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The differential model for electrochemical capacitors under dynamical cycling re-
sults in discontinuity of the electric current. This paradox makes theoretical anal-
ysis of the electrochemical capacitors much difficult, and there is not universal
approach to treatment of the problem. This paper finds that the fractal calculus
can be powerfully applied to the problem, and a continuous electric current can be
obtained as it should be.
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Introduction

Due to rapid development of nanotechnology, electrochemical capacitors have been
caught much attention due to their enhanced properties [1-7], inorganic-nanocarbon hybrid
materials [2], nanostructured materials [3], graphene [4], nanoscale porous fibers [8-15], can
be used for ultracapacitors. It is of great importance to have a fast look into the current-voltage
relationship under various dynamical cycling, especially dynamical cycling with discontinuous
or unsmooth function of period as illustrated in fig. 1.

We consider a capacitor and a resistor in parallel in an electrochemical system, the
current can be expressed [1]:

Ve dv

R e dt (1)
where V is the electromotive force which is a saw-tooth function as illustrated in fig. 1, i — the
electric current, C — the capacitance, and R — the resistance.

Though the applied voltage is unsmooth, the current in the circuit vs. the external
voltage should be a continuous curve, however, eq. (1) produces discontinuity points respect to
the inversion points of the external voltage, the electric current presents a discontinuity at =0
and ¢ = T/4, respectively, [1]:

i(t) =

Ai(0) = 41;‘3C )
(T _8nC
Az(zj— ; 3)

so the model given in eq. (1) has to be modified.
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Vi) Fractal calculus for the supercapacitor

Due to porous structure of the electrodes,

a fractional model was suggested to describe
electrochemical supercapacitors/ultracapacitors

~¢ [16, 17], and the continuum model given in
eq. (1) should be avoided. In this paper, we mod-

ify eq. (1):

T/4

V(t ),

-0y 0

Figure 1. Dynamical cycling with a saw tooth where dV/dr“is a fractal derivative defined [16, 17]:
function of period 7 V(t+ V=V ()
lim —2——2  (5)

Ar=t" 1" > Al (f —f)a
where a is the fractal order, Az, — the lowest hierarchical time, Az, # 0, beyond which all func-
tions are assumed to be continuous. When ¢ = 0 and 7/4, the fractal derivatives can be defined,
respectively:

V()-V ()
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s = pt® (6)

Using a transform [17-21]:

where p is a constant, eq. (4) becomes:

i(s) = V(s) 7®) , ped” 7

ds
Solving eq. (7) we have:

4V,s 4pl,C T
zl()— pTO,OStsZ (8)

2V, 4V,s\ 4pV,C T 3r
-
b(8)= ( RTj T 44 ©)
, Ay, Wos ) AphC 3T
5(5) [ R RT) T 4 (10)
In view of eq. (6), we have:
) 4pVt®  4plV,C T
I(t)= +—— 05t —
(==L 2 ; (an

=T (12)
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The continuity of the electronic current requires:
;(0)=5(T) (14)

or

(i) 15
il )75 (1s)

4pVOC:(—4VO+4pV0T ]+4pV0C 16
T R RT T
4pV, (Z a+4PVoC_ 2V, 4pV, [Zja_“PVoC 17)
RT \ 4 T R RT 4 T
Simplifying eqgs. (16) and (17):
pT*' =1 (18)
8pV,C _(2V, 8pV,\(TY
OPVo™ _[ 200 _OPVo (_j (19)
T R RT 4

For given V;, R, C, and T, we can easily determine a and p. We can also apply the

homotopy perturbation method [22-28] to approximately solve a and p from egs. (18) and (19).

Conclusion

In this short paper, we suggest a modification of resistor-capacitor circuit model for

electrochemical capacitors using fractal calculus. The paradox for discontinuous currents aris-
ing in a continuum model given in eq. (1) can be completely eliminated, making the modifica-
tion suitable for modeling supercapacitors/ultracapacitors.
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