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Based on the basic principles and improved algorithms of the smoothed particle 
hydrodynamics method, a corresponding surface tension model and latent heat 
model are proposed for the heat exchange phase transition problem of droplets 
impinging on a low temperature wall surface. This research establishes a novel 
smoothed particle hydrodynamics model of the impinging wall of droplets accom-
panied by the phase transition process. This work also includes simulations cov-
ering the spreading flow and phase transition process of droplets under different 
impingement regimes. Moreover, the icing patterns of the droplet impingement 
spreading process are provided and a comparative analysis with related experi-
mental results. The improved smoothed particle hydrodynamics model is verified 
by experiments and its ability to solve droplet impingement icing problems. 
Key words: smoothed particle hydrodynamics, droplet impingement,  

phase transition, surface tension, numerical simulation

Introduction

The icing process of droplets impinging on a low temperature wall is a common natu-
ral phenomenon that often occurs in various industrial productions. The phenomenon of water 
droplet icing often triggers accidents leading to major disaster when it appears in industries 
such as space and power networks. For example, ice accumulation can affect power transmis-
sion and the reliability of telecommunications networks [1]. Ice can seriously degrade aircraft 
performance and lead to plane crashes, yet, despite the advanced technology that assists in 
controlling ice accumulation on the outside of a plane, glaze icing is still a problem that is not 
fully understood [2]. Therefore, understanding water droplet icing is important to the success of 
abating or controlling ice accumulation in the future.

The icing process of droplet impinging on a low temperature wall is a complex pro-
cess that is related to multidisciplinary knowledge. The process not only relates to the kinetic 
process of spreading against shrinking after a water droplet impinges on a wall but also relates 
to the thermodynamic process of heat transfer. At present, domestic and foreign scholars have 
made great progress in the study of the impingement of water droplets on solid walls at low 
temperatures. Smoothed particle hydrodynamic (SPH) methods, as a mesh-free Lagrange meth-
od, are often applied in the numerical simulation of free surface problems [3]. Zhang et al. [4] 
simulated the diffusion against the solidification process of droplets impinging on the wall sur-
face in the molten state using the SPH method and analyzed the effect of different wall surface 
roughness levels on the droplet motion process. They further confirmed that the SPH method 
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is a powerful tool used to study droplet diffusion and solidification. Fang et al. [5] adopted a 
modified SPH model to numerically simulate the diffusion and solidification process of high 
Reynolds number droplet impingement wall surfaces and compared the motion morphology 
with the droplet impingement on wall surfaces as well as the solidification shape with a related 
experimental chart. Their results showed that the simulated chart was in approximate agree-
ment with the experimental chart [5]. Chen et al. [6] carried out an experimental study on the 
solidification process of large droplets impinging on the wall surface and recorded the dynamic 
process of droplets impinging on the wall surface at different degrees of low temperatures using 
high speed imaging technology combined with infrared thermometry imaging. Hu et al. [7] 
used a high speed video camera to record the solidification process of water droplets impinging 
on the wall surface with different characteristics. Their analysis factored in the water droplet 
impingement velocity and wall temperature to compare material thermal conductivity with the 
freezing time of water droplets [7].

In this paper, based on the core idea of the SPH method and the principle of heat 
transformation, we propose a criterion for judging the phase transformation of droplets based 
on the latent thermal model. Both experimental and simulation results were used to develop a 
modified model of thermal conductivity considering ice shape when combined with a continu-
um surface force (CSF) model that reflects the hydrophobic characteristics of the wall. We also 
used modification techniques such as artificial viscosity, δ-SPH, and kernel gradient correction  
to construct an SPH model for the icing process of droplet impinging on a wall. Therefore, in 
this paper, the icing process of the droplet impinging on the low temperature wall surface is 
first simulated. The spreading process of the droplet, as well as the temperature change pattern 
of the icing on the bottom layer of the droplet, is analyzed, verified, and compared with experi-
mental results. Next, the simulation study of the droplet phase transition process under different 
impingement working conditions was also conducted to analyze the influence of some factors, 
such as the impingement velocity, solid-liquid temperature differences, wall thermal conductiv-
ity, and the droplet surface tension coefficient on droplet spreading and icing processes.

Fundamental principle of  
smoothed particle hydrodynamics

The numerical simulation method is one of the most popular methods used to solve sci-
entific and engineering problems. Usually, the simulation method is broadly divided into the grid 
method and grid-free method. Although the grid method is more widely used, it may encounter 
problems such as grid deformity when dealing with large and complex deformations, therefore, 
the grid-free method has been widely developed in recent years [3]. Unlike the grid method, the 
grid-free method employs a set of points to solve the region discretely, however, both methods can 
guarantee the precision of the calculation in simulation. The grid-free method also relies on calcu-
lations assisted by discrete points to construct approximate functions. This method can eliminate 
problems such as grid reconstruction when simulating large deformation problems, which helps 
when dealing with complex deformation problems such as hitting-wall splashes [8].

As a typical grid-free particle method, the SPH method proposed by Gingold and 
Monaghan is widely used among continuous solid mechanics and fluid mechanics. In the SPH 
method, the computational domain can be discretized into a group of particles with material prop-
erties that interact within the control range of a weight function or smooth function [9]. The inte-
gral expression of the field function is obtained by the approximation the kernel function, and the 
field function is further discretized as a summation of the particles within the support domain. The 
derivative form of the field function, as well as the f﻿ield function, are expressed [9]:
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Ω
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Ω

′ ′ ′∇ = ∇ −∫ (2)

where ⟨f(x)⟩ is the approximate number of ƒ(x), x – the position vector, Ω – the integrated vol-
ume containing x, h – the smoothing length, and W – the kernel function. The Gaussian kernel 
function is adopted:

2
( , ) e R

dW R h α −= (3)
where R = |x – x′|/h, and the constant αd = 1/ πh2 for 2-D spaces.

The governing equations in the Lagrange form include the mass conservation equa-
tion, the momentum conservation equation, and the energy conservation equation which are 
represented in the SPH discrete form, which are expressed, respectively:
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where ρ, p, m, μ, λ, and T represent the density, pressure, mass, dynamic viscosity coefficient, 
thermal conductivity, and temperature, respectively. The ƒ(s) is the surface tension, i and j each 
represent different particles, and j particles are the neighboring particles within the i particle 
support domain. Therefore, vij and xij represent the velocity difference and distance between the 
i particles and j particles.

In our study, the fluid is viewed as a micro compressible fluid, with fluid pressure 
calculated using [10, 11]:

2
0( )i ip c ρ ρ= − (7)

where c is the velocity of sound. Notably, the value of the velocity of sound in this paper is 6-8 
times the impingement velocity, whereas ρ0 is the particle initial density.

A modified technique of  
the smoothed particle hydrodynamics method

Artificial viscosity model

To eliminate non-physical oscillations and particle penetration of the computational 
results within the impact domain, an artificial viscosity term, Пij, was added to the momentum 
equation. Thus, the momentum equation under the SPH form can be re-expressed:
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where φij = hijvijxij/(|xij|2 + ϕ2), cij̄ = (ci + cj/2,) hij = (hi + hj)/2, ρij¯ = ρi ρj/ρ0. To eliminate numerical 
divergence resulting from the proximity of particles to each other, ϕ is set to 0.1 h, and ɑП, and 
ßП are the artificial viscosity coefficient. The low impingement velocity problem studied in this 
paper, ɑП, is set between 0 and 1, and ßП is set to 0.

Kernel gradient correction 

Conventional SPH methods suffer from insufficient precision in reproducing linear 
and quadratic functions. The issue of precision is closely related to the distribution and ker-
nel function of particles. To improve the precision of the conventional SPH method, several 
approaches including reconstruction of the kernel function and construction of a Taylor ex-
pansion-based SPH approximation structure have been used successively in recent years. For 
the SPH approximation structure under Taylor’s expanded form, the gradient of the smooth 
function affects the precision of the derivative approximation, and the use of the modified ker-
nel gradient form can enhance the precision of the approximation [12]. Therefore, the modified 
kernel gradient formula should be written:	
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Moreover, the governing equations can be re-written:
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The δ-SPH 

To overcome the false pressure fluctuation due to the speed reflection of sound, the 
δ-SPH model proposed by Colagrossi and Landrini was adopted in this study [13]. This model 
incorporates appropriate diffusion terms into the mass conservation equation eliminate high fre-
quency oscillations that are prevalent in the pressure field. Upon addition of a density diffusion 
term, the mass conservation equation:
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where the δ is usually set to 0.1.

Surface tension model

In the CSF model, the calculation of sur-
face tension starts with defining a color func-
tion, proceeds through the value of the color 
function the surface normal vector and then to 
the surface curvature before the unit surface 
tension is finally derived.

As shown in fig. 1, the color value of the droplet is defined as 1, the fraction of droplets 
in contact with the wall is cin, and its value depends on the hydrophilicity and hydrophobicity of 
the wall surface. The wall part not in contact with the droplet is cout, and its color value is 1 [14]:
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The surface was located using a smooth color function:
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The interfacial normal direction, as well as the curvature, was again calculated:
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The final surface tension equation is presented:

( ) ˆ( )s
i
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where σ is the surface tension coefficient.
For the problems studied in this paper, the value of M is related to the contact angle θ, 

and the value equation is shown [15]:

0.0026 0.0461M θ= + (24)

Figure 1. Schematic of surface tension
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Treatment of solid wall boundary

In simulation studies, the material parameters of solid wall particles are consistent 
with droplet particles. In the computational domain, solid wall particles against droplet particles 
would participate in iterative calculations, but the location of the solid wall particles as well as 
some other material parameters would not change as the calculations progressed.

To prevent particle penetration from occurring when the droplet particles impinge on 
the wall-attached particles, an artificial repulsive force model proposed by Zhang and Liu [16] 
was adopted in the simulation study. The artificial repulsive force model is given:
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where Δd is the initial interparticle spacing.

Phase transition model

We analyzed our phase transition model from an energy production point of view. The 
transformation of water from a liquid to a solid-state occurs roughly in three-stages. The first 
stage is the one that produces energy exchange due to the temperature differences, the second 
stage focuses on the latent heat required to overcome the phase transition, and the third phase 
represents the complete phase transition. Therefore, to realize the transition model process, a 
judgment criterion of the droplet phase transition based on the latent heat model was adopted 
in this study:

liquid
solidifying

solid

L m

p m p m

m

e c T L
c T e c T L

e cpT

> +
≤ ≤ +

<
(29)

where Tm is the melting temperature, L – the latent heat, and cp – the specific heat capacity.
Because the specific heat capacities of the solid and liquid were quite different, the 

specific heat capacities in the phase transition process are solved and presented in fig. 2. As the 
water temperature gradually approached 0 °C, the icing of water began to occur, accompanied 
by a continuous decline in energy. However, due to the latent heat, the temperature of the water 
was maintained at 0 °C until complete solidification occurred. Therefore, cp is viewed in this 
study as a linear change meant to achieve the aforementioned physical phenomena, as illustrat-
ed in fig. 2.
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The previous description can be expressed:
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where ΔH is the latent heat.

Correction of heat transfer coefficient

Due to the different densities of water and ice, the shape and height of ice will change 
after the water drops completely change from the liquid phase to the solid phase. Therefore, 
according to the thermal conductivity of wall and ice and the influence factors of ice shape and 
ice height, the direct thermal resistance of wall and ice can be expressed [7]:

1
=

2
i i

s i

X XHR
A

α
λ λ

 −
+ 

 
(31)

where A is the solid-liquid contact area, H – the ice height, λs – the thermal conductivity of 
wall materials, and λi – the thermal conductivity of ice, Xi – the influence factor of the thermal 
conductivity of ice on the overall heat transfer efficiency, and ɑ – the correction factor of the 
ice shape and ice height.

According to Fourier’s law of heat conduction, thermal resistance can be expressed 
as the ratio of material length to the product of the thermal conductivity and the cross-sectional 
area of the heat flux direction. Then, the thermal conductivity of particles after the phase tran-
sition can be redefined:
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where the value of the ice shape and ice height correction coefficient α an empirical value 
obtained from repeated experiments. For example, the values obtained by Hu et al. [7] is 1.05-
1.25. Based on the analysis of repeated simulation results, we found that the value α has a 
certain relationship with the velocity of the droplet impacting the wall. Thus, the value of α can 
be expressed:

0.99
0

0=
2
v

α α
−

 
 
 

(33)

where the value of α0 is between 1.05 and 1.25.

Figure 2. The cp phase 
transition diagram
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Velocity correction

In general, the velocity of a single particle is not significantly different from that of 
the surrounding particle. Therefore, the velocity correction technology was used in the research 
to avoid the obvious difference between the velocity of a single particle and the velocity of sur-
rounding particles in the simulation process, which makes the simulation results more precise. 
The velocity correction formula [17]:

1

2

N
j ij ij

i i
i jj

m v W
v v β

ρ ρ=

= −
+∑ (34)

where β̄  is the correction coefficient and we set the value of β̄  to 0.05 in this study.

Time integral scheme

To get the physical change of each particle, the predictive correction integral algo-
rithm is used to integrate the differential equation. The first-half change of particles is predicted 
[18]:
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Then, the second half change of the particle is predicted:
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To ensure the stability of numerical simulation, the time step should meet the Cou-
rant-Friedrichs-Lewy condition, the viscous condition, and the mass force condition [19]:

20.5min , ,h h ht
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where f is the force per unit mass.

Numerical example verification

In order to verify the validity and precision of the model based on the improved SPH 
method, we analyzed the movement state, temperature change, and icing time of droplets in 
the early stage of droplet impact phase transition. As a result, we obtained the corresponding 
pattern and finally compared that data with the experimental results.

Model validation of phase transition process  
of droplet impinging on wall

For comparison and analysis, the parameters of droplet size and wall material are 
identical with the experimental data of Hu et al. [7]. The droplet radius is 1.3 ⋅ 10–3 m. The im-
pingement velocity of the water droplets is 1 m/s, 1.4 m/s, 1.7 m/s, and 2 m/s, in that order. The 
wall material is still aluminum, and the wall temperature is –25 °C. Figure 3 shows the cloud 
chart of the droplet icing at different impingement velocities. We can observe from fig. 3 that 
the solidification process of the droplet starts from the bottom and gradually solidifies upward 
with the passage of time until the whole droplet is completely frozen. The higher the impinge-
ment velocity of the droplets, the more obvious the tendency is for the droplets to extend to both 
sides, and the faster the icing speed of the droplets. 
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Figure 3. Cloud chart of droplet icing (the red part is frozen, the blue part is not frozen)  

–– Icing time of droplet
In the study of the water droplet phase transition, the icing time is an extremely im-

portant index. Icing times are compared in fig. 4. With the increase of droplet impingement 
velocity, the icing time of the droplet decreased correspondingly. Figure 4 shows that the icing 
time of the water droplet with an impingement velocity of 1 m/s is different from the experi-
mental results. In addition this velocity, the other icing times of different droplet impingement 
velocities were in good agreement with the experimental results.
–– Spreading pattern of droplets

In order to understand the movement process of a water droplet hitting the wall sur-
face directly, the maximum spreading coefficient of the water droplet is taken as the charac-
teristic parameter in this paper. When the radius of the droplet and the wall parameters remain 
unchanged, we recorded the maximum spreading coefficient at different impingement veloci-
ties. The maximum spreading coefficient can be defined as the ratio of the maximum spreading 
radius R(t) to the initial radius Rd, and the results are shown in fig. 5. 

Figure 4. Droplet icing time curve 
(aluminium) 

Figure 5. Comparison curve of  
spreading coefficients

In order to maintain the stability of the simulation results, after the water particles are 
completely transformed into ice particles, a method similar to solid wall boundary treatment 
was adopted for ice particles. Ice particles are involved in the calculation, but the position of ice 
particles did not change, which results in the phase transformation process of the bottom water 
particles before the spreading is completed, which prevents the further spreading of the parti-
cles. Therefore, as shown in fig. 5, the maximum spreading coefficient obtained by simulation 
is similar to that obtained by experiment.
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–– Temperature distribution of droplets
In order to further verify the validity of the model and to study the initial icing stage 

of the droplets, the temperature distribution of droplets is also studied in this paper. To com-
pare with the experiment, the experimental data of Chen et al. [6] were used for numerical 
simulation. In this experiment, the size of the wall is 2 ⋅ 10 −2 m × 3.125 ⋅ 10 −4 m, the radius of 
the water droplet is 1 ⋅ 10−3 m, the initial particle radius is 6.25 ⋅ 10 −5 m. The initial velocity 
of the droplet is 2.1 m/s and the contact angle is 60 °. The wall material is aluminum; the 
thermal conductivity is 237 W/mK; the wall temperature is − 20 °C, and the initial droplet 
temperature is 20 °C. The temperature change of the droplet’s lowest layer particles is shown 
in fig. 6(a).

Figure 6. Simulation results of (a) lower layer temperature and (b) experimental results 

Figure 7. Cloud charts of droplet freezing under different temperatures;  
(a) 1.0 m/s cloud chart of frozen droplets, (b) 1.7 m/s cloud chart of frozen 
droplets, and (c) 2.0 m/s cloud chart of frozen droplets
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Figure 6 shows that after the spreading and shrinking of water droplets, the bottom 
layer temperature of water droplets decreases continuously, and the phase transformation pro-
cess expands from the edge to the middle. After the phase transformation of water is completed, 
the ice temperature continues to decrease until it is close to the wall temperature. The experi-
mental results obtained by Chen et al. [6] are shown in fig. 6(b). Clearly, the temperature distri-
bution of the experimental results is similar to that of the simulation results.

Influence of wall temperature on  
the phase transformation of droplet

The experimental results show that the 
temperature differences between the solid and 
liquid is the main factor affecting the phase tran-
sition of the droplet impact. Therefore, we stud-
ied the phase transition process of droplets by 
changing their wall temperatures in this paper. 
In order to compare with the experimental re-
sults, the simulation example is consistent with 
the experimental data of Hu et al. [7]. In this 
example, the experimental data of [7] were still 
used to build the simulation model. The wall material is copper, the thermal conductivity is  
401 W/mK, and the wall temperature is −15 °C, −25 °C, and –35 °C in that order. Figure 7 
shows the spreading and icing process of droplets at different temperatures, and fig. 8 shows the 
curve of the icing time.

Figure 7 shows that the lower the wall temperature is, the shorter the icing time of the 
droplet is when the droplet impingement velocity remains the same. The same phenomenon can 
be seen in fig. 8. In this case, no matter what the simulation results or the experimental results, 
the increase of the solid-liquid temperature difference will greatly affect the icing process of 
the droplets. 

Influence of droplet surface tension coefficient  
on the phase transformation of droplet

In order to further study the influence of the physical parameters of droplets in the 
icing process, the same model and data are used in this example, and the temperature differ-
ences between the solid and liquid is controlled up to 100 ℃. By changing the surface tension 
coefficient of the droplets, the law of surface tension coefficient and icing time is obtained, as 
shown in fig. 10, where the surface tension coefficient is expressed by the Weber number. The  
We = ρv2l/σ, where l is the characteristic length, and the value is the diameter of the droplet. 
Figure 9 shows the freezing of droplets with different Weber numbers. 

Figure 9. Cloud charts of droplet freezing under different Weber numbers

Figure 8. Icing time curve (Cu)
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Figure 9 shows that the freezing speed of 
high Weber number droplet is obviously faster 
than that of low Weber number droplet under 
the same range of temperature. As shown in 
fig. 10, with the increase of the Weber number, 
the icing time obviously increases, which also 
shows that the surface tension coefficient as one 
of the factors that affects the solidification of 
droplets. 

Conclusions

In this paper, the improved SPH method 
was used to simulate the dynamic process of the 

phase transition of droplet impinging on the wall. After analyzing the results, we came to the 
following conclusions.

yy According to the basic principles of SPH and heat transfer, a criterion of phase transition is 
proposed in this paper. The specific heat capacity and thermal conductivity of the droplet are 
modified. Based on this, a numerical model of SPH considering the phase transition process 
is established by combining the CSF model and δ-SPH correction techniques.

yy To verify the validity of the SPH numerical model, the droplet impact phase transition pro-
cess was simulated. The temperature distribution of the bottom layer at the initial icing stage 
of the droplet, the icing time of the droplet under different impingement velocities, and the 
shape change of the droplet were analyzed. The simulation results are in good agreement 
with the experimental results.

yy On the basis of the experiments and the simulated SPH model, the authors also simulated 
droplet spreading and icing patterns under different solid-liquid temperature differences, and 
compared with the experimental results. The results show that the temperature difference be-
tween a solid and liquid is an important factor affecting the freezing of droplets. In order to 
further explore the influencing factors of droplet icing, this paper also simulated the influence 
of different surface tension coefficients on droplet icing. The simulation results show that the 
surface tension coefficient has an impact on the icing time of droplets to a certain extent.
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Nomenclature
A	 – solid-liquid contact area, [m2]
cp 	 – specific heat capacity, [Jkg–1K–1]
H 	 – ice height, [m]
h 	 – smoothing length, [m]
L 	 – latent heat, [J]
m 	 – mass, [kg]
p	 – pressure, [Pa]
T 	 – temperature, [K]
t 	 – time, [s]
v 	 – velocity, [ms–1]
W 	 – kernel function, [–]

We – weber number, [–]
Xi 	 – influence factor of thermal conductivity, [–]
x 	 – distance between particles, [m]

Greek symbols

α	 – correction factor of the ice shape  
 and ice height, [–]

αП, βП – artificial viscosity coefficient, [–]
λ 	 – thermal conductivity, [Wm–1K–1]
ρ 	 – density, [kgm–3]
σ 	 – surface tension coefficient, [Nm–1]

Figure 10. Icing time curve (Weber number)
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