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In order to quickly and accurately grasp the law of freeze-thaw reaction of per-
mafrost slopes, based on the hydro-thermal-mechanical coupling theory, relying 
on MATLAB to compile a finite element program that can reflect the multi-field 
coupling mechanism of the soil. This test is in good agreement with the classic test, 
which verifies the reliability of the program. Based on this, the paper developed a 
set of water-thermal-mechanical coupling analysis software for permafrost slopes 
that can run independently and is easy to operate. The software’s functions and 
development process are introduced. The response characteristics of frozen soil 
slopes under freezing and thawing are analyzed in combination with the example 
papers. The results show that the slope temperature, moisture, stress and displace-
ment are obviously different at different times. The maximum shear stress band 
appears at the freezing-thawing interface of the slope. The horizontal displacement 
of the slope is basically the same along the slope when the freezing is completed. 
At the end of the thawing period, the upper part and the lower part are large. 
The horizontal displacement and unfrozen water content of the slope during the 
thawing period are larger than those during the freezing period, but the maximum 
shear stress is small and the stability of permafrost in the warm season is poor. It 
has important application value for freeze-thaw calculation of frozen soil slope 
engineering.
Key words: numerical calculation, software development, permafrost slope, 

hydro-thermal-mechanical coupling, freezing and thawing

Introduction 

Permafrost occupies 21.5% of my country's land area. In recent years, large-scale 
earth excavation and filling works have been carried out in frozen soil areas. Disturbance to 
the geological environment has made many frozen soil slopes unstable. For example, a thaw-
ing mudflow landslide occurs near section K3057 of the Qinghai-Tibet highway, the landslide 
body of section K3035 retreats to the top of the mountain by about 100 m within five years, and 
the mudflow landslide moves toward the Qinghai-Tibet highway, which will affect the normal 
operation of the highway. Some scholars classify the failure of permafrost slopes on the Qing-
hai-Tibet Plateau as: collapse, creep, thermal thawing instability, and mud flow. Frontiers and 
others classified the main types and characteristics of freezing damage in permafrost regions, 
and proposed prevention and control measures [1]. Some scholars analyzed the failure mech-
anism of rock and soil slopes in cold areas, and gave the corresponding stability calculation 
methods. Some scholars have conducted experimental research on soil slope freeze-thaw insta-
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bility and vegetation slope protection in cold regions. Monitoring shows that during the freez-
ing process of slopes, water migrates to the freezing front, and woody plant slope protection 
helps reduce slope freeze-thaw instability. Some scholars discussed the failure mechanism of 
low angle frozen soil slopes, conducted freeze-thaw model tests, and gave the stability analysis 
methods of frozen soil slopes under different seepage conditions. 

Based on the three-field coupling theory of water, heat and force, this paper compiled 
a multi-field coupling calculation program that can reflect soil frost heave and thaw settlement, 
developed a hydro-thermal-mechanical coupling analysis software for frozen soil slopes, and 
established a multi-field coupled calculation model for permafrost slopes. Analyzed the tem-
perature, moisture, stress and deformation distribution law of the slope during freezing and 
thawing, and provided convenience and reference for the engineering calculation of frozen soil 
slope.

The coupled hydro-thermal-mechanical control equation  
of frozen soil slope

Under the action of periodic freeze-thaw cycles, the heat conduction between the frozen 
soil skeleton and water and the ice-water phase transition, the temperature in the frozen soil slope 
satisfies the heat conduction equation of the transient temperature field with phase change:
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where C is the volumetric specific heat capacity, T – the temperature, t – the time, x and y – the 
co-ordinate system, λ – the thermal conductivity, L – the latent heat of phase change, ρi – the 
density of ice, and θi – the volume content of ice [2]. Under the action of freezing and thawing, 
the water migration in the frozen soil slope is carried out by liquid water, then the water migra-
tion equation:
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where θu is the volume content of unfrozen water, D – the water diffusion coefficient, and ρw – 
the density of water. The relationship between the unfrozen water content and temperature of 
frozen soil:
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where a and b are the parameters related to the properties of the soil, respectively, and θw – the 
total water content. The paper substitutes eq. (1) into eq. (2), and simplifies the derived relation-
ship of eq. (3) to obtain the hydrothermal coupling equation:
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paper adopts the sensible heat capacity method to consider the phase change surface. Assuming 
that the phase change of the soil occurs in a temperature range (Tm + ΔT) near Tm, the simplified 
structure of the volume heat capacity and thermal conductivity expression:
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where Cf is the specific heat capacity of frozen soil, λf – the thermal conductivity of frozen soil, 
Cu – the specific heat capacity of melting soil, λu – the thermal conductivity of melting soil,  
Tm – the midpoint temperature of the phase transition interval, and ΔT – the midpoint tempera-
ture of the phase transition interval and the highest or lowest the absolute difference in phase 
transition temperature [3]. The static balance differential equation of frozen soil slope:

[ ]{ } { } 0fσ∂ − = (7)
The physical equation:

{ } [ ] { } { }( )rD υσ ε ε= − (8)
The geometric equation:
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where [∂] is the matrix differential operator, {σ} – the stress, {f     } – the physical force,  
[Dr] – the temperature-related elastic matrix, E – the elastic strain, {ευ} – the strain caused by 
frost heave or melting, and {u} – the displacement. Among them:
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where E is the modulus of elasticity, μ – the Poisson’s ratio, Δθ – the amount of water mi-
gration in a certain period of time, n – the porosity of the soil, A – the thawing coefficient,  a1, b1, a2, b2, and m – the parameter related to soil properties, respectively. Equations (1)-(9) 
constitute the coupled hydro-thermal-mechanical equations of permafrost slopes. Because soil 
thermodynamic parameters change with temperature, and there is a time-varying freeze-thaw 
interface in the calculation model area, the freeze-thaw interface produces phase changes, so 
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the previous equation describes a strong non-linearity with a large space and large time scale 
[4]. The problem cannot be solved analytically, so the numerical method is used to solve the 
problem. In this paper, the control equation of frozen soil slope is discretized in the space 
domain by finite element, and the time domain is discretized by finite difference. The two are 
combined and iteratively solved. Multi-field coupling calculation software for soil slopes.

Program verification and software development

Documentary program verification

In order to verify the correctness of the hydro-ther-
mal-mechanical coupling program, the paper uses PENNER 
to study the frozen soil ice lens formation process experiment 
and MU and other numerical calculations of the experiment to 
verify the correctness of the hydro-thermal-mechanical cou-
pling program in this paper. The thermal, mechanical parame-
ters and boundary conditions of the soil are the same as those 
in the literature, tab. 1. The analysis model is shown in fig. 1, 
and the temperature boundary is shown in fig. 2. Using the de-
veloped program to calculate, select freezing depth and frost 
heave amount for comparative analysis, the results are shown 
in figs. 3 and 4.

The water content of the test soil is 0.35, 
and the functional relationship between unfro-
zen water and negative soil temperature:
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Frozen soil is regarded as a linear elastic 
body, and the Poisson's ratio of frozen soil and 
unfrozen soil is both 0.3. The elastic model 
when not frozen is 11.2 MPa, and the elastic 
modulus when frozen:

0.6362
0 4 10E T= ⋅ (11)

Figure 1. Finite element 
numerical analysis model 
of PENNER experimental 
specimen
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Figure 2. Temperature boundary conditions Figure 3. The curve of freezing depth vs. time

Figure 4. Curve of frost heave over time
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Horiguchi experiment results for soil hydraulic conductivity:
11 13.438

13

3.072 10 e 0.3 C

3.453 10 0.3 C

T T
k

T

−

−

 ⋅ > −= 
⋅ ≤ −





(12)

Initial temperature and boundary conditions: The top of the soil is the warm end, the 
bottom is the cold end, and freezing from bottom to top. The boundary conditions are shown in  
fig. 2. In order to simulate the initial state of the sample before freezing, the paper takes the up-
per and lower boundary temperatures at t = 0 as the initial temperature, and solves the Laplace 
equation using the initial temperature conditions and the thermal parameters of the soil and 
other characteristic parameters to obtain the temperature of the calculated area. The estimated 
value of the field, after correcting the parameters, continue to calculate until the stable tempera-
ture field is used as the initial temperature field.

Moisture boundary conditions: The soil body is saturated soil and water is recharged 
from the bottom boundary (from the warm end) when frozen. Displacement boundary con-
ditions: the bottom of the soil is constrained, the left and right sides are normal constraints, 
and the top is the free displacement boundary [5]. It can be seen from figs. 3 and 4 that the 
freezing depth obtained at different moments is slightly smaller than the experimental value, 
and is closer to the experimental value than the MU calculation result; the frost heave at each 
moment is slightly smaller than the experimental value, and the first half of the calculation is 
less than the MU calculation. It can be concluded that the change law of freezing depth and 
frost heave amount obtained in this paper is consistent with the law of PENNER experimen-
tal MU analysis results, and the values are similar, indicating that the compiled program is 
reliable and effective.

Software development

Relying on the MATLAB platform and based on the theory of hydro-thermal-me-
chanical coupling, the dissertation has developed an independent, object-oriented, inter-
face-friendly and easy-to-operate hydro-thermal-mechanical coupling analysis software for 
permafrost slopes [6]. The software includes a pre-processor (model size, input of soil physi-
cal parameters and meshing), a solver (iterative solution) and a post-processor (result storage 
and cloud map display). The development flow chart is shown in fig. 5. The software the 
main interface, model generation, parameter input and calculation result display interface are 
shown in figs. 6 and 7. The software can efficiently and accurately calculate the temperature, 
moisture, stress and displacement of permafrost slopes under the action of external tempera-
ture, and has important theoretical significance and application value for the calculation of 
frozen soil slopes.

Table 1. Thermodynamic parameters of model soil

Ingredient
Soil parameters

Heat capacity 
[°CJm–3k–1]

Thermal conductivity,  
λ [Wm–1k–1]

Water 4.18 ⋅ 106 0.602

Ice 1.93 ⋅ 106 2.22

Soil particles 2.2 ⋅ 106 1.95
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Case analysis

Calculation model

A permafrost slope in the Osaka Moun-
tain area of the Qinghai-Tibet Plateau, with a 
slope height of 5.0 m and a slope of 45°. The 
temperature change curve in this area is Ta = –3 

+ 12sin(2πt/8760 + π/2), the soil layer is a single homogeneous saturated clay, the physical pa-
rameters of the soil are shown in tab. 2, the dry density of the soil, ρd [kgm–3], the initial water 
content, θ0, the frozen soil unfrozen water content and the temperature relationship parameters a 
and b. Modulus of elasticity, Poisson-'s ratio and temperature relationship parameters a1, b1, a2, b2, 
and m, thawing coefficient A, thermal parameters are shown in tab. 3, melting soil heat capacity Cu 
[Jkg–1°C–1], thermal conductivity λu [Jkg–1°C–1], and water diffusion coefficient Du [Jm–3°C–1], fro-
zen soil heat capacity Cf  [Jkg–1°C–1], thermal conductivity λf [Jm–1°C–1], and moisture. The finite 
element calculation model of diffusion coefficient Df [Jm–3 °C–1] is shown in fig. 8.
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Te
m

pe
ra

tu
re

Time [s]

Input value

Output value

63
%

 o
f i

np
ut

110

109

108

107

106

105

104

103

102

101

100
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0

Figure 7. Temperature cloud map  
drawing interface

Figure 8. Finite element calculation model

Figure 5. Software program design block diagram
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Boundary conditions and initial conditions

Temperature boundary: According to the actual measurement results, the slope is  Ts = 0.7 + 13sin(2πt/8760 + π/2), the toe and top of the slope are Ts = –1.5 + 12sin(2πt/8760 + π/2), 
the two sides are insulated, and the heat flux at the bottom is 0.06 W/m2. 

Water boundary: Does not consider water transpiration and infiltration exchange with 
the outside world [7]. 

Displacement boundary: Both sides are supported horizontally, the bottom side is 
horizontal and vertical support, and the other sides are free.

Solution process: Take the actual value of the frozen soil slope for the moisture con-
tent, then assign the initial value to the temperature, and combine the boundary to solve eqs. (4) 
and (2) to calculate the freeze-thaw cycle until the temperature and moisture below the seasonal 
active layer remain stable. At the same time, the value of each node is the same year by year, 
using the temperature and moisture of each node at this time as the initial value of the stability 
of the frozen soil layer, and then solving eqs. (7)-(9) to obtain the initial stress, and recalculating 
under the external seasonal freezing and thawing, Response of slope soil.

Result analysis

The slope goes through a freeze-thaw cycle, the freezing period (cold season) is 
from mid-October to mid-April of the following year (taken April 15th), and the thawing 
period (warm season is from mid-April to mid-October (taken October 15th). The end of the 
freezing period and the end of the thawing period are the two extreme states of the slope 
under the action of freezing and thawing. These two moments are selected for freezing and 
thawing analysis.

Analysis of slope temperature  
field under freezing and thawing

It can be seen from fig. 9 that the active 
layer of the slope changes alternately under the 
action of freezing and thawing, and the slope 
temperature field is significantly different at 
different times. At the end of freezing, the slope 
is completely frozen, and the thickness of the 
slope with greater negative temperature is thin-
ner than the top and the toe of the slope [8]. At 
the end of melting, the melting thickness of the 

Figure 9. Slope temperature cloud map at 
different times
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Table 2. Slope soil mechanical parameters

Physical 
quantity ρd [kgm–3] θ a b a1 [MPa] b1 a2 [Mpa] b2 m A

Value 1500 20% 9.982 0.435 8 18 0.3 0.02 0.6 0.6

Table 3. Thermal parameters of slope soil

Physical 
quantity

λu  
[Jm–℃–1]

Cu  
[Jkg–1℃–1]

λf  
[Jm–1℃–1]

Cf  
[Jkg–1℃–1]

Du  
[Jm–1℃–1]

Df  
[Jm–1℃–1]

Value 1.09 2.5092 ⋅ 106 1.22 2.0701 ⋅ 106 1.53 ⋅ 10–8 3.1 ⋅ 10–11
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slope is larger than the top and toe of the slope. Freezing and thawing have a greater influence 
on the temperature of the slope, and thermal melting can cause the slope to slip, which is con-
sistent with actual observations.

Analysis of slope moisture field under 
freezing and thawing

It can be seen from fig. 10 that at the end 
of the freezing period, the unfrozen water con-
tent of the active layer soil is lower than that of 
other parts. The unfrozen water content chang-
es simultaneously with the temperature, and 
the size is determined by the temperature and 
the soil properties. At the end of thawing, the 
unfrozen water content of the active layer soil 
is significantly higher than that of other parts, 

and is the highest at the freeze-thaw interface, and the maximum water content is 20% greater 
than the initial water content [9]. At the end of the thawing period, the unfrozen water content 
is slightly greater than when it is frozen, indicating that water migration has occurred in the soil 
under the action of freezing and thawing, and the total water content has increased.

Analysis of slope shear stress under freeze-
thaw action

It can be seen from fig. 11 that no matter 
when freezing or thawing is over, the shear stress 
near the freezing-thawing interface of the slope 
reaches the maximum and it is distributed in a 
band. The band is roughly parallel to the slope 
surface, but turning and small changes occur near 
the top and toe of the slope. The range extends 
without passing through the top and toe of the 
slope, and the shear stress of the rest is small and 
evenly distributed. The shear stress of the slope 
when freezing is greater than when melting [10]. 
The reason is that the soil below the upper limit 
of the slope is frozen and stable throughout the 
year, and the above soil is in a freeze-thaw al-
ternate state, and moisture accumulates near the 
upper limit. Under the action of its own weight, 
the upper limit of the slope is the potential sliding 

surface of the frozen soil slope, so the shear stress is much greater than other parts. The elastic 
modulus of the soil during freezing is greater than that during melting, resulting in greater shear 
stress during freezing.

Analysis of slope horizontal displacement under freeze-thaw action

It can be seen from fig. 12 that at the end of the freezing period, the horizontal dis-
placement of the slope is basically the same, the middle and lower parts are slightly larger, 
and the horizontal displacement is mainly caused by the frost heave of the soil. At the end of 

Figure 10. The unfrozen water content of the 
slope at different times
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the thawing period, the horizontal displacement 
of the slope is small upwards and large down-
wards protruding belly shape. The top of the 
slope is affected by two-way freezing and thaw-
ing, and the top displacement is slightly larger 
than the displacement of the small area below 
the top. The horizontal displacement of the 
slope during freezing is much smaller than that 
during melting [11]. The reason is that during 
freezing (that is, in winter), the soil strength pa-
rameters increase, and a frozen soil skeleton is 
formed, mainly due to frost heave displacement, 
slope deformation is small, and stability good. 
During thermal thawing (that is, warm season) 
soil strength parameters decrease, unfrozen wa-
ter content increases, slope stability under the action of dead weight and thermal thawing de-
creases, and slippage may occur, and warm-season thermal thawing should be emphasized in 
engineering design Instability.

Conclusion

Based on the hydro-thermal-mechanical coupling theory and relying on MATLAB, a 
finite element program that can respond to the multi-field coupling mechanism of soil under 
freezing and thawing is compiled, and the reliability of the program is verified. Under the ac-
tion of freezing and thawing, the active layer of the slope changes alternately between freezing 
and thawing. The temperature field of the frozen soil slope is significantly different at different 
times, and the maximum shear stress band appears at the freezing and thawing interface roughly 
parallel to the slope. At the end of the freezing period, the horizontal displacement of the slope 
is basically the same, with a slightly larger middle and lower part. At the end of the melting, the 
horizontal displacement of the slope is small upwards and large downwards, showing a con-
vex belly shape. The unfrozen water content of the slope at the end of thawing, the horizontal 
displacement is greater than that of the frozen, and the maximum value of the shear stress is 
smaller than that of the frozen. The stability of permafrost in warm season is poor.
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