), we see:
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The supersine function associated with the H function is defined:
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The supercosine function associated with the H function is defined:
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The supertangent function associated with the H function is defined:
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Thus, we show:
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The superhyperbolic functions associated with the J function 

With the aid of eq. (15) we get:
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The superhyperbolic sine function associated with the J function is defined:
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The superhyperbolic cosine function associated with the J function is defined:
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The superhyperbolic tangent function associated with the J function is defined:
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The superhyperbolic cotangent function associated with the J function is defined:
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The superhyperbolic cosecant function associated with the J function is defined:
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The superhyperbolic secant function associated with the J function is defined: 
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The superhyperbolic cosecant function associated with the H function is defined:
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( ) ( ), ,
, ,tanh tanm n x m n x

p q p qe i e−= −H H (84)

( ) ( ), ,
, ,cosh cosm n x m n x

p q p qe e−=H H (85)

( ) ( ), ,
, ,cosh cosm n ix m n ix

p q p qe e=H H (86)

( ) ( ), ,
, ,sinh sinm n x m n x

p q p qe i e−= −H H (87)

and

( ) ( ), ,
, ,sinh sinm n ix m n ix

p q p qe i e=H H (88)

Let Eχ(x), Eχ β(x), E ζχ β(x), and E ζ ω̄
χ β (x) be the Mittag-Leffler [9], Wiman [10], Prabhakar 

[11], and four-parameter Mittag-Leffler [12] functions, respectively. Then we have [5, 12]:

	 ( ) ( ) ( )
( )
( )

1,0 1,1
0,1 1,1

1 ,11; ,     1 ;
0,1 0,1

xe x x xϑ ϑ
ϑ

−− −  −  
= − = −   Γ   

H H
	

	
( ) ( )

( ) ( ) ( ) ( )
( ) ( )

1,1 1,1
1,2 , 1,2

0,1 0,1
; , ;

0,1 , 0, 0,1 , 1 ,
E x x E x xχ χ βχ β χ

   
= − = −   −   

H H
	

	
( ) ( )

( )
( ) ( )

1,1
, 1,2

1 ,11 ;
0,1 , 1 ,

E x xς
χ β

ς
β χς

 − 
= − −Γ  

H

and 

	
( ) ( )

( )
( ) ( )

, 1,1
, 1,2

1 ,1 ;
0,1 , 1 ,

E x xς ϖ
χ β

ς ϖ
β χς

 − 
= − −Γ  

H

such that

( )
( )1,0

0,1
0

log
;

0,1 !

l
x

l

x
e l

l

∞
−

=

− 
=  

 
∑J (89)

( ) ( )
( )
( )

( )1,1
1,1

0

1 ,1 log11 ;
0,1 !

l

l

x
x l

l
ϑ ϑ

ϑ

∞
−

=

 − 
− = − Γ  

∑J (90)

( ) ( )
( ) ( )

( )1,1
1,2

0

0,1 log
;

0,1 , 0, !

l

l

x
E x l

lχ χ

∞

=

 
= − 

 
∑J (91)

( ) ( )
( ) ( )

( )1,1
, 1,2

0

0,1 log
;

0,1 , 1 , !

l

l

x
E x l

lχ β β χ

∞

=

 
= − − 
∑J (92)

( ) ( )
( )

( ) ( )
( )1,1

, 1,2
0

1 ,1 log1 ;
0,1 , 1 , !

l

l

x
E x l

l
ς
χ β

ς
β χς

∞

=

 − 
= − −Γ  

∑J (93)
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( ) ( )
( )

( ) ( )
( ), 1,1

, 1,2
0

1 , log1 ;
0,1 , 1 , !

l

l

x
E x l

l
ς ϖ
χ β

ς ϖ
β χς

∞

=

 − 
= − −Γ  

∑J (94)

These imply that:

( )
1,0
0,1

0
;

0,1 !
x

l
e

l

xe l
l

∞
−

=

− 
=  

 
∑J (95)

( ) ( )
( )
( )

1,1
1,1

0

1 ,111 ;
0,1 !

l
x

l

xe l
l

ϑ ϑ
ϑ

∞−

=

 − 
− = − Γ  

∑J (96)

( ) ( )
( ) ( )

1,1
1,2

0

0,1
;

0,1 , 0, !

l
x

l

xE e l
lχ χ

∞

=

 
= − 

 
∑J (97)

( ) ( )
( ) ( )

1,1
, 1,2

0

0,1
;

0,1 , 1 , !

l
x

l

xE e l
lχ β β χ

∞

=

 
= − − 
∑J (98)

( ) ( )
( )

( ) ( )
1,1

, 1,2
0

1 ,11 ;
0,1 , 1 , !

l
x

l

xE e l
l

ς
χ β

ς
β χς

∞

=

 − 
= − −Γ  

∑J (99)

and

( ) ( )
( )

( ) ( )
, 1,1
, 1,2

0

1 ,1 ;
0,1 , 1 , !

l
x

l

xE e l
l

ς ϖ
χ β

ς ϖ
β χς

∞

=

 − 
= − −Γ  

∑J (100)

Making use of eqs. (95) and (96), it is easy to show:

( ) ( ) ( ) ( ) ( )
2

1,0 1,0
0,1 0,1

0

1 cos ; 1 2 ;
0,1 0,12 2 !

ix ix
l

le e ix

l

xe e e l
l

−
∞

− −

=

− −   
+ = = −   

   
∑H� J (101)

( ) ( ) ( ) ( ) ( )
2 1

1,0 1,0
0,1 0,1

0

1 sin ; 1 2 1;
0,1 0,12 2 1 !

ix ix
l

le e ix

l

xe e e l
i l

−
+∞

− −

=

− −   
− = = − +    +   

∑H J (102)

( ) ( ) ( ) ( )
2

1,0 1,0
0,1 0,1

0

1 cosh ; 2 ;
0,1 0,12 2 !

x x
l

e e x

l

xe e e l
l

−
∞

− −

=

− −   
+ = =   

   
∑H� J (103)

( ) ( ) ( ) ( )
2 1

1,0 1,0
0,1 0,1

0

1 sinh ; 2 1;
0,1 0,12 2 1 !

x x
l

e e x

l

xe e e l
l

−
+∞

− −

=

− −   
− = = +    +   

∑H J (104)

( ) ( ) ( ) ( ) ( )
( ) ( )

2
1,1
1,1

0

1 ,11 11 1 1 2 ;
0,12 2 !

l
lix ix

l

xe e l
l

ϑ ϑ ϑ
ϑ

∞− −−

=

 −  − + − = −     Γ  
∑ J (105)

( ) ( ) ( )
( )
( ) ( )

2
1,1
1,1

0

1 ,11 11 1 2 ;
0,12 2 !

l
x x

l

xe e l
l

ϑ ϑ ϑ
ϑ

∞− −−

=

 −  − + − =     Γ  
∑J (106)
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and

( ) ( ) ( ) ( ) ( )
( ) ( )

2 1
1,1
1,1

0

1 ,11 11 1  = 1 2 1;
0,12 2 1 !

l
lx x

l

xe e l
l

ϑ ϑ ϑ
ϑ

+∞− −−

=

 −  − − − − +    Γ + 
∑ J (107)

A typical application representation of the solution for the heat-diffusion problem

We now consider the 1-D heat-diffusion equation [13]:
( ) ( )2

2

, ,x t x t
t x

∂Ω ∂ Ω
=ℵ

∂ ∂
(108)

with the initial value condition:
( ) ( ),0x xδΩ = (109)

where ℵ is the thermal diffusivity and Ω(x, t) represents the temperature function.
The solution for eq. (108) reads:

 

( ) ( ) ( )
( )2

1,0 1,0
0,1 0,1

0

2log 4 log1 1, ; ;
0,1 0,14 4 4 !

l

l

x txx t l
t t t lπ π

∞

=

− − − ℵ   
Ω = =   ℵ ℵ ℵ   

∑H J (110)

since there exists [13]:

( )
2

41,
4

x
tx t e

tπ
−

ℵΩ =
ℵ

(111)

Conclusion

In this work we have suggested the theory of the supertrigonometric and superhyper-
bolic functions associated with the J and H functions. We gave the series representations for the 
special functions and the series representation for the heat-diffusion equations. The obtained 
results are proposed as a useful mathematical tools to present the series solutions for PDE in 
mathematical physics.
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Nomenclature
t 	 – space co-ordinate, [s]
x 	 – pace co-ordinate, [m]
ℵ 	 – thermal conductivity, [Wm–1K–1]

Greek symbol

Ω(x, t) – temperature function, [K]
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