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The main objective of the present article is to introduce a new analytical solution of
the local fractional Landau-Ginzburg-Higgs equation on fractal media by means
of the local fractional variational iteration transform method, which is coupling of
the variational iteration method and Yang-Laplace transform method.
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Introduction

In the present work, we consider the following local fractional Landau-Ginzburg-
Higgs equation on fractal media as follows:

2 2
0 %u 0%

at2a - axza

—m*u+n*u’ =0, 0<a<l (1)

with the initial conditions

a

U0 = (7). Eu(x0) = g+7) @)

where 0%u/ot” denote the local fractional derivative of u(x,#), m and n are parameters, and
both f(x%) and g(x%) are given functions.

The problem (1)-(2) is widely used to model fractal heat transfer and anomalous heat
flow in superconductors [1-8]. The local fractional differential equations have attracted lots of
attention among scientists [9-11]. In most cases, the local fractional differential equations were
applied to model problems in fractal media. Finding the non-differentiable solutions of the local
fractional differential equations is the hot topics [12-15]. However, it is difficult to obtain an
exact analytic solution for the non-linear local fractional differential equations.

Recently, some useful techniques have been successfully applied to deal with the local
fractional differential equations, such as the local fractional variational iteration method [12,
13], the local fractional Adomian decomposition method [14], the local fractional series ex-
pansion method [15], the fractional Laplace transform method [16] and other methods [17-20].
The main objective of the present article is introduce a new analytical solution of the problem
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(1)-(2) by means of local fractional variational iteration transform method, which is coupling of
variational iteration method and Yang-Laplace transform method.
Preliminaries

In this section, we recall some definitions and properties of local fractional calculus
and Yang-Laplace transform. For more details, see [21].
Assume the relation below exists:

£ ()= f(x)| < & €)

with | x —x, |< 6 for £,6 > 0. Then f'(x)is local fractional continuous at x,, which is denoted by
lim Jf(x)= f(xy).If f(x) is local fractional continuous on the interval (a,b), it is denoted by:

f(x)eCy(a,b)

Let f(x)e C,(a,b). The local fractional derivative of f(x) of fractal order at the
point x = x, is given:

:f(a)(xo) — lim A“[f(x)—f(xo)]

AL (x = x0)”

(4)

a d”
DY f(x) = o )
X=X
where ALf(x) = f(xp)] = T'(e + DS (x) = [ (x0)]-
A partition of the interval [a,b]is denoted as (¢;,¢;,,), j=0,1,--,N -1, {, =a and
ty =bwith At; =1, —t, and At = max {Af,,At,,-- Aty }. The local fractional integral of f'(x) in
the interval [a,b] 1s given:

A S = (1 j S()(d)” = lim Zf(r )(At)* (5)
In the fractal space, the Mlttag—Lefﬂer—Yang functlon is given [21]:
0 (na)
E, : 0<a<l 6
(x*) = Z T+ na a (6)

Let

T x)| (dx)* <k<oo, O0<a<l
T (1 g |f (%) | (dx)
The Yang-Laplace transforms of f(x) is given:

1 T a_ .o a
Five) [ B (=s"x*) f (x)(dx) (7)

LAf ()= £"(s)=

where the latter integral converges and s“ € R”.
The inverse transform of the Yang-Laplace transforms of f(x) is given:
1 P+ia
= [ B ("x*) £ (S)(ds)" (8)
(27) pim
where s% = % +i@“ fractal imaginary unit i{* and Re(s) = 8 > 0.

LASE ()} = f(0)=
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Some useful formulas of local fractional derivative were summarized:

d*(x")  T(1+na)x" "

7 ©)
dx IM+ @ -Dea]
| b
E,(x*)(dx)* =E, (b*)-E,(a” 10
r(1+a)£ 2 (N = E, (b7~ E, (a”) (10)
1 b ra (ntha _ _(n+tD)a
Ixna(dx)a — ( +na)[b a ] (11)
Il+a); M+ (n+a]
Now, we recall some basic properties of local fractional Yang-Laplace transform.

Let L, { f(x)} = £;°“(s) and L, {g(x)} = g-“ (s), then we have:
L, {af (x) +bg(x)} = af;"" (s) + bg " (s) (12)
LB (c“x) f(0)} = (s =) (13)
L f () =s" £ () = £ (0) (14)

ka F(l + kO.’)
La {x } = W (1 5)
Local fractional variational iteration transform method
Consider the following general non-linear local fractional PDE:
2a
e u(x,t)+ Pu(x,t)+ N,u(x,t)=0, t>0, xeR, O<a<l (16)
t

where P, denotes the linear local fractional differential operator, and N, represents the general
non-linear local fractional operator.
Taking local fractional Yang-Laplace transform on eq. (16), we obtain:

2a
L, [ft—zauw}% [Pou(r.0)]+ Ly [Nu(x.0)] =0 (17

By applying eq. (14), we have:

s“La[u(x,r)]—s“uu,O)—Zjﬁf (%,0) = L, [P,u(x,0)] — L[N u(x,)] (18)
or
1 1 0% 1 1
L, [u(x,0)]=—u(x,0) + ————(x,0) =~ L, [Fu(x,0)] - ——L,[Nu(x,0)]  (19)
s s°“ ot K s

Operating with the Yang-Laplace inverse on both sides of eq. (19) gives:

_ o al L _
u(x,t) =u(x,0)+ Fta) o (x,00+ L, {Sm La[ Pu(x,t)-N, (x,t)]} (20)
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Finding the local fractional derivative in (20), we obtain:

0 0“u 0 _1{ 1 }
u(x,t) ———(x,0) - L, i——L,|-Pu(x,t)—N,(x,t)|;=0 21
o 0 (0 =L L [ R = Ny (x.0)] 1)
By making the correction function, we get:
Ui (x,0) =
(et — I O“uy (x,7)  0“uy(x,0) @ I {%La [Pauk(x,r)+Nauk(xvr)]}
or” or” or” s

Finally, the solution u(x,?) is given:

u(x,t)= ,}T}o“k (x,1).

The solutions of the problem (1)-(2)

In this section, we present the solutions of local fractional Landau-Ginzburg- Higgs
equation on fractal media.
Consider the following local fractional Landau-Ginzburg-Higgs equation on fractal

media:
2a 2a
U O s =0, 0<a<l (22)
o ox”
with the initial conditions:
a o a
u(x,0) = f(x), ﬁu(x, 0)=g(x") (23)
We rewrite eq. (22) as follows:
azau azau ) ) 3
——=——+mu—nu (24)
atZaf aXZtZ

By taking local fractional Yang-Laplace transform and applying eq. (14), we have:

a 2a

S L [0 - su(x,0) — 2 2 (x,0=1L, [6—22‘ +mPu— n%ﬁJ 25)
or ot Ox
2a

L,[u(x,t)]= Sia f(x)+ Sz% g(x)+ S%La [;—25 +mtu - n2u3J (26)

Then, applying the inverse Yang-Laplace transform to eq. (26), we get:

2a

! g(x)+ L;l {%La {: Sou(x, 1)+ m*u —n*u’ }} (27)
s X

I'l+a)

u(x,t)=f(x)+

From eq. (27), we have:

a a 2a
a—u(x,t)—g()c)— 0 L;l ZLL(Z a—u+mzu—nzu3 =0
ot” or* s “
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Making the correction function is given:

U (x,0) =
o | 0%u, (x,7)  0%u,(x,0) 0% ;| 1 o*u
=u, (x,t)— o1, { akz-" - akl-a o L z L, ?zlj‘-knﬂuk —n’u,

Using the initial condition, we can select:

o (x,1) = f(x%)

From this selection, we can get the successive approximations solutions.

Next, two examples are presented in order to demonstrate the efficiency of the afore-
mentioned method.

Example 1: We consider the following linear local fractional Landau-Ginzburg-Higgs
equation on fractal media:

2 2
0“u 0%

at2a - axza

=u, 0<a<l
with the initial condition:

u(x,0) = 242, (-x%),

a u(‘xio) :_4Ea(_x0!)
or*

Firstly, from the initial condition, we select:
Uy (x,0) = 2N2E,, (—x%)

Then, applying previous algorithm, we get the following approximations:

a a a i 2a
ul(x,r>=uo(x,t)—01,“{a WD) T O La[a ”"wﬂ}

or” or” or” _52”‘ ox*
o | 0% (x,7)  0%u(x,0) 0% _ I o*u
u2<x,r)=ul<x,r>—01t{ (;T(a L a‘ja ) P —L( axz;wlm
[305

3 (e0) =ty (3.0) =8E, () s

Finally, the solution is:

a 2a
u(x,t) = 2x/§Ea (—x“){l Vi 2t }

- + +
+a) I'+2a)

Example 2: We consider the following non-linear local fractional Landau-Ginzburg-
-Higgs equation on fractal media:

o*u  0*%u
8t2a - ax2a

with the initial conditions:

—m2u+n2u=0, O<a<l
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u(x,0)= \/Esecha (x*), and % =—tanh, (x*)sech, (x%)
t
By the initial conditions, we select:
Uy (x,0) =22 QE, (x*), and Q= S
1+ E,(2x%)
Then, we obtain:
0%uy(x,7)  0%uy(x,0) 8% 4| 1 o*u ;
uy (x,0) =uy(x,0)— oI 0 -—40 - L' —=L,| —>+u,—u =
1( ) 0( ) 0+t 81“ 87“ az_a Sza axza 0 0
tO{
=uy(x,t) — 4E, (x*)E,(2x") - 1]Q* ———
0( ) a( )[ a( ) ] 1_,(1 N a)
o%u,(x,7)  %u(x,0) 0% | 1 o*u 3
uy (x,0) =y (x,0) — oI ! - - L, L,| —L+u —u =
2( ) 1( ) 0%t 81“ 81’“ 81“ Sza axza 1 1
2a
—u,(x,1) ~ 2N2E, (x))[6E, (2x% )~ E, (4x") ~1] @ —
[(1+2a)

and so on.
Conclusion

In the present work, the analytical solution for the local fractional Landau-Ginzburg-
Higgs equation is obtained by the local fractional variational iteration transform method. The
results obtained show that the solution is convergent very rapidly. The present method is very
efficient for finding the analytical solutions for a wide class of non-linear local fractional dif-
ferential equations.

Nomenclature

t — time, [s] Greek symbol

X — space co-ordinates, [m] o ~ fractal dimension, []
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