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The power take-off (PTO) damping mechanism is very important to the motion 
and power conversion for the wave energy converters. Based upon the potential 
flow theory, the series expression with unknown Fourier coefficients of velocity 
potential function of the basin where the cylindrical floating buoy is located is 
obtained by using the eigenfunction expansion method. According to the charac-
teristics of the PTO damper, the motion and wave energy conversion characteris-
tics of the float under the linear and non-linear PTO damping are studied, re-
spectively, and the over-damping problem under the linear PTO damping is em-
phatically explored. The results show that the influence of PTO system with low 
velocity index on the motion of the device is mainly reflected in the PTO damping 
coefficient. With the increase of damping coefficient, the resonance frequency of 
the wave energy device decreases gradually, but the decrease amplitude is very 
small. The non-linear characteristics of PTO system cannot change the optimal 
capture width ratio of the float, but the large velocity index can effectively im-
prove the damping capacity of PTO system. At lower and higher frequencies, the 
optimal PTO damping obtained by the analytic algorithm will make the device in 
an over-damped state. The highest frequency in the low frequency part and the 
lowest frequency in the high frequency part which need to be modified will grad-
ually decrease with the increase of radius and draught. 

Keywords: wave energy conversion, analytical solution, non-linear PTO, 
over-damped modification 

Introduction 

With the increasing global demand for energy and electricity [1-4], in the past few 

decades, more and more attention has been paid to the problem of extracting energy from 

ocean waves and maximizing their capture width ratio through theoretical or experimental 

research. 

____________ 
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There have been a lot of studies on improving the capture width ratio of the simple 

oscillating float by analytical methods [5-9]. Goggins and Finnegan [7] presented a method-

ology for the structural geometric configuration optimization considering given deployment 

site. They obtained the optimal damping coefficient of the considered PTO mechanism. Mav-

rakos and Katsaounis [8] further studied the shape’s effect on the power conversion of a point 

absorber. They creatively put forward some kinds of absorber shapes such as the skirt-like 

and piston type. The calculation through analytical solution show that the shape’s effect of the 

buoy should be considered for the initial design of a wave energy converter (WEC). Similar 

works [10-13] are still going on. However, most of them only consider the linear direct drive 

load system. In fact, if the energy transmission and conversion loss are considered, there is a 

non-linear relationship between the obtained and usable wave energy and the motion of the 

floating body [14, 15]. Sheng et al. [14] studied different PTO dampers and their optimizations 

for a point absorber WEC. The comparisons between the linear and non-linear PTO damping 

are studied by assuming the buoy fixed on the sea floor with only heave mode considered. 

In such case, the hydrodynamic interactions and PTO damping coefficients are both 

important factors for the power conversion optimization. The control of the damping coeffi-

cients should also be considered. In this paper, the hydrodynamic performance and the PTO 

damper types and coefficients control are considered. For the PTO system considering the 

non-linear exponential relationship of the velocity of the body, the hydrodynamic characteris-

tics of the simple oscillating floating body are studied analytically by using the linear micro 

amplitude wave assumption. The interaction between the velocity index and damping coeffi-

cient under different radius and draft conditions and their effects on the motion of the floating 

body and the wave energy capture are systematically studied, which provides a reference for the 

wave energy generation of the oscillating floating body it provides the basis for optimization. 

Mathematical model 

Wave power conversion model 

It is assumed that a single floating body 

is connected by a fixed base (seabed) through 

a damper. Its vibration model can be ex-

pressed as shown in fig. 1. Where ch and kh 

represent the equivalent damping and stiff-

ness coefficients generated by hydrodynamic 

forces, respectively, and cp is the damping 

coefficients of the damper. 

Under the action of incident wave with frequency, , the float moves vertically. 

Taking the balance position of the float as the co-ordinate system, the motion equation can be 

obtained: 

e r s pmz F F F F   
         

(1) 

where m and z  denote the mass and vertical acceleration of the float, respectively, and Fe and 

Fr represent the vertical wave exciting and radiation force, respectively. 

When the external load of the float is periodic, the displacement, velocity and exter-

nal load of the float both contain the time factors. Therefore, for the convenience of descrip-

tion, they can be expressed as: 

ˆˆ exp[ ( )], exp[ ( )]D e e Fz z i t    F F i t          

Figure 1. The oscillating model for the WEC 
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where  denotes the phase of displacement and force, and colon ^ above the variable represents 

the complex amplitude. 

The radiation force can be decomposed into the additional mass force and damping 

force, which can be expressed as: 

33 33rF z z   
 

where 33 and 33 represent the added mass and damping coefficient, respectively, and Fs – the 

vertical hydrostatic restoring force. Among them, kh is the stiffness coefficient of hydrostatic 

restoring force,  – the water density, and g – the acceleration of gravity. 

The output load, Fp, is the main form to output energy which is mainly represented 

by the damper. For the direct drive PTO, considering the coil winding and energy loss, the 

load is generally described as speed exponential or piecewise function. This paper mainly 

studies that the PTO load is a linear and exponential function of speed, which can be ex-

pressed as: 

p pF c z z


   

where cp is the damping coefficient of the damper and  – the velocity index. Then we can get 

the following results: 

2

33 33
ˆˆ ˆ ˆ{ [ ( )] [ ( ) ]} ( ) ( ) ( )D D Fi i i

pm i c z z e kz e F e
                 

   
(2) 

Bring the float vibration speed v z  into the previous equation, the average wave 

power obtained by the float in a period can be expressed as: 

* 2 *1 1 1
ˆ ˆˆ ˆ ˆˆ( ) Re( ) Re( )d

T 2 2

t T

p p p

t

P F v t c v vv c z zz
  



  
       

(3) 

The velocity has no effect on the optimal wave power conversion, but has great ef-

fect on the displacement and velocity amplitude. If the velocity index is 0, the complex am-

plitude of velocity and displacement can be obtained quickly. The ratio of the motion ampli-

tude ẑ  to the amplitude 0 of the incident wave is the amplitude of the heave response 

(RAO), thus, we can get that the power converted by the float is: 

*

*

2
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(4) 

It can be seen from the formula that when the incident wave frequency is given, the 

energy that can be converted by the wave energy device mainly depends on the damping of 

the PTO. Because when the damping coefficient cp is 0 or ∞, P() is zero, and when 0  cp   

then P() is over zero. 

Hydrodynamic model 

As previously mentioned, it is assumed that a cylinder with radius, R, and draft, D, is 

connected by a PTO system and floats on the wave surface with water depth, h. A cylindrical 

co-ordinate system is established at the center of the water line plane of the float in still water, 

as shown in fg. 2. 
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In the cylindrical co-ordinate system, the velocity 

potential (r,,z,t) is introduced to describe the flow 

field, it can be expressed as: 

( , , , ) Re[ ( , , ) ]i tr z t Φ r z e      

According to the assumption of linear wave the-

ory, velocity, , can be decomposed into two parts in 

cylinder co-ordinate system: 

6

0 7

1

6

1

( , , )
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j j

j

D j j

j
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

  

(5)

 

where (r,,z) represents the velocity potential of 

incident wave, 7(r,,z) – the scattering velocity po-

tential, which together constitute the diffraction veloc-

ity potential D(r,,z), j(r,,z) – the radiation velocity potential in j-modal motion, and j – the 

amplitude of the body of j-modal. In this paper, only the case of heave motion of floating body 

is considered, that is, j is 3 in eq. (5). 

The aforementioned velocity potentials need to satisfy the Laplace equation, free 

surface condition, seafloor impenetrable condition, object surface condition and far-field radi-

ation condition, expressed as: 
2

2

0
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0

, 0
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   
           

(6) 

The solutions of the velocity potentials can be found in [9]. 

Motion characteristics 

It is found in fig. 3 that for a float with a given draft, its heave RAO change sharply 

with the radius. When the radius increases, the peak value and the frequency at the peak value 

gradually decrease. When the radius of the float is given and the draft is changed, it can be 

found that the peak RAO of the float increases with the increase of the draft, but the reso-

nance frequency shows the opposite trend. 

It can be found from the heave response amplitude of the float that for a given float, 

the heave RAO has a peak at a specific frequency, which is the resonance frequency, and the 

corresponding RAO is the resonance response amplitude. Therefore, by setting the cylinder 

with different radius and draft, the resonance frequency and the response amplitude are shown 

in tabs. 1 and 2. It can be seen from the table that the resonance frequency of the float de-

creases with the increase of radius and draft, but its motion response increases with the in-

crease of draft and decreases with the increase of radius. 

Figure 2. Sketch of the oscillating buoy 
and the definition of fluid subdomains 
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Wave energy conversion 

Non-linear PTO damping effects 

The influence of the speed index of the PTO system on the heave motion is studied 

when the damping coefficient is given as 5 kNs
+1

/m
+1

, and the corresponding speed indexes, 

, are given as 0.0, 0.2, 0.4, 0.6, and 0.8, respectively. The calculation results are shown in 

fig. 4. It can be found that the RAO of float heave is 1 in the low frequency part and ap-

proaches zero in the high frequency part. The change of damping coefficient and velocity 

index almost does not change the peak frequency (resonance frequency) of the buoy. Howev-

er, the effect on the peak value is obvious. Careful observation shows that when the PTO 

damping coefficient or speed index is given, the peak value of RAO will decrease with the 

increase of the corresponding speed index or PTO damping coefficient. 

As shown in fig. 5, the dimensionless PTO damping force (damping force divided 

by float displacement) and captured energy increase in the low damping coefficient part, but 

as the damping coefficient continues to increase, the PTO damping force changes slowly, and 

Figure 3. Heave RAO with d/h = 0.1 (a) and R/h = 0.1 (b) 

Table 1. The resonance frequencies of the buoy 

d/h 
R/h 

0.02 0.04 0.06 0.08 0.10 0.12 0.14 

0.04 1.94 1.78 1.67 1.58 1.50 1.43 1.37 

0.06 1.64 1.54 1.46 1.39 1.34 1.29 1.24 

0.08 1.45 1.38 1.32 1.27 1.22 1.18 1.15 

0.10 1.32 1.26 1.21 1.17 1.13 1.10 1.07 

0.12 1.21 1.17 1.13 1.09 1.06 1.03 1.01 

0.14 1.13 1.09 1.06 1.03 1.00 0.98 0.96 

Table 2. The heave RAO of the buoy at resonance frequencies 

d/h 
R/h 

0.02 0.04 0.06 0.08 0.10 0.12 0.14 

0.04 12.61 4.74 2.89 2.12 1.71 1.46 1.30 

0.06 23.14 8.15 4.69 3.29 2.55 2.11 1.82 

0.08 35.37 12.36 6.82 4.69 3.55 2.87 2.43 

0.10 46.95 17.47 9.45 6.26 4.69 3.72 3.10 

0.12 43.52 22.10 12.01 8.11 5.95 4.69 3.84 

0.14 66.65 27.64 15.56 10.08 7.34 5.70 4.65 
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the difference is very small under different speed indexes; The captured energy reaches a peak 

value and then decreases with the increase of damping coefficient. 

 

 

In the low damping coefficient part, the damping force increases with the exponen-

tial increase of velocity, and the damping coefficient decreases with the exponential increase 

at the peak value. Comprehensive analysis shows that the PTO system with high-speed index 

can have ideal output load at low damping coefficient, and the speed index will not change 

the peak value of capture width ratio, which indicates that if the damping capacity of the de-

signed PTO system is large enough, its nonlinearity will not affect the optimal conversion 

capacity of the wave energy device. 

Linear PTO damping effects 

Under the action of linear PTO, the analytical solution can be obtained. However, 

considering the unavailability over damped state, the optimal damping of the system under 

damped (UD) state is studied. When the draft of the buoy is given, the variation of the optimal 

PTO damping with the frequency is shown in the line marking results in fig. 6. The minimum 

value decreases first and then increases. The optimal PTO damping at both ends of the mini-

mum point increases with the radius increasing. The difference is that with the radius increas-

ing, the minimum value increases, and the frequency corresponding to the minimum point 

Figure 4. Heave RAO with damping coefficient 5 kNs+1/m+1 and 

velocity index 0.5, respectively 

Figure 5. The PTO damping force and captured width ratio with 
incident wave frequency 1.15 rad/s 



Sun, W., et al.: Power Take-Off Damping Control Performance on … 
THERMAL SCIENCE: Year 2021, Vol. 25, No. 6A, pp. 4107-4115 4113 

decreases. From the modified optimal results, the PTO damping in the low and high frequen-

cy bands is far less than the unmodified damping value. The maximum frequency of the op-

timal PTO correction in the low frequency part and the minimum frequency of the optimal 

PTO correction in the high frequency part decrease with the increase of the radius. For a giv-

en radius, the optimal PTO damping corresponding to the minimum point decreases slightly 

with the increase of float draft, while the corresponding frequency decreases obviously. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7 show that the variation of the optimal capture width ratio considering the 

PTO over damping correction. In the low frequency part, the optimal capture width ratio after 

PTO damping correction is less than that without correction, which means in the initial design 

of the oscillating float wave energy device, if the wavelength is long, the damping of the PTO 

system needs to be modified to obtain the maximum wave energy capture of the device. With 

the frequency increases, it is found that whether the correction is carried out has no effect on 

the optimal wave energy capture of the device, which indicates that the excessive damping 

state of the PTO only occurs at low frequency will affect the wave energy capture, but no 

matter whether it is high frequency or low frequency, it is necessary to modify the PTO 

damping to ensure the PTO system work normally. 

 

 

 

 

 

 

 

 

 

 

 

 

In the calculation range of size, the change of the resonance frequency is not linear, 

which means there is a peak value with one of the variables, as shown in fig. 8. When the 

radius and draught of the float are the minimum, the resonance frequency of the float increas-

Figure 6. Optimal PTO damping with d/h = 0.1 and R/h = 0.1 

Figure 7. Optimal capture width ratio with d/h = 0.2 and R/h = 0.1 at lower frequencies 
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es. Under the given float draught, the resonance frequency of the float decreases with the 

increase of the radius. If the radius R/h is less than 0.08, the resonance frequency decreases 

with the increase of the draught, but with the increase of the radius, the resonance frequency 

first increases and then decreases. There is a maximum in the process. The calculation results 

of optimal capture width ratio show that the change of capture width ratio with float radius 

and draft is linear and single, and the maximum capture width ratio appears when the float 

draft radius is the minimum. 

Discussion and conclusions 

Based on the linear wave theory, this paper studies the hydrodynamic characteristics 

of cylindrical oscillating energy absorber, and focuses on the influence of the PTO system 

model on the wave energy conversion of floats with different configuration parameters, the 

conclusions are as follows. 

 With the increase of the damping coefficient, the resonance frequency of the wave energy 

device decreases gradually, but the decrease amplitude is very small; The non-linear char-

acteristics of the PTO system cannot change the optimal capture width ratio of the float, but 

a larger speed index can effectively improve the damping capacity of the PTO system. 

 At lower frequency and higher frequency, the optimal PTO damping obtained by the 
analytical algorithm will make the device in an over damped working state, and the 
maximum frequency of the optimal PTO correction in the low frequency part and the 
minimum frequency of the optimal PTO correction in the high frequency part will 
gradually decrease with the increase of the radius and draft. 

 The resonance frequency of the float reaches the maximum when the radius and draft 
are the minimum. Except that the resonance frequency reaches the maximum when the 
radius R/h is greater than 0.08, it changes with the size of the float in other cases. 
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