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This paper investigates the heat transport phenomenon by utilizing Cattaneo- 
Christov heat flux model on magnetic nanoparticles through a semi porous curved 
wall channel, incorporated with generalized slip condition and bent in a circle 
of radius, Rc. In addition, the energy equations takes into account the impacts 
of heat generation and Joule heating. To construct the flow model, a curvilinear 
co-ordinate scheme is used. The derived PDE are converted into system of ODE 
by incorporating appropriate similarity variables. Numerical simulation is used 
to achieve a numerical solution of the flow equations by using shooting technique. 
The influence of various parameters on temperature, rate of heat transfer, velocity 
and surface drag force are analyze and discussed in detail by using graphs and 
table. Also a well-known finite difference technique known as Keller box method is 
also used to verify and validate the obtained numerical results. 
Key words: ferromagnetic nanofluid, Cattaneo-Christov heat flux, heat generatio, 

generalized slip condition, semi-porous curved channel 

Introduction

The examination of nanofluid has attained immense attention received by the research-
ers due to the impact of nanotechnology in major industrial and engineering developments. The 
concept of the flow of nanofluid was initiated by Choi and Estman [1]. These types of liquids 
have diverse applications like, in power generators, thermal therapy for cancer treatment, hy-
brid-powered engines nuclear reactor, magnetic cell separation and magnetic drug targeting. 
The transport features of base fluid are enhanced by incorporating these nanoparticles to the 
base fluid. Several components that affect the thermal conductivity of the nanofluids are the 
shape and particle size, temperature, base fluid material and volume fraction [2]. The impact of 
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nanofluid in a flow caused by a stretching sheet was examined by Khan and Pop [3]. For more 
detailed information, the keen readers are advised of the articles [4-9] and references within.

Ferro fluid is a special type of nanofluid made up of magnetic nanoparticles. To en-
sure a steady suspension condition, ferrofluid with a diameter of 5-15 nm layered with some 
kind of wetting layer. Because of their small size these ferrofluids can quickly travel through 
a micro-channel without obstructing it act like a liquid molecule. These magnetic nanofluids 
are used in anode X-ray, energy conversion system, rotating generator, vacuum champers in a 
semi-conductor industry, viscous dampers for gravity, gradient satellites, in disk devices of a 
high speed computer to minimize the harmful dust particles and accelerometers. Sheikholesla-
mi et al. [10] studied the applications of forced convection on ferrofluid as well as the conse-
quences of the variable magnetic field. The different aspects of heat transmission in a MHD 
flow of ferrofluid across a stretchable cylinder with prescribed heat flux was reported by Qasim 
et al. [11]. Khan et al. [12] investigated the various features of hydromagnetic ferrofluid stag-
nation point flow towards a stretching sheet. Sheikholeslami and Ganji [13] investigated the 
problem of heat transport in ferrofluid-flow across a partial annulus enclosure with the magnetic 
field. The latest published literature specifies that many features for ferrofluid-flow have been 
discussed by researchers [14-18] and references in that.

The examination of transport phenomena including both mass and heat transmission 
has developed phenomenal popularity among many authors due to its widespread applications 
in engineering and manufacturing processes, such as food processing, power collector machin-
ery and refrigeration. According to the study of the literature, several authors have used convec-
tional models for the transmission of heat and mass, but these hypothesis are inadequate because 
of the significance of an infinite speed wave transfer. To reduce this problem thermal relaxation 
time and solutal are integrated. For the first time the thermal relaxation time was combined with 
Fourier’s law by Cattaneo [19], resulting in perpendicular heat transmission. Later, Christov 
[20] improved the work was done by [19] by using higher convective Oldroyd differentiation 
rather than a partial time derivative. Hayat et al. [21] evaluates the double-diffusive model for 
viscoelastic nanoliquid in 3-D flow by using Cattaneo-Christov heat flux model. The charac-
teristics of heat transport modelled with Cattaneo-Christov heat flux was inspected by Lieu  
et al. [22]. Farooq et al. [23] investigated the effects of heat transmission on the flow of squeezed 
fluid incorporated with Cattaneo-Christov heat flux model.

The influence of absorption and as well as heat generation on the convective heat flow 
problems received huge consideration due to its operation in cooling processes and solidifica-
tion of costing. Aziz et al. [24] investigated numerically flow of nanofluid by a rotating disc 
with heat generation. Hosseinie et al. [25] have reported the effects of heat generation in ex-
istence of applied magnetic field on the nanofluid-flowing in a micro-channel. Sheikholeslami  
et al. [26] studied the result of heat generation and thermal diffusion on the flow of nanofluid 
over an oscillating plate. 

The flow analysis in a narrow channel has attained much consequence because of its 
huge number of usages in the fields of engineering and biological procedure. Sajid et al. [27] 
examine the impacts heat transport on a ferrofluid-flow in a curved channel with Joule heating. 
The inspection of heat transfer phenomena by employing thermal radiation in a viscous fluid via 
a permeable curved channel was done Naveed et al. [28]. Lately, Abbas et al. [29] examined the 
Eyring-Powell fluid-flow in a curved channel. They modeled the energy equation incorporated 
with the Cattaneo-Christov heat transmission model.

In slip flow, the flow velocity at the firm wall remains non-zero, while in no-slip flow, 
the flow velocity at the firm wall is zero. The generalized slip condition, in which the slip length 
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is a component of shear stress was observed by Thompson and Troin [30]. Sajid et al. [31] 
solved numerically both planar and axisymmetric flow equations with generalized boundary 
slip condition. Several scholars have studied the impacts of generalized slip condition for New-
tonian and non-Newtonian fluid for divers’ geometries, see the articles [32-35].

The present study intends to assess the result of the applied magnetic field and heat 
generation on the ferrofluid over a curved channel. Also the generalized slip condition is im-
posed on the lower wall. Modelling of the heat equation is accomplished by considering Catta-
neo-Christov heat flux model. Shooting technique is adopted to achieve the numerical solutions 
for the flow, pressure, skin friction coefficient, temperature, and the entire value of Nusselt 
number. Numerical results are displayed in tabular and graphical shapes.

Presentation of the problem

Consider a 2-D and an incompressible 
flow of a ferrofluid inside a curved channel. Let 
H be the width between the two curved walls 
of the channel. Also it is assumed that the up-
per wall of the channel is permeable and low-
er wall is rigid, fig. 1. Let us suppose that T̑w 
be the temperature of the lower wall and T̑0 be 
the temperature of the upper wall with T̑w > T̑0.  
Let B0 be the magnitude of the imposed mag-
netic field in r-direction. The consequences of 
the induced magnetic field are overlooked by 
considering low magnetic Reynolds theory. By 
aforesaid assumptions, the conservation laws for mass, momentum and energy equations for-
mulated with Cattaneo-Christov heat flux theory with heat generation are given:
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Figure 1. Physical model and co-ordinate system
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In the previous equations, ȗ and v̑ are the part of velocity in s- and r-direction, also, 
Q, λa, T̑, and p are the temperature-dependent volumetric rate of heat source, relaxation time of 
heat flux, temperature, and pressure of the fluid, respectively.

The viscosity of the nanoparticles [27] is given:
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where ϕ indicates the solid nanoparticles volume fraction. 
The effective density, ρnf, thermal diffusivity, αnf, heat capacitance, (ρcp)nf, and electri-

cal conductivity of specific nanofluids are known:
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In current study, we have adopted Maxwell [27] model to calculate the thermal con-
ductivity of nanofluids restricted to spherical particles and is specified:
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In eqs. (5)-(10), the symbols s, f, and nf in the subscripts characterizes the thermo-
physical properties of nanosolid particles, base fluid and nanofluid, respectively, given in tab. 1.

Table 1. Thermophysical properties of water (base fluid) plus magnetite particles [27]

Properties ρ [kgm–3] cp [Jkgm–1K–1] k [Wm–1K–1]  β ⋅ 105 [K–1] σ [Ω–1m–1]
Base fluid/water 997.1 4179 0.613 21 0.05

Magnetic nano particles (Fe3O4) 5180 385 401 1.67 25000

According to Thompson and Troian [30], the generalized slip condition is given:
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where ȗt is the tangential velocity, α1 – the Navier’s slip length, and β1 – the reciprocal of critical 
shear rate.
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where Vs < 0 and Vs > 0, express the injection and suction.
For similar solution of the heat and flow equations are attained by taking the non-di-

mensional variables:
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Using eq. (12), continuity eq. (1) hold identically and eqs. (2)-(4) give way:
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are the Prandtl number, dimensionless radius of curvature, Reynolds number, magnetic or Hart-
mann number, thermal relaxation, and heat generation parameter correspondingly.

With boundary conditions:
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represents the velocity slip parameter and critical shear rate, respectively. 
Excluding the pressure term from eqs. (13) and (14), we get:
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The fluid velocity g(η) is obtain from eq. (17) and then the pressure of the fluid can be 
determined by eq. (14).

The expression for the heat transfer rate and the skin frictionwards the s-direction are 
given:
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Therefore, for the non-dimensional variables, eq. (19) become:
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where Res = as2/n f is the points the local Reynold number.

Results and discussion

The non-linear boundary value problem which is composed of eqs. (15) and (17) as 
well as the boundary conditions (16) are solved numerically by using shooting method to deter-
mine the influence of the relevant parameters such as magnetic parameter, M, slip parameters, 
λ1 and λ2, dimensionless radius of curvature, C, solid volume fraction, ϕ, Eckert number, and 
Reynolds number, on fluid velocity g′(η), temperature, Θ(η), and pressure P(η). In addition, the 
impacts of aforesaid parameters on skin friction coefficient Res

1/2Cf and the rate of heat transfer 
Res –1/2Nus are also plotted through graphs and table.

By keeping the other parameters fixed, fig. 2 is represents the influence of Hartmann’s 
number, M, on velocity field g′(η). For higher values of M, the fluid velocity is reduced but  
η = 0.5 it begins to increase. This is because that the magnetic field acts as an opposing force. 
Figure 3 represents the effects of solid volume fraction, ϕ, on g′(η). The velocity field diminish-
es with an increase in ϕ but it has opposite behavior after η = 0.5. The impact of slip parameter 
λ1 on g′(η) is presented in fig. 4. It can be deduced that as λ1 increases, the fluid velocity initially 
reduces but it has opposite trend after η = 0.5. The influence of critical shear rate λ1 on g′(η) is 

Figure 2. Effect of M on f ′(η) when  
ϕ = 0.03, λ2 = 0.3, λ1 = 0.4, Re = 4, and C = 8

Figure 3. Effect of ϕ on f ′(η) when  
Re = 8, λ1 = 0.9, M = 6, λ2 = 0.2, and C = 10
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displayed in fig. 5. It is noticed that a similar behavior is observed for λ2 as for the parameter 
λ1. Figure 6 depicts the influence of dimensionless radius of curvature, C, on g′(η) by keeping 
the other parameters fixed. The fluid velocity g′(η) is decreased for higher values of C but after 
η = 0.5 it starts increasing. The effect of Reynolds number on g′(η) is presented in fig. 7. It can 
be seen from this figure that for higher values Reynolds number, the fluid velocity reduces but 
after η = 0.5 the consequence is opposite.

Figure 4. Effect of λ1 on f ′(η) when  
Re = 2, ϕ = 0.03, M = 0.5, λ1 = 0.2, and C = 3 

Figure 5. Effects of λ2 on f ′(η) when  
M = 0.5, Re = 1, ϕ = 0.03, λ1 = 0.6, and C = 3

Figure 6. Effect of C on f ′(η) when  
λ2 = 0.05, ϕ = 0.04, M = 6, λ1 = 0.1, and Re = 5 

Figure 7. Effect of Re on f ′(η) when  
λ2 = 0.1, ϕ = 0.05, M = 0.2, λ1 = 0.2, and C = 2

Figure 8 represents the effects of λ1 and M on pressure distribution P(η). For upper 
values of M the pressure distribution increases but it reduces for developed values of λ1. Figure 
9 depicts the change in P(η) for diverse values of dimensionless C and solid volume fraction, ϕ.  
The P(η) rises with an increment in ϕ, however it is reduced for upper values of C. The variation 

Figure 8. Impact of M and λ1 on P(η) when  
λ2 = 0.3, C = 2, Re = 4, and ϕ = 0.03

Figure 9. Effects of ϕ and K1 on P(η) when  
λ2 = 0.3, λ1 = 0.4, Re = 4, and M = 0.3
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in P(η) for different values of λ2 and Reynolds 
number is shown in fig. 10. It is observed that 
P(η) increases for higher values of Reynolds 
number, however it is reduced with an increase 
in λ2.

Figure 11. represents the effect of ϕ on 
temperature distribution, Θ(η). It is noticed by 
this figure that the temperature of the fluid is 
increased for higher values of ϕ. Figure 12 rep-
resents the impact of heat generation parameter, 
Λ, on Θ(η). This figure displays that for upper 
values of Λ results in an increase in the tem-

perature of the fluid. The impact of M and Eckert number on Θ(η) is shown in fig. 13. It is 
evident from this figure that Θ(η) is increased for both the M and Eckert number. Figure 14 
represents the influence of thermal relaxation parameter, γ, on Θ(η). A decrease in the tempera-
ture distribution is observed with an increase in the values of γ. Figure 15 shows the change in 
Θ(η) for diverse values of Prandtl number. It is observed that Θ(η) decreases with an increase in 
Prandtl number. The physical argument of this behavior is that the rate of thermal diffusion re-
duces with a rise in Prandtl number. The effects of Reynolds number on Θ(η) is shown in fig. 16. 
It can be seen from this graph that Θ(η) is reducing for developed values of Reynolds number. 

Figure 11. Impact of ϕ on Θ(η) when  
M = 0.5, Re = 4, λ1 = 0.6, λ2 = 0.05, C = 2,  
Λ = 0.2, Pr = 4, Ec = 0.1, and γ = 0.2 

Figure 12. Impact of Λ on Θ(η) when  
M = 0.5, ϕ = 0.03, Re = 4, λ1 = 0.6, Ec = 0.1,  
λ2 = 0.05, C = 2, Pr = 4, and γ = 0.1

Figure 10. Effects of Re and λ2 on P(η)  
when ϕ = 0.03, λ1 = 0.4, C = 2, and M = 0.3

Figure 13. Impact of M and Ec on Θ(η)  
when ϕ = 0.05, Re = 4, λ1 = 0.6, λ2 = 0.5,  
γ = 0.1, Pr = 3, C = 2, and Λ = 0.1 

Figure 14. Impact of γ on Θ(η) when  
M = 0.3, ϕ = 0.05, Re = 5, λ1 = 0.6, λ2 = 0.5,  
Pr = 4.5, C = 2, Ec = 0.01, and Λ = 0.2
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Figure 15. Effects of Pr on Θ(η) when  
M = 0.5, ϕ = 0.05, Re = 4, λ1 = 0.6, λ2 = 0.05,  
C = 2, Ec = 0.1, γ = 0.1, and Λ = 0.1 

Figure 16. Impact of Re on Θ(η) when  
Pr = 3, C = 2, Ec = 0.1, M = 0.6, λ1 = 0.6,  
ϕ = 0.05, Λ = 0.2, and γ = 0.1

Figure 17 gives the change in the skin friction coefficient Res –1/2Cf vs. λ1 with diverse 
values of λ2 . It is evident from this graph that an increase in λ1, results in decrease in absolute 
values of Res –1/2Cf, however the effect is opposite for the parameter λ2. The variation in the  
Res –1/2Cf via M for different values of ϕ is represent in fig. 18. It is noticed that for higher values 
ϕ, results in an increases in Res –1/2Cf but it has the opposite behavior for M. 

Table 2 gives the change in the local Nusselt number Θ(η) for different parameters. It 
is witnessed by this table that for higher values of Λ, M, Eckreman number, Reynolds nimber, 
γ, and Prandtl number, the magnitude of Θ(η) decreases, however it increases with an increase 
in ϕ. 

Figure 17. Impact of λ2 vs. λ1 on Res
–1/2Cf  

when ϕ = 0.04, M = 2, re = 3, and C = 2 
Figure 18. Effects of ϕ vs. M on Res

–1/2Cf  
when λ2 = 0.3, λ1 = 0.5, Re = 3, and C = 2

Conclusions

In this article, we have investigated heat transfer and flow of ferro fluid via a perme-
able curved channel with generalized boundary slip condition. Obtained numerical results are 
also validated by a finite difference scheme known as Kellar-box method. The effects of thermal 
relaxation, Joule heating and heat generation parameters in energy equation are also discussed. 
The shooting method is adopted to determine the numerical solutions for different flow param-
eters for velocity, temperature, rate of heat transfer, pressure and drag surface force. In this 
analysis following major outcomes were observed as follows.

yy The fluid velocity decreases as radius of curvature, C, solid volume fraction, ϕ, magnetic 
parameter, Reynold number, slip parameters λ1 and λ2 increase.



Abbas, Z., et al.: Analysis of Joule Heating and Generalized Slip Flow In ... 
446	 THERMAL SCIENCE: Year 2022, Vol. 26, No. 1B, pp. 437-448

yy The magnitudes of pressure distribution are enhanced for larger values of M, Reynolds num-
ber, and ϕ, however it decreases with an rise in the parameters λ1, C, and λ2.

yy According to the results of this analysis, the temperature field is improved for upper values 
of Λ and ϕ. The temperature profile on the other hand, shows a decrease as the values of 
Prandtl and Reynold numbers, and γ rise. 

yy For larger values of λ2 the skin friction coefficient is increased, but it progressively decreases 
for the parameters ϕ, λ1, and M. 

yy For increasing the values γ and Λ, the Nusselt number reduces. Though, it has an opposite 
behavior for Prandtl and Reynolds numbers, and ϕ.

Table 2. Numerical values of Θ(η) for different Reynolds number, magnetic parameter, 
Eckert number, Prandtl number, Λ, and γ by keeping C = 2, λ1 = 0.7, and λ2 = 0.4 fixed

Re M ϕ Pr Λ γ Ec Shooting method Θ(η) Kellar box method Θ(η) 
0.5 0.6 0.1 2.0 0.5 0.2 0.5 1.08911 1.08911
1.5 0.83251 0.83251
2.0 0.71582 0.71582
2.5 0.60576 0.60576
2.0 0.2 1.65549 1.65549

0.5 0.94982 0.94982
0.7 0.48240 0.48240
0.9 0.01729 0.01729
0.6 0.15 0.71496 0.71496

0.2 0.72310 0.72310
0.25 0.74127 0.74127
0.3 0.77075 0.77075
0.1 1.5 0.93372 0.93372

2.5 0.50990 0.50990
3.0 0.31669 0.31669
3.5 0.13616 0.13616
2.0 0.1 0.73566 0.73566

0.2 0.71582 0.71582
0.3 0.69662 0.69662
0.4 0.67835 0.67835
0.2 0.2 0.93150 0.93150

0.4 0.78910 0.78910
0.6 0.64107 0.64107
1.0 0.32612 0.32612
0.5 0.1 1.84247 1.84247

0.3 1.27915 1.27915
0.5 0.71582 0.71582
0.7 0.15250 0.15250
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