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The paper analyzes the thermo-mechanical couplinag phenomenon under the con-
dition of sliding contact, establishes the finite element analysis continuous model of
thermo-mechanical coupling, and proposes the system dynamic equilibrium equa-
tion and thermodynamic equilibrium equation. The article analyzes the contact
conditions between the objects in the system and obtains the objects’ contact con-
ditions’ mathematical expression. On this basis, the constraint function is used to
express the mathematical homogenization. We apply the variation principle to the
constraint function and form a non-linear equation group with the system balance
equation solve the thermal-mechanical coupling problem. The example shows that
we use the constraint function method to solve the thermo-mechanical coupling
problem, which has good convergence, stable algorithm, and the calculation result
can reflect the actual situation.

Key words: thermal-mechanical coupling, constraint function method,
mathematical homogenization method, calculation accuracy

Introduction

One of the difficulties in thermal-mechanical coupling analysis under slip contact con-
ditions is determining the temperature field changes of the analysis model due to slip contact
friction, such as cutting processing, sheet metal stamping forming, and brake systems, efc. Tem-
perature changes impact processing accuracy, forming, the braking effect, efc. have a significant
influence. This coupling of heat transfer and mechanics shows prominent non-linear character-
istics: non-linear heat transfer and non-linear contact. The results of mechanical calculations
affect the calculations of thermodynamics. Similarly, the estimates of thermodynamics will also
affect the calculations of mechanicals [1]. Based on the research on the mechanism of object
heating caused by sliding frictional contact between objects, some scholars pointed out that the
number of contact surfaces, relative spatial position, and slip rate play a vital role in heating.

Thermal-mechanical coupling analysis is a highly non-linear process, and the contact
conditions show strong non-linearity. Generally, the Lagrange multiplier method, penalty func-
tion method, disturbance Lagrange method, and incremental Lagrange method deal with fric-
tional contact constraints. For multi-object friction contact, the mathematical homogenization
method proposes a new friction time integration algorithm. The mathematical homogenization
method proposes a new contact element based on the penalty function method. Its advantage
is that the contact element stiffness matrix is symmetric. The same applies to the massive slip
problem of frictional contact.
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The mathematical homogenization method analyzes the existing methods of dealing
with contact problems and proposes the constraint function method. This method has good
convergence and robustness [2]. Compared with other methods, the constraint function method
has certain advantages through some example analysis and comparison. In this paper, based on
Bathe’s constraint function method, a thermo-mechanical coupling model is established. The
constraint function method is applied to deal with the thermo-mechanical coupling problem by
analysis of contact conditions.

Thermo-mechanical coupling model

Generally speaking, three main factors cause the problem of thermal coupling be-
tween objects: the internal heat caused by the plastic deformation of the material; the heat
exchange of the contact body; the contact surface generates a surface heat source due to the
friction the contact surface between the objects. Without loss of generality, the article assumes
that the system is composed of M objects /(I = 1..., M). The volume of the object ' at time ¢ is
denoted as’V"and is at ¢t € [0, T]. For any / #J, there is V' N' 17 = ¢, fig. 1. Applying the principle
of virtual work, the system dynamics balance equation:

M o
2 [V'S sedy! =
I1=1
M
=D [V p(s” =i, dV )+ [PV f5 0 8,d7 V] + [ V] feodudov) (1)
1=1

where p is the density and du — the virtual displacement [3]. The thermodynamic effect of fric-
tion impacts the system in the dynamic equilibrium equation so the design must consider the
thermodynamic equilibrium equation. Therefore, according to the first law of thermodynamics
or the principle of thermal energy balance, the system thermodynamic balance equation can be
written in the variational form:
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; where 6 is the temperature field, ¢ and &k — the heat
A PSRat time £, capacity coefficient and thermal conductivity coeffi-
cient, respectively, Oy, — the force coupling term, ¢,

t ¢, , q° are the internal heat generation rate, the heat

flow acting on the surface of the object, and the heat
flow generated by the contact action, respectively:
force the coupling term Q,, essentially represents
the internal heat generated by plastic deformation
in a unit volume:

<«—— PSTR for [t, ]
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t

Present - /\/ PSR at time t, QM _ w;on (3)

where 7 is the Cauchy stress tensor and D’ the plas-
tic strain rate tensor, they are all tensors relative to
the midplane, and @ represents the thermal energy
Figure 1. Contact model between objects, ¢ Joss rate (0 < w < 1). Figure 1, S¥ and $” are the
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surfaces where objects / and J may come into contact and are called contact pairs, and Sc is the
surfaces where they contact each other, namely: Sc € S¥ N §”. Therefore, the system contact pair
set C can be expressed as: C = {(S¥, §): I #J}n’ and §’ are the normal and tangential directions
of the contact surface at the contact point, f,.is the component of the moderate approach of the
contact pressure, and f,. — the tangential component of the contact pressure acting on the object /.

Contact analysis
Contact conditions

In applying the finite element method
to the analysis of object contact, it is usually
assumed that the contact surface is smooth.
But in reality, the contact surface is often
non-smooth, especially when considering the
contact objects’ heat conduction. The geo-
metric characteristics of the contact surface
are fundamental [4]. The heat conduction . A
analysis of the contact surface is shown in & © mlT T
fig. 2. In fig. 2, g is the gap function. Let X’

be the co-ordinate of any point on S”, and X’  Figure 2. Thermal conductivity analysis model
€ SY, if it satisfies: of the contact surface

or
_[kl] gj R =4cond = _z Ape = _(qconv tra T qappl )
J

||X’—XJ|2 = min {

x7es”

(S0, = Gy = 3G = (G + G + G

x'-x’| ) 4)

Then the gap function, g, can be written:

T
g:(XI—XJ) n’ (5)
In the case of no penetration at the con- Normal force: acting on
tact surface, obviously g > 0. According to the object by the table
general regulations, normal contact pressure
fae > 0. At the contact point, be g > 0, f,. = 0, and Object

2 =0Dbe f,.> 0. The previous analysis can be ob- ﬁ Surface
(ex. table)

tained that, regardless of penetration, the contact
conditions between objects in the average direc- Normal force: acting on
R . . the table by the object
tion of the object’s surface can be expressed as

follows. Therefore, normal contact conditions are
shown in fig. 3.

Figure 3. Normal contact conditions

g20,f.20,g°f,. =0 (6)
In the contact situation, let { be a dimensionless variable, and (" is defined:
Le (% 0)
¢=1F, (7)

0
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where F, is the friction resistance and F, = uf,. and u — the friction coefficient. There are two
possibilities for the state of motion of the contacting object under the action of various force
systems: relative slip and static [5]. If the relative slip tangential velocity is defined:

v=0"ov)oSs’ (8)

where v and v/ are the speed of object / and object J at the contact point. Slip condition:
if v # 0 then |f] = F,. According to eq. (7), |{] = 1 is obtained. No-slip condition:
ifv=0,then|f, |<F,so|{|<]1.

According to the aforementioned two states, the friction contact condition based on
Coulomb’s law can be obtained:

¢ <1 ©
Suppose that v > 0 is then v/ o /> v/o § so f. and vacting on the object / are in the

same direction. It can be seen that when | {| = 1 is sign(v) = sign(v). From the previous analy-
sis, it can be seen that the friction contact condition can be written:

l¢]<1
|¢|<1=v=0 (10)
[¢]=0= sign(v) =sign(F,)

The friction contact conditions are

shown in fig. 4. From the previous analysis

, of the contact conditions, it can be seen that
- the conditional eq. (6) indicates whether the
objects are in contact; the conditional eq. (10)
Entrapment [] J} Escape shows whether the objects in the contact state
of lubricant of lubricant lio d fricti hat i he fricti
stip ¢ue to friction, that is, the friction contact
T | condition.
SCT configuration SCT configuration
0.4+ :gf‘“{’; 0.4 -Setup2 .
“ o o Contact items
— On the contact surface, the contact force
0.0 T T 0.0 T T 1
0 20 0 60 0 20 40 60  due to contact can be expressed:
Sliding path [mm] Sliding path [mm]
. o e ope I J J
Figure 4. Friction contact conditions fo=fn + 1S (11)

Let AdY =0!— 6, be the virtual displacement of an object / relative to a thing J, so the
contact term in eq. (1) can be written:

ijatVf"fo@da’V}‘: > [(fen’ +1.87)0ns ds, (12)
k=1 (8Y.s"MeC s,

On the unit contact surface area, the heat generated due to frictional slip can be ex-
pressed:

al =yf.v (13)

where y is a coefficient considering heat loss. Applying the First law of thermodynamics can
be derived:

q. +q. —q5 =0 (14)
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where
q. =h(@ -0")+q; (15)
q) =h0" -0")+q; (16)

where / is the thermal conductivity of contact related to material properties, geometric charac-
teristics of the contact surface, contact pressure, efc. The first term on the right side of egs. (15)
and (16) represents the heat exchange caused by the different surface temperature of the contact
object, and the second term represents the heat transfer due to contact friction the parts of other
contact objects [6-8]. Therefore, the last term of eq. (2) can be written:

3 0'q, 006do'V' = s,ho ASOYdS. + | 5.q.00'dS. + | 5,4.00°dS. 17
k=1 ¢ 4 (S” Sﬂ) C ¢ ¢ ¢ ( )
Constraint function

In contact analysis, there are many ways to deal with contact conditions. This article
adopts the constraint function method. The following constraint equations can express the con-
tact conditions (6) and (10):

}t% (égiu,;c ) = () 1 8
w,(1,£)=0 (18)

where w, and w, are continuously differentiable functions defined by parameters g, f;. and v, ¢,
respectively. The specific form of the function:

2
Wn=f"°+g— (g_fncj te, (19)
2 2
2 v—w
ws+g"——arctan[ S]:O (20)
T g,

where ¢, and &, are any small positive numbers. To verify whether egs. (19) and (20) satisfy
conditional egs. (6) and (10), according to eq. (18), ¢,takes 0.1 and 0.01, respectively, by cal-
culating eq. (19), the result is shown in fig. 5. Using the same method for eq. (20), the result is
shown in fig. 6.
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Figure 5. Normal phase contact pressure of eq. (19)
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Figure 6. The relative migration tangential velocity of eq. (20)

It can be seen that when ¢, — 0, eq. (19) satisfies the contact condition eq. (6), fig. 5 is
also consistent with fig. 3. The ¢,— 0 eq. (20) meets the contact condition equation (10), fig. 6
is consistent with fig. 4. The constraint eq. (18) can be written:

[5.0%,8 £, +w,0,1dS, =0 1)

There is such a constraint equation for every contact pair in the system. The system
finite element equation can be written:

MH»Atii + t+AtEJ — t+AtF _ t+AtF'C (22)
C1+A10'+ 1+A1Qg _ 1+A1Q_ 1+AIQC (23)
A =0 (24)
where F,, F,, Oy, and Q. is a function of u, 6, and {, where
t+At éfT — [t+Atf:c, t+At§1 ,L e t+At_f:;, t+At§,L‘ . t+At nr:’ t+At§m] (25)
Contact condition item "MW,
t+At W;T _ [‘*A’ VVICT,L . .”*A‘ Wmcr] (26)

1+AL AL k
t+At c Wn gk ’ f;m
W =
k

Outer ( AL A )
_ . w v
Leading pad Inner pad s k> ;k
edge Trailing

edge where m represents the number of contact points

27)

/ \ ﬁ on the contact surface is the number of Gaussian
z’ ) : 5 <~ Axle integration points on the contact surface in the
/ - D calculation [9]. The non-linear equations formed

by egs. (22)-(24) can be solved by the complete

Direction of rotation omboainboa,d Newton-Raphson algorithm to obtain the corre-

- cheek cheek sponding displacement, pressure, temperature,

Figure 7. Simplified diagram of disc brake and contact variables f,. and (.
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Numerical examples

The automobile brake system is a typical thermal coupling phenomenon. The hydrau-
lic system pushes the brake pads to press on the brake disc to achieve deceleration. The brake
disc absorbs most of the heat generated by the friction between the brake disc and the brake
pad. If the temperature is too high in the braking process, it will seriously affect the braking
effect, so the brake’s climate is not comfortable to be too high during operation [10]. Take the
disc brake as an example to illustrate the constraint function method’s application solving the
thermal coupling problem. The brake system can be simplified, as shown in fig. 7.

Assuming that the brake materials are all

thermoelastic isotropic materials, the piston’s 100f T

pressure is 2 MPa, and the initial temperature is g o~

both 20°, the brake can exchange heat with the ¢ sor

outside world. The brake disc’s initial speed is & | . _

1200 pm, and the speed is 0 after 6 seconds under g S . —20ms”

braking. The whole-time history of analysis and =,/ .éf‘“ - s-15ms’

calculation is 12 seconds. > e
Figure 8 shows the temperature change of 20

00 05 1.0 15 20 25 30 35 40 45

the brake disc surface over the entire time histo- Time (s

ry. It can be seen from figs. 9 and 10 that most of

. . Figure 8. Surface temperature change
the heat flows to the brake disc, which makes the ¢} o dice
temperature of the brake disc rise quickly [11].
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Conclusion

The thesis analyzes the existing methods of dealing with the sliding friction contact
problem and proposes applying the constraint function method to deal with the thermal-me-
chanical coupling problem under the condition of sliding friction contact. The paper analyzes
the contact conditions of the thermo-mechanical coupling model and gives its mathematical
expression. The thesis applies the constraint function method, expresses the contact condition
with a constraint equation, and proves that the constraint equation satisfies the contact condition
under certain conditions. The example shows that applying the constraint function method for
thermo-mechanical coupling analysis has the characteristics of good convergence and algo-
rithm stability.
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