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Turbulent heat transfer and hybrid Al2O3-Cu-nanofluid over vertical double for-
ward facing-step is numerically conducted. The k-ɛ standard model based on fi-
nite volume method in 2-D are applied to investigate the influences of Reynolds 
number, step height, volume fractions hybrid Al2O3-Cu-nanofluid on thermal 
performance. In this paper, different step heights for three cases of vertical dou-
ble forward-facing step are adopted by five different of volume fractions of hybrid 
(Al2O3-Cu-water) nanofluid varied for 0.1, 0.33, 0.75, 1, and 2, while the Reynolds 
number different between 10000 to 40000 with temperature is constant. The main 
findings revealed that rise in local heat transfer coefficients with raised Reynolds 
number and maximum heat transfer coefficient was noticed at Re = 40000. Also 
rises in heat transfer coefficient detected with increased volume concentrations 
of hybrid (Al2O3-Cu-water) nanofluid and the maximum heat transfer coefficient 
found at hybrid Al2O3-Cu-water nanofluid of 2% in compared with others. It is also 
found that rise in surface heat transfer coefficient at 1st step-Case 2 was greater 
than at 1st step-Case 1 and 3 while was higher at 2nd step-Case 3. Average heat 
transfer coefficient with Reynolds number for all cases are presented in this paper 
and found that the maximum average heat transfer coefficient was at Case 2 com-
pared with Case 1 and 3. Gradually increases in skin friction coefficient remarked 
at 1st and 2nd steps of the channel and drop in skin friction coefficient was obtained 
with increased of Reynolds number. Counter of velocity was presented to show 
the re-circulation regions at 1st and 2nd steps as clarified the enrichment in heat 
transfer rate. Furthermore, the counter of turbulence kinetic energy contour was 
displayed to provide demonstration for achieving thermal performance at second 
step for all cases.
Key words: hybrid nanofluids, augmentation heat transfer, forward-facing step, 

re-circulation flow

Introduction

In previous years, many efforts were achieved to optimize thermal performance in dif-
ferent manufacturing applications. Flow over forward-facing step (FFS) is one of the important 
aims for enhancing efficiency of thermal performance. Scheit et al. [1] numerically studied tur-
bulent flow over FFS by using direct numerical simulatio (DNS) based on finite volume meth-
od. Their results showed that there is slightly collected streaklines due to re-circulation flow at 
step. Also Alibek and Yeldos [2] presented numerical investigation on influence geometry for 
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fluid-flow and heat transfer over Forward-Backward facing step by employing DNS. Turbulent 
water flow and heat transfer over horizontal DFFS step is numerically studied by Togun et al. 
[3]. Increasing of Reynolds number and step height was noticed lead to rise in Nusselt number. 
Biswas et al. [4] carried out on effect step height of BFS on feature of fluid-flow and found 
that due to rise in step height the separation length increase non-linearly and acceptable with 
Armaly et al. [5]. Study fluid-flow and heat transfer over horizontal DFFS reported by Oztop 
et al. [6]. Enrichment in heat transfer was detected by influence of aspect ratio, Ar, and highest 
augmentation was got at Ar = 1. Furthermore, influence of corrugated wall combined with BFS 
passage on heat transfer and fluid-flow were numerically studied by Hilo et al. [7]. The results 
revealed that the greatest heat transfer improvement was occurred with trapezoidal corrugation 
at 4 mm amplitude height and 20 mm pitch diameter and the improved the Nusselt number, was 
up to 62% at Reynolds number, Re = 5000.

Generally, effects of modification the channels on thermal performance such as re-
ducing or expanding passage, fins, ribbed channel are investigated in various numerical and 
experimental studies [8-22]. 

In the new decades, considered efforts done to verification help using nanofluids in 
disparate applications [23-34]. Kherbeet et al. [35, 36] conducted experimental and numerical 
study on laminar nanofluids flow and heat transfer over microscale FFS. The maximum Nusselt 
number was found about 30.6% with 1% SiO2 nanofluid. Using k-ε model for study heat trans-
fer and nanofluids flow over a horizontal single and double FFS is investigated by Togun et al. 
[37, 38]. The authors observed that increase in step height, volume fractions of nanofluids, and 
Reynolds number lead to rise in Nusselt number. While Safaei et al. [39] adopted shear stress 
transport k-ω model to analysis turbulent (FMWCNT) nanofluids and heat transfer over a FFS. 
Increases in heat transfer factor was noticed with rise both of Reynolds number and volume 
fractions. Laminar nanofluid-flow and heat transfer over a BFS channel with an elastic bottom 
wall was numerically studied by Selimefendigil and Oztop [40]. They found that increases in 
average Nusselt number was about 30.65% with using nanoparticle and highest volume fraction 
for cylindrical particle shapes also obtain improvement in Nusselt number was about 50.58% 
and 33% by changing the elastic modulus of the hot wall and size of elastic part. Ahmed et al. 
[41] presented experimentally study of heat transfer and Al2O3-nanofluid-flow over horizontal 
BFS channel. The results found that increases in average heat transfer coefficient was 9.6% at 
Reynolds number of 4000 and 26.3% at Reynolds number of 16000 for concentration of 0.1%. 
The Al2O3-nanofluids.

Recently, researchers found new feature of nanofluids with higher thermal conduc-
tivity by mixture two or more kinds of different nanoparticles were namely hybrid nanofluids.

The earlier investigate on using hybrid was reported in study of Turcu et al. [42] by 
using multiwalled carbon nanotubes (MWCNT), Fe2O3 nanoparticles and polypyrene-carbon 
nanotube (PPY-CNT). Jana et al. [43] discovered that thermal conductivity of (CNT-AuNP) 
and (CNT-CuNP) were decrease than those with single nanoparticles due to influences of 
nanoparticle compatibility. Saha [44], Hussein et al. [45], and Takabi and Salahi [46] presented 
investigation on laminar Al2O3-Cu-water hybrid nanofluid-flow and heat transfer in a wavy 
pipe by employing (FVM). They found that thermal performance for using hybrid nanoflu-
ids was higher than that by similar nanofluids. Mehrez and Cafsi [47] numerically studied of 
laminar Al2O3-Cu-water hybrid nanofluids flow and heat transfer over BFS by applying FVM. 
The authors obtained that improve in Nusselt number with increased volume concentrations of 
hybrid nanofluids and Reynolds number. Heat transfer and nanofluids (CuO and MgO) flow 
over a BFS were experimentally studied by Hilo et al. [48]. They obtained that the Nusselt 
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number was improved up to 11% at 0.05 volume fractions in compared to pure EG and found 
performance evaluation criteria at volume fractions of (CuO-EG nanofluid) and Re = 2000 was 
greater than the MgO-EG nanofluid. Recently, Salman et al. [49] conducted a review on using 
hybrid nanofluid-flow and heat transfer over BFS and FFS and display the earlier researches on 
the augmentation in heat transfer for different geometries. 

From the early studies, there are very lim-
ited researches done on hybrid nanofluid and 
heat transfer over BFS, furthermore study for 
hybrid nanofluid-flow over FFS has been not 
studied yet hence the goal of the current research 
is to analysis thermal characterization of hybrid 
nanofluid-flow over DFFS.

Description of the  
physical problem

The design which adopted in this model 
presented in fig. 1. The dimensions of the mod-
el supported on Abdulrazzaq et al. [50] by three 
different step heights change from 1-2 cm for 1st 
and 2nd steps as generated three cases see tab. 1. 
The wall of double forward facing step is heat-
ed at temperature of 310 K but the straight wall 
of pipe is unheated. Five different of volume 
concentration Hybrid Al2O3-Cu-water nanofluid 
varied for 0.1, 0.33, 0.75, 1, and 2. The series 
of Reynolds number different from 10000-40000 
and computed based on inlet diameter, H, of the 
pipe.

Table 1. Cases and dimension of geometry

Cases H (cm) H1 [cm] H2 [cm] a [cm] b [cm] c [cm]

1 5 1 1 80 40 20

2 5 2 1 80 40 20

3 5 1 2 80 40 20

Table 2. Physical properties of water and nanoparticles [51]

Physical properties Water Cu Al2O3

cp [Jkg–1K–1] 4179 385 765

ρ [kg–1 m–3] 997.1 8933 3970

k [Wm–1K–1] 0.613 400 40

β [1/K] 21 ⋅ 10–5 1.67 ⋅ 10–5 0.85 ⋅ 10–5

δ [Ω–1m–1] 0.05 5.96 ⋅ 107 1 ⋅ 10–10

Figure 1. Diagram of current model
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Table 3. Thermophysical properties of hybrid nanofluid [52]

φ [%]] knf [Wm–1K–1] µnf [kg m–1s–1]
0.10 0.6199817 0.000972
0.33 0.6309797 0.001098
0.75 0.6490042 0.001386
1.00 0.6570083 0.001602
2.00 0.6849921 0.001935

Hybrid nanofluids properties

In this study, the hybrid nanofluids are suggested by nanoparticles of Al2O3-Cu in wa-
ter as a base liquid with assume single-phase, incompressible and Newtonian fluid. Table 2 [51] 
are showed the properties of water, Al and Cu while tab. 3 are presented the thermal conductiv-
ity and dynamic viscosity of hybrid nanofluids as using based on [52]. From eqs. (1) and (2) can 
be calculated the density and specific heat capacity of Al2O3-Cu-water Hybrid nanofluids [52]: 

( )
2 3 2 3nf Cu Cu Al O Al O f1ρ ϕ ρ ϕ ρ ϕ ρ= + + − (1)

( ) ( ) ( )2 3
2 3

Cu Al Onf Cu Al Op p pc c cρ ϕ ρ ϕ ρ= + (2)

where φ is the total of volume concentrations of both Al and Cu nanoparticles and is computed:

2 3Cu Al Oϕ ϕ ϕ= + (3)
where (ρcp)f and (ρcp)np represent the heat capacities of the base fluid and nanoparticles, respec-
tively.

The effective thermal conductivity of solid-liquid mixtures was computed by [53, 54]:
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While correlation of viscosity was identified by [55]:

( )
f

eff 2.51

µ
µ

φ
=

−
(5)

This correlation is employed for low volume fraction (ϕ < 0.05).

Mathematical formulation 

The set equations of continuity, momentum and energy can be presented:
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The Reynolds stresses and heat fluxes are, respectively:

2
3
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The equations of standard k-ɛ model can be written: 
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ε
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The standard constants of model:

	 1 2 31.44, 1.92, 0.09, 1.0, 1.3, and Pr 7.01kC C Cε ε ε εσ σ= = = = = =

 In this study, 2nd order pattern was applied to achieve maximum numerical accuracy. 
The remaining amount was calculated and arranged for each repetition and the convergence 
measure was less than 10–8 for the momentum and energy, and 10–6 for the continuity equation.

Solution procedure

Conservation equations are solved based 
on finite volume method for 2-D turbulent flow 
range and an incompressible with assume density 
of fluid is constant. In this simulation, ANSYS 
14 ICEM software was adopted to construct the 
configuration while the heat transfer and flow 
equations were solved by ANSYS-FLUENT 14. 
For finding the accurate mesh, the ICEM tools 
for dealing with complex geometry were em-
ployed to create meshing process as shown in 
fig. 2. Standard k-ɛ model was used to investigate 
the turbulent of hybrid Al2O3-Cu-water nanofluid 
and heat transfer over vertical DFFS. Case 1 was 
considered for test grid independent with pure 
water at Reynolds number of 30000. Figure 2. Structure of mesh
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Mesh-independent study  
and code validation 

In order to get a mesh-independent, re-
finement the mesh size was done for stepwise 
and comparing the findings till the change is 
very small. Using pure water at Reynolds num-
ber of 30000 and Case 1 for mesh dimensions 
9099, 37397, and 67117 were verified. The 
changes in Nusselt numbers found between the 
second and third meshes were less than 1%. 
Hence, a mesh size of 37397 was selected in 
this investigation. In order to verify the present 
model, investigate achieved by Abu-Mulaweh 
[56] was considered for effect of step heights 
on turbulent fluid-flow over a FFS. Figure 3 

showed that the comparison between the current results and previous data of [56] where similar 
trend and great agreement were noticed for velocity distribution. 

Results and discussion 

Influences of Reynolds number on local surface heat transfer factor for hybrid  
Al2O3-Cu-water nanofluid of 2% and Cases 1-3 are presented in figs. 4-6, respectively. The 
findings displayed that rises in local surface heat transfer factor with increased of Reynolds 
number and this is because greater velocity rises turbulence, which in turn delivers a more ef-
ficient radial transport/mixing of heat and gradually increments observed after 1st and 2nd steps 
for all cases and the highest heat transfer coefficient was seen at Re = 40000 among the others. 
Moreover, fig. 7 shows the average heat transfer coefficient with Reynolds number for all cases 
and found that the highest average heat transfer coefficient was happens at Case 2 compared 
with Cases 1 and 3.

      

Figure 3. Comparison between the current 
results and previous data [57]

Figure 4. Profile of local surface heat transfer 
coefficient for hybrid Al2O3-Cu-water 
nanofluid of 2% and different Reynolds 
number at Case 1

Figure 5. Profile of local surface heat transfer 
coefficient for hybrid Al2O3-Cu-water 
nanofluid of 2% and different Reynolds 
number at Case 2
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Figure 6. Profile of local surface heat transfer 
coefficient for hybrid Al2O3-Cu-water nanofluid 
of 2% and different Reynolds number at Case 3

Figure 7. Average of heat transfer coefficient 
with different Reynolds number for Cases 1-3

Figures 8-10 are illustrated that distributions of local heat transfer coefficient for dif-
ferent volume fraction of hybrid Al2O3-Cu-water nanofluid at Cases 1-3, respectively. All cases 
has similar trends for the shape of surface heat transfer coefficients as increase of volume frac-
tion of hybrid Al2O3-Cu-water nanofluid lead to rises in local heat transfer coefficients due to 
the convective heat transfer improvement of water based Al2O3-Cu hybrid nanofluids can be 
qualified to the actual thermal conductivity enhancement of water based Al2O3-Cu hybrid nano-
fluids because the heat transfer factor, h, is relational to thermal conductivity, k, and highest 
surface heat transfer coefficient found with 2% volume fraction of hybrid Al2O3-Cu-water nano-
fluid in compared with others. Influences of step height on surface heat transfer coefficients 
for Reynolds number of 40000 and 2% hybrid Al2O3-Cu-water nanofluid are demonstrated  
in fig. 11. Local heat transfer coefficient was highest at 1st step-Case 2 while was maximum at  
2nd step-Case 3. 

     
Figure 8. Variation of surface heat transfer 
coefficient for different volume fraction of 
hybrid Al2O3-Cu-water nanofluid at Case 1

Figure 9. Variation of surface heat transfer 
coefficient for different volume fraction of hybrid  
Al2O3-Cu-water nanofluid at Case 2 
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Figure 10. Variation of surface heat transfer 
coefficient for different volume fraction of 
hybrid Al2O3-Cu-water nanofluid at Case 3

Figure 11. Effects of step height on surface heat 
transfer coefficients for Reynolds number of 
40000 and 2% hybrid Al2O3-Cu-water nanofluid

The profile of local skin friction coefficient with different Reynolds number and 2% 
volume fraction of hybrid Al2O3-Cu-water nanofluid for Cases 1-3 are presented in figs. 12-14, 
respectively. Generally, reduction in local skin friction coefficient seen with increase of Reyn-
olds number and gradually rises showed after 1st and 2nd steps for all cases and the lowest skin 
friction coefficient was seen at Reynolds number of 40000 among the others. Figure 13 shows 
that the effects of step heights on distributions of skin friction coefficient for Reynolds number 
of 40000 and 2% volume fraction of hybrid Al2O3-Cu-water nanofluid. The results indicated 
that maximum local skin friction coefficient was at 1st step-Case 2 but was bigger at 2nd step-
Case 3.

        
Figure 12. Profile of local skin friction 
coefficient with different Reynolds number and 
2% volume fraction of hybrid Al2O3-Cu-water 
nanofluid for Case 1

Figure 13. Profile of local skin friction coefficient 
with different Reynolds number and 2% volume 
fraction of hybrid Al2O3-Cu-water nanofluid for 
Case 2

Figure 15 shows that the effects of step heights on distributions of skin friction 
coefficient for Reynolds number of 40000 and 2% volume fraction of hybrid Al2O3-Cu-wa-
ter nanofluid. The results indicated that maximum local skin friction coefficient was at 1st  
step-Case 2 but was bigger at 2nd step-Case 3. Counter of velocities at 1st and 2nd steps for Case 1 
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and Reynolds number of 40000 are displayed in the fig. 16. Two re-circulation zones have been 
seen before and after each step as illustrated the enhancement in heat transfer rate. The turbu-
lent flux of turbulent kinetic energy displays in fig. 17 for Case 1 and different Reynolds number 
at 2% volume fraction of hybrid Al2O3-Cu-water nanofluid. The results found that enlargements 
in turbulence kinetic energy with increased Reynolds number and that is clearly seen after the 
1st and 2nd steps. The biggest turbulent kinetic energy is detected after the 2nd step at Reynolds 
number 40000 which delivered demonstration for obtain thermal performance at second step 
for all cases.

Figure 14. Profile of local skin friction 
coefficient with different Reynolds number 
and 2% volume fraction of hybrid  
Al2O3-Cu-water nanofluid for Case 3

Figure 15. Effect of step heights on 
distributions of skin friction coefficient for 
Reynolds number of 40000 and 2% volume 
fraction of hybrid Al2O3-Cu-water nanofluid

Figure 16. Counter of velocities at 1st and 2nd steps for Case 1 and Reynolds number of 40000  
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Figure 17. Counters of turbulence kinetic energy for Case 1 and Reynolds number of 40000;  
(a) 1st step and (b) 2nd step 
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Conclusions

The recent research examine the effects of volume fraction of hybrid Al2O3-Cu-water 
nanofluid, Reynolds number, and step heights on heat transfer and flow characteristic. From the 
obtained results, the conclusion can be written as follows. 

yy Generally, increases of Reynolds number lead to rises in local surface heat transfer coeffi-
cient and usually augmentations seen especially after 1st and 2nd steps. 

yy The results clarified that highest heat transfer coefficient was found at Reynolds number of 
40000 among the others.

yy Maximum surface heat transfer coefficient found with 2% volume fraction of hybrid  
Al2O3-Cu-water nanofluid in compared with others.

yy Influences of increases high of steps on surface heat transfer coefficients were described and 
was greater at 1st step-Case 2 while was greater at 2nd step-Case 3.

yy Highest average heat transfer coefficient found occurs at Case 2 compared with Cases 1 and 3.
yy Drop in local skin friction coefficient seen with rise in Reynolds number and the lowest skin 

friction coefficient was noticed at Reynolds number of 40000 among the others.
yy Results showed that local skin friction coefficient was bigger at 1st step-Case 2 and at 2nd 

step-Case 3.
The effect of different kinds of hybrids nanofluid and base fluid on the thermal perfor-

mance of DFF channels can be adopted for future work.

Nomenclature	
a	 – length of bottom wall before the first step, [m]
b	 – length of bottom wall after the first step, [m]
c	 – length of bottom wall after the second step, [m]
C1ε, C2ε, C3ε, σk, σε – model constants, [–]
cp	 – specific heat, [Jkg–1K–1]
H	 – width of channel at entrance, [m]
H1	 – step height of first step, [m]
H2	 – step height of second step, [m]
L	 – total length of channel, [m]
k	 – turbulent energy, [m2s–2]
Nu	 – Nusselt number, [–]
p	 – pressure, [Pa]

Pr	 – Prandtl number, [–]
Re	 – Reynolds number, [–]
T	 – temperature, [K]
u, v	 – axial velocity, [ms–1]
x, y	 – Cartesian co-ordinates, [m]

Greek symbols	

ɛ	 – turbulent energy dissipation, [m2s–3]
µ	 – dynamic viscosity, [kgm–1s–1] 
µt	 – turbulent viscosity, [kgm–1s–1]
ρ	 – water density, [kgm–3]
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