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In this paper, the circulatory integral and Routh's equations of Lagrange systems
are established with Riemann-Liouville fractional derivatives, and the circulatory
integral of Lagrange systems is obtained by making use of the relationship between
Riemann-Liouville fractional integrals and fractional derivatives. Thereafter, the
Routh's equations of Lagrange systems are given based on the fractional circulato-
ry integral. Two examples are presented to illustrate the application of the results.
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Introduction

Fractional calculus has received considerable attention in recent years. This is largely
because it has been demonstrated that in many physical phenomena of nature, for example,
in science and engineering, fractional derivatives can be used to develop accurate models of
these phenomena. This can be particularly seen in the field of modern engineering, where the
fractional calculus has become a powerful tool to modeling the anomalous dissipation phenom-
enon. It is a matter of fact that with the development of science and technology, the applications
of fractional calculus in various fields are becoming increasingly important [1-5].

The fractional calculus first appeared in the letter that the 17 century French math-
ematician L’Hopital wrote to Leibniz in 1695, and with this, the fractional calculus was born.
The first book on fractional calculus was published in 1974. In recent decades, some progress
has been made in the study of fractional calculus and as a result its applications have flour-
ished in various fields of applied sciences and engineering. Particularly, the study of conserved
quantities of Euler-Lagrange equations with Riemann-Liouville fractional derivatives is a pop-
ular subject of current research. Since the definitions of the left and right Riemann-Liouville
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fractional integrals and fractional derivatives were proposed, the mathematicians, physicists
and dynamics experts were engaged in a serious study about it [6]. In 1996, Riewe [7] applied
the fractional calculus to the non-conservative mechanical system and did a preliminary study
on the fractional variational problems. Later, Agrawal [8] presented Euler-Lagrange equations
with left and right fractional derivatives in the Riemann-Liouville sense for fractional variation-
al problems. Improving on the existing results, Zhou et al. [9] established the Lagrange equa-
tions of general holonomic systems with fractional derivatives. However, as far as we know, the
basal problem of the fractional circulatory integral of Lagrange systems has not been studied
yet. It is in this spirit that we study this problem in this paper, we present the circulatory integral
of Euler-Lagrange equations with fractional derivatives using the method of direct integration.
Thereafter, Routh’s equations of Lagrange systems with fractional derivatives are established.

Fractional derivatives and fractional integrals

In this section, we review the basic concepts of left and right Riemann-Liouville frac-
tional integrals and fractional derivatives.

Let f'be a function with some smoothness in the interval [a, b]. For V¢ € [a, b], the
left Riemann-Liouville fractional derivatives ,D;" and the right Riemann-Liouville fractional
derivatives D, of order a, are defined [10-14]:

DI =7 (nl_ ” (%)n j(t -0y f(0)do (1)
Uy
D5 f (1) = F(n_a)(—aj [o-07" 000 @)
The Riemann-Liouville fractional integtral A and 1" of order a, are defined:
JE 0= mja ~0)"" f(0)d6 )
o
IO 5o j O-0"" £(0)d0 )

where n € N, n— 1 <a <n,and I is the Euler gamma function.
According to the definitions of fractional derivatives and integrals, we know that the
following equalities hold for 2, u € R, 0 <a <1 and f{¢t) € C'(R):

DI fO]= 1) (5)

ot rnte o Lali S Oha (e
I1DF fO]=1(0) @ (t-a) (6)
alz"‘f(t)—r(1 j (t=0) f(OMO = [1‘ “f(0)] 7

O j (O-0)" FOHO =1, 1}" f(0)] (8)
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DAL O+ ug()] = A ,DF f(0)+ 1 ,Df g(1) ©)
DYC = (t-a)*, ,DfC= ¢ (b—t)* (10)
a r(l-a) r(l-a)
a Cd+p) p-a a u L+ u) p-a
D¥(t—a)' =——2 (¢- , DY (b-t)=——2 (b-1t
DI (=) = () D () = () an
A7 (t—a)y =M(1_a)ﬂ+a +C, I} (b—t)# =M(b—t)”+“+C (12)
rd+u+a) rd+u+a)

Circulatory integral

Considering a mechanical system of n degrees of freedom, the Lagrangian of this
system is given [8, 9]:
Lvpp S pf L
aqs aaDt qs atDb qs
where g1, ..., g, are generalized co-ordinates, 0 <a, f <1 and L = L(t, q,, JD{q,, Dl qs)-
Equation (13) is the fractional Euler-Lagrange equation of holonomic conservative sys-
tems with Riemann-Liouville fractional derivatives. The resulting equation is more common than
Euler-Lagrange equation containing integral order derivatives. When a = 1, fractional Euler-La-
grange equation degenerates into integer order Euler-Lagrange equation. Given the fact that many
fractional systems can be modeled more accurately using fractional derivative models.
If a generalized co-ordinate, such as ¢, is independent in the fractional Lagrange
function L, we call ¢, the cyclic co-ordinate. From eq. (13):

=0, (s=L12,---,n) (13)

« OL oL
Dy ———+,Df ———=0 (14)
0.0/ ¢ 0,Dyq,
By using egs. (7), (8), and (14):
b t
1 d -« OL 1 d -« OL
Y] At vl Myl as)
(I1-a) t, 0,D; q, (I1-a) ta 0,Dy q
From egs. (3) and (4):
e R T = I (16)
dr 0,Dfq, aszﬁ‘h
Integrating both sides of eq. (16):
o OL _p OL
_tlg o a tl ’ B = Cl (17)
9.0/ ¢, 9,Dy gy

where C, is a constant of integration. The integral (17) is known as the fractional circulatory
integral of the eq. (13) . Let us now discuss two special cases.
Case 1. Taking into account:

oL
=G (18)

Ilfa _
o aa[)tglql
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one knows
oL
L7’ =C +C (19)
a’t 1 2
atDbﬁ‘h

From egs. (5), (10), (18), and (19), we can get the fractional circulatory integrals:

6L 1- 1- 6L 1- CZ a-1
=D % ., ——|=.D %C, = b—t 20
T {t ’ aan‘qJ e F(06)( ) 0
oL -5 g OL -5 C+C B-1
=,D7"| 1 =,D,77(C+Cy)=——2(t-a) 21
0,Dfq, l { ' asz‘h} t r(p) @D
Case 2. For the case when:
_ oL
1-8 -C
‘ =G (22)
¢ GtDbﬂq1
we see that
_ OL
e =Cy-C
1y 5 D 3—4 (23)
Similarly, we have the fractional circulatory integrals:
oL -8 1-8 oL :l -8 C3 p-1
=D, I ——— =D, "G = (t—a) (24)
atDIf?ql ‘ l:a atDbﬁql ‘ F(ﬂ)
oL 1- 1- oL 1- C3 - C1 a-1
=D % . I,* = D %(C,-C))= b—t 25
5an‘q1 t~b |:t b aaD,“ql} t™~b ( 3 1) F(a)( ) ( )

Routh’s method

Considering the holonomic conservative systems of n free degrees, the fractional La-
grange equations of the system are written by eq. (13), assuming ¢, ¢,,... ¢; are k cyclic co-or-
dinates and using egs. (20), (21), (24) and (25):

oL G, a-1 oL G +6G. ol
———=—(b-0)"T A g, (), ———=——L(b-1)" Ag, (), (j=1,2,...k) (26)
0,Dq; T(a) =" e,pfq;  T(a) ="/
or
oL G, - oL G, -q, a- .
=—~(r-a)"" A g, ), =—L—L(b=1)"" A g, (). (j=12..k) (27)

a[Dbﬁqj F(ﬂ) aaDtaqj F(a)
Since ¢i,..., ¢, are independent in the Lagrange function L, then L is in the form:
L :L(Qk+laqk+2:'”,qn;aDtaqla tD[f}QD.“’ aDtaqn’ tD[IJBqn’t) (28)
Now we get the results:

DEGy = F [ G0 o D Qs> DG D s DL 0, (O8O0 (29)
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DLa; = 1 [ Qe G DA 4D DY Qs> o DF s Df 4021, (020, 0] (30)
or

Db qj fj3 |:qk+l? 5 lp, aDt qk+l),5qk+l’ ! DaDt qn’tDl,;Bqn’gg(t) gl4(t) sgk3(t)agk4(t)atj| (31)

Dfa;=1;, [qkwqm,---,qwaDi”qkﬂquqkﬂwn

L (32)
aDt qn» [Db qn’gl3 (l‘)agl4 (t)9"'sgk3 (t)agk4 (t),t:|
Define
oL oL
R=L-)|,Dq————+ ,Dfqg,———

which we name as the Routh function. The R can be re-written in the following form: Moreover,
the function R will be represented in the form:

R= R|:qk+19"'9qn’ Dl Gt Dl s o DY 4, szﬁqnagh (), &1, (0), -, 83, (1), &4, (t),t] (34)
Considering the variation of eq. (33):

k
oL oL
SR=6|L-Y| ,Dfg,——+ Dfqg.——||=5L-
l: Z(” J aaDtaq/ J P Dﬂql

b d;

) (35)
oL o o oL oL oL
_Z «94D/a;+.Dq;6 |7 7 5tDbﬂq]' + tDz';BqJ'5 P ]
j=1 0,D, q; 0,D; q; 0,Dy q; a[quj
Taking into account of the variations of egs. (26), (28), and (34), we get:
oL oL
52, (=6 ——— |, 5g; (1)=6| ——F5— (36)
’ 0,D, q; ” atDbﬁqj
Z i{ oL
oL = —J, ,aqj+—5tDbﬂqj +
il =\ 0.Dfq 0,Dfq;
Do oL 37)
+ a a t q; +—5tDbﬂqu (
er-:i—l(a D atDbﬂqr
oL oL
OR= Z Z {—aéaD,“qr +—5tDbﬁq,]+
r= k+1 7\ @D atDbﬁqr
k k
OR OR
* O+ dg;, (1) (38)
jz_;agjl() ’ jz_;@gjz (1) 7
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Substituting eqgs. (35) and eq. (37) into eq. (38) gives:
- (OR 0L X OR oL oL
X A O o S e e 3
rekri\%r Oy ra\9.Dr'q, 0,D/q e\ 9Dy q, 0 Dy q,
8,D} qr+2( o D Jégjl (t)+2( +,Df qjjégjz (t)=0 (39)
]1

The Coefﬁcients Of qukﬂ,...,éq,,, 5,,D,{lqk+l,..., 5aD,aqn, 51‘Dl{}k+la 5,Dbﬁqn, égll(t),..., 5gk1(l)
are equal to zero because they are independent of each other. Therefore, we have:

oR oL oR oL OR oL
2 702 e 3 pra e il (40)
aqr aqr aaDt q, aaDt q, atDb q, atDb q,
OR OR
———+,Dfq; =0, +,Dfq, =0 (r=k+1, k+2,,nj=12k) 41
o, YT g Y @D

We know from egs. (40) and (13):
6_R+ Dy _OR + DF R
0 0,04,
which we name as fractional Routh’s equations. From eq. (42), we find that eqgs. (13) and (42)

ql" ’ a aDtaqr
are in the same form, while the order of eq. (42) reduces to n — k. Furthermore eq. (41) can be
written:

a—t

=0, (r=k+Lk+2,---,n) (42)

R R
Dlq, =- , DPq. =-
a™t qj agjl (l) t~b qj agjz (l) (43)

Integrating both sides of eq. (43), we have:

OR OR

1( p%g \=— I , 1P DPg \=— P

a’t (a lqj) a’t agjl(l) tb(t bqj) tb@gjz(f) (44)

To summarize our results, the fractional circulatory integral is the first integral of

Euler-Lagrange equation of holonomic conservative systems. Using the fractional circulatory

integral, we can reduce the order of Euler-Lagrange equation, which becomes Routh’s equation
as eq. (42).

Two illustrative examples

We consider the motion of two particles of linear damped oscillator with the left Rie-
mann-Liouville fractional derivative firstly. The Lagrangian of the system:

1 a 2 a 2
L= 5[( oD, ql) +(aD, qz) }exr)(ﬁ), (7 = const) (45)
let us study motion of the system. Note that ¢, ¢, are independent of the Lagrange function, L.
We know from eq. (17) that the fractional circulatory integral:
oL

_ Il—a—: C
t*h s
0,D/'q;
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which implies that:
oL —C

= b-0)*"1, s=1,2
2 D, F(0()( ) (46)
In view of eq. (45):
oL
=exp(yt) ,D”
W7 p(71) o Dy 4, 47)
Substituting eq. (47) into (46) gives:
a-1
a _Cs b—t
oDi 4 (Gl (48)

T(@) exp(y1)
Thus from egs. (6), (12), and (48), we obtain the motion of this system. When o = 1,
eq. (45) becomes:

1 ’ ’
L=-() +(g3)” Jexp(r0). (7 =const) (49)
Considering the definition of the usual circulatory integral:
oL
— =0, (s=12
24! B> (s=12) (50)
We see from eq. (49):
L~ exprnrg] 51
24's pP(r)g; (51)
Consequently:
ro__ ﬁS
exp(y7) G2

It is easy to see that eqgs. (48) and (52) are in the same form. So when a = 1, the frac-
tional circulatory integral is similar to the usual circulatory integral.

Now we consider a mechanical system of two degrees of freedom as the second ex-
ample. The Lagrangian of this system is given:

=2\ (u0ra) +(:0fe.) |-a (53)

We now study motion of the system. Since ¢, is independent in the Lagrange function
L, from eqgs. (10) and (17), we obtain the fractional circulatory integration:

_ oL
-0y — =G 54
t aal)t q, ( )
Using eq. (11), we have:
oL _Cl a-1
=——(b-t
o,D” F(a)( ) (53)
Considering the differentiation of eq. (53), we have:
oL o
=D aq (56)

0,Dq,
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and hence:
D% -G (b—1)"" (57)
a™~t 11 F(O!
According to eqgs. (33), (53), and (57), we obtain the fractional Routh function of
system:
oL 2 1 2 1 2
R=L-,Dfqy———=L—(.Dq) =—(.Dfa) +-(D'e02) —4 58
i IOGD,“q] ( 1 1) 2( ‘ 1) 2( i 2) 2 (58)
From eq. (42), the fractional Routh’s equation of system can be written:

R g2
an 0 aDt 9
Substituting the differentiation of eq. (59) into (58), we get:

Dif (Dl gy) =1 (60)

=0 (59)

From egs. (8) and (60):
tlé_a(aDtaqz):—HCz (61)

Substituting eqgs. (9) and (11) into (61):

a 2 o C _b
D9y :—(b—t) +—2
I'l+a) I')

Thus from eqs. (6), (12), (57), and (62), we obtain the motion of this system. When

-0 (62)

a =1, eq. (53) becomes:

1 N2 N2
Lza[(ql) +(g5) J_% (63)
Considering the usual circulatory integral and Routh’s equation of the system:
a =P, a=-t+p (64)

We observe from egs. (57), (62), and (64), that the fractional circulatory integral can

be used to obtain the usual circulatory integral. Thus, through the aforementioned two exam-
ples, one can conclude that the usual circulatory integral and Routh’s equation are special cases
of the fractional circulatory integral and Routh’s equation.
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