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In this paper, we present the fractional motion equations and fractional non-No-
ether symmetries of Lagrangian systems with the conformable fractional deriva-
tives. The exchanging relationship between isochronous variation and fractional
derivative, and the fractional Hamilton's principle of the holonomic conservative
and non-conservative systems under the conformable fractional derivative are pro-
posed. Then the fractional motion equations of these systems based on the Hamil-
ton’s principle are established. The fractional Euler operator, the definition of frac-
tional non-Noether symmetries, non-Noether theorem, and Hojman's conserved
quantities for the Lagrangian systems are obtained with conformable fractional
derivative. An example is given to illustrate the results.
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Introduction

The role of symmetry is one of the most prominent attributes in physics, life sciences
and engineering technology, efc. [1, 2]. Noether symmetry, Lie symmetry, and Mei symmetry
have been well applied to study dynamical systems in mathematical physics. In 1992, a theorem
concerning the conserved quantities for second-order dynamical systems has been derived by
Hojman [3], which showed that the conserved quantity could be constructed in terms of the
symmetry transformation vector of the equations of motion only, without using either Lagrang-
ian or Hamiltonian structures. Later in 1994 the geometrical basis of this conservation law was
presented by Gonzalez-Gascon in [4].

The symmetries, conservation laws and bifurcation at al of non-linear differential
equations in mathematical physics have been paid much attentions [5-20]. Lately, Cai et al. [6]
has studied the non-Noether conserved quantities for holonomic mechanical system. Fu et al.
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[7] and Fu and Chen [8, 9] developed a new non-Noether conserved quantity for non-conser-
vative dynamical systems. Subsequently, the symmetries of fractional derivative have attracted
the attention of lots of researchers. Zhou et al. [10] presented the symmetry theories of Ham-
iltonian systems with Riemann-Liouville fractional derivatives. Zhang et al. [11] investigated
the Hamilton formalism and Noether symmetry for mechanic-electrical systems with fractional
derivatives while Sun et al. [12] developed a Lie symmetry theorem of fractional non-holonom-
ic systems. Wang and Fu [13] studied fractional cyclic integrals and fractional Lagrange system
and non-Noether symmetries of Hamiltonian systems with conformable fractional derivatives.
Fu et al. [14] derived Lie symmetries and their inverse problems of fractional non-holonomic
Hamilton systems. Zhou and Zhang [15] presented Noether theorems for a fractional Birkhof-
fian system within Riemann-Liouville derivatives. Riemann-Liouville derivative and Caputo
derivative play important roles for the dynamical systems with fractional derivatives [16-18].
Agrawal [19], presented the fractional variational problems with left and right Riemann-Liou-
ville derivatives. Zhang [20], further gave the fractional differential equations in terms of com-
bined Riemann-Liouville derivatives. However, the definitions of these fractional order deriv-
atives are mostly in the form of integrals, which bring great difficulties for general researchers
and many engineering and technical personnel.

Recently, Abdeljawad [21] and Khalil et al. [22] developed the definitions of the con-
formable fractional derivatives and set the basic concepts in this new simple interesting frac-
tional calculus, which the definitions and properties of the conformable fractional derivative are
coincident with the usual derivative. In this paper, we study the motion equations and non-No-
ether symmetries of fractional Lagrangian systems with conformable fractional derivatives.

Preliminary

We present the definitions and properties of conformable fractional calculus [19, 20]
to benefit the readers.

Definition I (conformable fractional derivative). The fractional derivative starting
from a of a function f: [a,0) of order 0 < a < 1 is defined:

fleve(=a) |- 1 (o)

(721)(0) = tim M
£ &
When a = 0, we write (7,/)(?). If (T% f)(?) exists on (a, b), then:
(7 ) () =tim, . (727 ) () )

Definition 2 (conformable fractional integral). Let a € (0, 1], then the left fractional
integral starting at a if order o is defined:

(127)()= jf(x)dax = j%dx (3)
When a = 0: ’ '
(L)) = [ f(x)dux = J;l(_?dx )

Notice that if fis a — differentiable and 0 < a < 1, the conclusions are easily made:

T, f(t)=t""f"(¢) (5)
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T, (A)=¢"%1"=0, forall constant functions f(¢) = 1 (6)
T, (af +bg)=al, (f)+bT,(g), forall a,be R %
T,(fg)=/T,(g)+gl,(f) (8)
Ta[iJ:gTa(f)—sza(g) ©)

g g
(rem)o)= (72 1)@ () )2 () == L E ) (10)

where A(f) = flg (?)].
Fractional Hamilton principles and fractional motion
equations of holonomicconservative systems

In this section, the exchanging relationship between the isochronous variation and
fractional derivative is proved. Furthermore, the fractional Hamilton principles for Lagrangian
systems are presented.

Exchanging relationship between the isochronous
variation and fractional derivative

The isochronous variation does not depend on ¢. Assume that ¢ is determined only
by the parameter y. We now study two infinite close orbits ¢ = ¢(, y) and ¢ = q(t, y + dy). The
difference between them is called the isochronous variation of the variable:

Sq=q(t.y+dy)-q(t.7) (11)

Note that ¢(¢, y + dy) can be expanded:

oq(t.y
q(t,y+d7):q(t,7)+ (ad )dy (12)
Substituting eq. (12) into eq. (11):
oq(t,
oq = q( y)d;/ (13)
oy

We know the isochronous variation and fractional derivatives with the fractional gene

are interchangeable:
5(:1—“ ﬂ) = (—ddq) (14)

d d
due to
oq(1,7)
T 8q=T,| 22224
209 a{ o 4 (15)
2q(t,
5Taq=Taq(t,7+d7)—Taq(t,7)=Ta{q(t,7)+ q(g/)dﬁ—%q(t,y) (16)
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Fractional Hamilton principles and motion
equations for holonomic conservative systems

The fractional Hamilton action for holonomic conservative systems is defined:
o)
1-
=Il(f:qs,Taqs)dt=jf “L(t.q,.T,q, Mgt (17)
4 4
where L(t, q,, T,q,) is Lagrangian function of the fractional systems and y is a curve.

It is well-known that the Hamilton principle says that the real movement, in all possi-
ble kinds of motions of the fractional systems, keeps the Hamilton action functional invariant
for the same time, starting and ending positions under the same constraint conditions. Hence
we know clearly that the fractional Hamilton principle for holonomic conservative systems:

2
5S:5J.L(t,qS,TaqS)dt:0 (18)
4
with
5qs - 5% t=t, =0 (521,"',71) (19)
By using the properties of isochronous variation and fractional derivative:
oL
58 = 5IL t,q,.T,q, dt_IéL t,q,.T,q, dt—IZ AL g+ 5T g |ar (20)
1 oT,q,
4 4 4y 5=
oL oL oL
I,oq, =T, 9q, |- T, 99, 21
0T, 4, 0T, 4, 0T, 4,

Substituting eq. (21) into eq. (22):

oo B o B (e Jo-

= j Z oL T, oL Sq.de+| > oL 5q. (22)
f s=1 aqb aTa qs s=1 aTa qs ‘

Since:
153
o oL o oL o oL
) = o - ) =0
[z oT,q s J {Z oT,q o J (Z oT, q qu (23)
s=1 S ¢ s=1 s t=t, s=1 g =4
Here q...., 0q, are independent, respectively:
oL oL
T, -0 (24)
oT,q,) 04,

So the motion equations of fractional holonomic conservative systems are given:

tlai[ oL J—a—L_o (s=1,2,n) (25)

dt\oT,q, ) og,
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Fractional motion equations of the non-conservative systems

We know that if the Lagrange function for the fractional holonomic non-conservative
systems is L = L(t, q,, T.q;) (s =1, 2,..., n), then the fractional Hamilton principles for holonomic
non-conservative systems is defined:

[(oL+5"4)dt =[ ¢ (5L+5"4)d, £ =0 (26)
which satisfies dq|-,, = dq,li-, = 0 and 0"4= Y- 0,0q, where O, = Q(¢, q,, T,q, ) are non-con-
servative forces. According to the variation of Lagrangian:

oL oL oL
oL = —dq, +——oT,q —oq, +——1T1,6
Z( oT,q, J Z‘{@qs oT,q, ° qs) @7

Substituting eq. (27) into eq. (26):

12} n
| a_qus oL ; 1 5q,+0.5q, |di =
s=1 a‘L aTaq.

= L g7, -2 sq, | -1, | -2 |5q, + 0.5, fdi -
Do 9, oT,q, oT g,

oL oL t L oL
-T, +0 oq. |dt+ T o t
Z|:6qs (aTaqu 0, %} _[Z a[aTq %Jd (28)

4 s=1 als

~ >

Considering [#,, #,] of arbitrariness, the independence of dg, and the endpoint condi-
tions, we give the fractional motion equations of the non-conservative systems:

0LT8L

+0 =0 29
aqs “ aTaqS QS ( )
ie.
tl—oti OL 5L L (s=1,2,-m) (30)
de\ 0T q, 6q

The non-Noether symmetry of the fractional Lagrangian systems

Now we introduce a fractional Euler operator:

w_d 0 0 _4ad 0 0

* 1 oT,q, o, dt 0T,q, 0q, D
the motion eq. (30) of the fractional Lagrangian system turns into:
EJ(L)=0; (32)
Assuming the fractional Lagrangian system is non-singular, which satisfies:
2
det| — 9L |0 (33)
T, a4s a7, a9k

we can work out all the generalized acceleration based on the motion eq. (29):

T,(T,q,)=a,(t.q,.T,q,) (34)
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Introducing the infinitesimal transformations on time and generalized co-ordinates:

=1, ¢;(¢") =g, (c)+Aq, (1) (35)

and their expansion formulae:
=1, q; (") =, () +2& (1.9,.T,q,) (36)

where ¢ is the infinitesimal parameter and & — the generating function of the infinitesimal trans-
formations.
Suppose that an infinitesimal transformation vector of generator:

0
=& v (37)

s

and its extensions are:

8 0
=& — r:s a X“) = x4 ei— (38)

6 q, T,q d td,t 7 o1, (T,q,)

Under the infinitesimal transformations (36), eq. (34) lead to the determining equa-
tions of non-Noether symmetry:

d d da, da, d
— & =% — S (39)
d,td,t oqy, oT,q, d,t
where
d 0 0 0 o ,.d o 0
—=—+Tq, —+a,——=—+t " —q,—+a,——
d,t O, 0q, oT,q, Ot dt " 0Oq, T q,

In terms of the theory of invariance of the differential equations under the infinitesi-
mal transformations, if eq. (34) is invariant under the infinitesimal transformations:

) [Ta (Taqs ) — o (ta qs» Taqs ):| = Ta (Taés ) - X(l) (as ) =0 (40)
thus, eq. (39) is proved. By using fractional Euler operator, eq. (40) is written:
X (L)) = x(a,) (@1)

Proposition. Let & be the generators of infinitesimal transformations which satisfy
eq. (39). If there exists a function u = u(t, q,, T.q,) such that:

oa, d

+—(Inu)=0 42
R (42)
then system (34) possesses a fractional Hojman’s conserved quantity
10 1 0 d
If =——— (&, )+— —¢&, | =const. 4
(rn (1) i Ta (u datﬁJ (43)

Proof. Consider:

d oy 1w d . - df[1 0o dl1 o d
Ry A — | = () |+ —| — — ¢ 44
ar d,t {dat{ﬂaqs(ﬂé )} dal{ﬂaTaqs[ﬂda’;H} e
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It is straightforward to show:

d o o d da, o
I T (45)
d,t g,  0Oq, dyt oq, 0T, qy
d o o d oy 0o ou
PPy e [ P (46)
dat aTa s aT qs d t aqs aTaqs aTozqk

From egs. (39), (42), (45), and (46), we know that then we have (d/d)If; = 0,
(d/dnIf; = t-d/d0)If; = 0. Now we have proved that (d/d,£)I{; = 0 and (d/df)I{; = 0 are equiva-
lent based on the property (6) of conformable fractional derivative.

Remark. 1t is worth pointing out that eqgs. (38)-(43) are all new results, which are the
fractional differential equations with conformable fractional derivative.

Example

Let us consider the following fractional non-conservative system, the Lagrangian
functions and non-conservative forces:

1 -1 -1
L:E[(Taql F+(fa) | 0=-t(142) T 0o =(1+6) Tg,
According to the fractional motion equations of non-conservative system:
1 -1
T (Taq)=-t(1+7) T4, T,(T,q,)=(1+7) T,q

From the determining of Lie symmetry'

d d d
d td t§1 1+¢ 51’ da dal§2_1+[2d 151

Solving previous system yields:

S\1/2 2
& =6=16=0,¢& :Ta‘h(l"‘t ) (TaCI1+’Ta‘12_(I2)» & =0, & :(Ta91+’Ta‘12_(12)

hence
t
1+¢2

d
=—/(lnu
A
It is easy to see that:
2 1/2 P 1/2
:(1+t ) , ,u:(1+t ) (Taq]+tTaq2—q2)

are solutions of aforementioned equation. Consequently, the fractional Hojman’s conserved
quantities:

1% =0, Ity =—(T,qy +1T9, — g5 )_1 = const.

12
18 =T, q,(1+1H)"* =const, 1% =-2T,q, (1+t2) = const.

I1f; =-2(T,q, +tT,q, —q, ) =const, I ==3(T,q, +1T,q, —q,) = const.
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