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Single fracture is the most basic element in complex fracture network of rock mass. 
Therefore, the study of flow characteristics of single fracture is an important way 
to reasonably predict the complex flow state in engineering rock mass. In order to 
study the flow characteristics of fractal single fracture, fracture models with dif-
ferent fractal dimension and different fracture width are established in this paper.
The results show that: the blocking effect of rough structure on fluid is obviously 
enhanced under high pressure. In addition, it is weakened and reaches a steady-
state with the increase of fracture fractal dimension. The larger the fracture width 
is, the more obvious the phenomenon is. The hydraulic gradient index tends to 0.5 
with the increase of fracture width when fractal dimension is greater than 1.3. It 
also could tend to 0.5 with the increase of fractal dimension when fracture width 
is greater than 1 mm.
Key words: single fracture, fractal dimension, fracture width,  

hydraulic gradient index

Introduction

The natural rock mass is complex and has the characteristics of non-uniformity and 
anisotropy. One of the reasons for this phenomenon is that there are various fractures in the rock 
mass. Single fracture is the most basic element in complex fracture network of rock mass. The 
geometric characteristics of single fracture, such as the width, direction, roughness and filling 
property, are closely related to the permeability of rock mass [1-3]. Therefore, the study on flu-
id-flow characteristics of single fracture is an important way to reasonably predict the complex 
flow state in rock mass [4, 5].

Witherspoon [6] proposed the cubic law derived from the ideal smooth parallel plate 
model, which has been widely used in the study of flow law of fractured rock mass [7, 8]. Schol-
ars have carried out flow experiments of smooth parallel plate fractures, and the experimental 
results have proved the rationality of the cubic law, that is, the fracture discharge is proportional 
to the cubic power of the crack width [9, 10]. However, the natural fracture is usually rough 
and irregular with obvious fractal characteristics, so the geometric characteristics of the real 
fracture are difficult to meet the basic assumptions of the plate fluid model [10, 11]. Then, 
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scholars have carried out a variety of semi-theoretical and semi-empirical research work, and 
put forward the corresponding modified cubic law [11-13]. However, there are some differences 
among various empirical formulas [14], and it is necessary to further explore the unified flow 
law and mechanism of natural rough single fracture.

The study of single fracture flow focuses more on the analysis and summary of phe-
nomena, and numerical simulation has obvious advantages in this aspect. The numerical simu-
lation methods of fracture flow include finite difference method [15], boundary element method 
[16], meshless method [17], but the most popular method is finite difference method. Wang  
[18] described the basic composition of fracture network with graph theory and established the 
numerical model of fracture network flow. Chai [19] established a numerical model for coupled 
analysis of unsteady flow field and stress field in dam foundation fracture network. Based on 
the Signorini inequality formula for unconfined flow in continuous media [20], Jiang et al.  
[21, 22] proposed a variational inequality method for solving stable and unstable flow in frac-
ture networks. In recent years, this method has been extended to solve 3-D fracture seepage 
problems [23].

In this paper, firstly, the fractal fractures with different fractal dimension are generated 
by fractal function. Then fracture models with different fracture width are established. Finally, 
the model is imported into COMSOL for calculation. Based on the results of numerical simu-
lation,the influence of fracture roughness (fracture fractal dimension), average fracture width 
(hereinafter referred to as fracture width), and fluid pressure on fracture flow characteristics is 
studied in detail.

Model building

The Weierstrass-Mandelbrot function is given [24-26]:
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where b is a real number greater than 1, reflecting the degree of deviation of the curve from the 
straight line, φn  – the any phase angle, and fractal dimension D ∈ (1, 2). The real part of the 
function W(t) is regarded as the fractal control function C(t), which is continuous and non-dif-
ferentiable everywhere:
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The fractal dimension satisfies the relations:
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where B is a constant and represents the Hausdorff-Besicovitch (HB) dimension.
Firstly, the parameter b is set to 1.4 [27], and fractal curves with different fractal di-

mension are generated by MATLAB. The fractal curves are shown in fig. 1.
According to the fractal curves, the fracture models with different fracture width are 

established, and finally the fractal fracture models with different fractal dimension and different 
fracture width are obtained.

In order to study the flow characteristics of single fracture, three variables are set in 
this paper. There are nine kinds of working conditions for inlet pressure, P, which are 50 Pa,  
100 Pa, 150 Pa, 200 Pa, 300 Pa, 400 Pa, 500 Pa, and 600 Pa, respectively. There are five kinds 
of working conditions of fracture width, d, which are 1 mm, 2 mm, 3 mm, 4 mm, and 5 mm, 
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respectively. The fracture fractal dimension is set in five kinds of working conditions: D = 1.0, 
1.1, 1.3, 1.5, and 1.7. Therefore, the fracture flow under 225 working conditions is simulated in 
this paper. The size of fracture fractal dimension reflects the roughness of fracture. The larger 
the fractal dimension is, the rougher the fracture is. The fluid studied in this paper is water, and 
it is assumed that the flow of water is laminar [27]. The initial end of the fracture is set as the 
entrance, the end of the fracture is set as the outlet, and the fractal curve is set as the fracture 
boundary.

Theoretical analysis

Generally, the fluid resistance includes friction resistance and local resistance. The 
friction resistance mainly comes from the friction between the fluid and the fracture surface 
along the straight path, and the local resistance mainly comes from the change of fluid-flow 
direction in the local path. The calculation formula of friction resistance and local resistance is 
[28, 29]:
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where Hf is the frictional resistance along the fluid-flow path, L – the length of the flow path,  
Re – the Reynolds number, ρ – the density of the liquid, v – the average velocity, d′ – the equiv-
alent diameter of the cross-section of flow path, Hl – the local resistance, ε – the local resistance 
coefficient, θ – the bending angle at any part of the flow path, R – the curvature radius of the 
center line of the local position of the flow path, and Δp – the local pressure difference.

Figure 1. Fractal curves with 
different fractal dimension; 
(a) D = 1.0, (b) D = 1.1,  
(c) D = 1.3, (d) D = 1.5,  
and (e) D = 1.7
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From eqs. (4)-(6) we see that the local resistance would increase with the increase of 
fracture roughness (fracture fractal dimension), that the friction resistance would decrease with 
the increase of fracture width, and that Both frictional resistance and local resistance would 
increase with the increase of pressure.

Analysis of fracture flow characteristics

Influence of inlet pressure and fracture width

The factors affecting the flow of rough fracture include fracture width, fluid pressure 
and its own rough structure (fractal dimension of fracture). Rough structure and width of frac-
ture can be regarded as the true property of fracture, and the fluid pressure can be regarded as 
the additional property of fracture. Therefore, the fractal fracture flow characteristics need to be 
discussed under combined working conditions.

Figure 2 shows the relationship between fracture discharge and inlet pressure when 
fracture fractal dimension is the same but fracture width is different. The calculation results 
show that the fracture discharge would increases with the increase of inlet pressure, but the 
growth rate of fracture discharge would decrease. This phenomenon shows that the flow block-
ing effect of rough structure on fluid under different pressure is different. The higher the inlet 
pressure is, the smaller the growth rate of fracture discharge is, which indicates that the block-
ing effect of rough structure on fluid is obviously enhanced under high pressure.

Figure 2. Relationship between fracture discharge and inlet pressure; (a) D = 1.0,  
(b) D = 1.3, and (c) D = 1.7

It also can be seen from fig. 2 that the 
fracture discharge increases with the increase of 
fracture width, and the increasing rate increases.
The phenomenon reflects that the increase of the 
fracture width would expand the effective flow 
space, at the same time, it also would weaken 
the blocking effect of the rough structure on flu-
id. Therefore, the larger the fracture width is, 
the stronger the fracture flow capacity is. The 
relation curve of fracture discharge and pres-
sure is fitted into a power function like y = axb, 
and the exponent b of this power function is the 
hydraulic gradient index. Figure 3 shows that 
the hydraulic gradient index decreases with the 
increase of fracture width, and the decreasing 
rate would gradually decrease. When the fractal 

Figure 3. Relationship between hydraulic 
gradient index and fracture width
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dimension D is larger than 1.3, the hydraulic gradient index gradually converges to 0.50 with 
the increase of fracture width. When the fractal dimension is D = 1.1, the hydraulic gradient in-
dex gradually converges to 0.54. It should be noted that the hydraulic gradient index is close to 
1 when fractal dimension D = 1.0, fracture width d = 1. This means that the hydraulic gradient 
index is close to 1 when the fracture is very smooth and the width is very small.

Influence of fracture fractal dimension 

Figure 1 indicates that the length of fracture flow path with different fractal dimension 
is different. The total impedance capacity of fracture to fluid increases with the increase of flow 
path, while the fracture discharge is on the contrary. In order to eliminate the influence of flow 
path length on the results, the length of flow path or fracture discharge should be modified. 
Assuming that the impedance capability of the rough fracture to fluid is the same everywhere, 
and taking the fracture discharge at D = 0 as the reference, the fracture discharge correction 
formula:
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where Q′D=i is the corrected fracture discharge when D = i, QD=i – the fracture discharge when 
D = i, LD=1.0 – the length of the flow path when D = 1.0, and LD=i – the length of the flow path 
when D = i. 

The relationship between the corrected fracture discharge and inlet pressure is shown 
in fig. 4. With the increase of the inlet pressure, the fracture discharge increases and the increas-
ing rate decreases. The fracture discharge curves almost coincide when the fracture fractal di-
mension is large. This indicates that the fracture discharge tends to be stable with the increase of 
fractal dimension. This phenomenon shows that with the increase of fracture fractal dimension, 
the blocking effect of fracture rough structure on fluid is weakened and reaches a steady-state. 
The larger the fracture width is, the more obvious the phenomenon is.

Figure 4. Relationship 
between fracture discharge 
and inlet pressure (with  
the same fracture width and 
different fracture fractal 
dimension); (a) d = 1,  
(b) d = 2, (c) d = 3, (d) d = 4, 
and (e) d = 5
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Figure 5 shows the relationship between fracture discharge and fracture fractal dimen-
sion. With the increase of fractal dimension, the fracture discharge decreases sharply and the 
decreasing rate becomes smaller. In addition, the fracture discharge also gradually converges, 
and its convergence value gradually increases with the increase of inlet pressure.

The relationship between hydraulic gradient index and fracture fractal dimension is 
shown in fig. 6. The hydraulic gradient index decreases and the decreasing rate is gradually 
decreasing with the increase of fracture fractal dimension. Finally, the hydraulic gradient index 
converges to a constant value. When the fracture width is d ≥ 1, the hydraulic gradient index 
converges to about 0.5. When the fracture width is larger, the hydraulic gradient index is easier 
to converge.

Conclusion

By calculating and analyzing the fractal fracture flow under 225 working conditions, 
the following conclusions are obtained. The fracture discharge would increase with the increase 
of inlet pressure, but the growth rate of fracture discharge would decrease, which indicates 
that the blocking effect of rough structure on fluid is obviously enhanced under high pressure. 
The fracture discharge increases with the increase of fracture width, and the increasing rate 
increases. The phenomenon reflects that the increase of the fracture width expands the effective 
flow space, at the same time, it also weakens the blocking effect of the rough structure on fluid. 
Therefore, the larger the fracture width is, the stronger the fracture flow capacity is. The frac-
ture discharge would gradually converge with the increase of fracture fractal dimension, and its 
convergence value would also increase with the increase of inlet pressure. This phenomenon 
shows that the blocking effect of fracture rough structure on fluid is weakened and reaches a 
steady-state with the increase of fracture fractal dimension. The larger the fracture width is, the 
more obvious the phenomenon is. The hydraulic gradient index tends to 0.5 with the increase 
of fracture width when fractal dimension is greater than 1.3. It also could tend to 0.5 with the 
increase of fractal dimension when fracture width is greater than 1.
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Nomenclature
D 	 – fracture fractal dimension, [–]
d 	 – fracture width, [mm]
d′     – equivalent diameter of the cross-section  
           of seepage path, [mm]
Hf 	 – frictional resistance, [Nmm–1]
Hl	 – local resistance,[Nmm–1]
L 	 – length of the flow path, [mm]
P 	 – inlet pressure, [Pa]

Re 	 – Reynolds number, [–]
v 	 – average velocity, [mms–1]

Greek symbols
ε 	 – local resistance coefficient, [–]
ρ	 – density of the liquid, [gcm–3]
φn 	 – any phase angle, [°]
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