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The permeability property of a packed particles material has been caught much
attention, it depends upon its pore characteristics caused by the particle accumu-
lation, but the current empirical formulas and the permeable theory could not re-
veal the effect of the particle accumulation thoroughly. In this paper, a theoretical
formula is derived, and the fractal gradation spectrum is adopted to confirm the
particle size distribution, furthermore, the pore feature is determined by the parti-
cle size and accumulation features, finally a permeability model of the packed par-
ticles material is established. In this model, the effect of particle size distribution
on pore features is estimated more thoroughly than those in conventional models,
and the calculated results are more accurate and verified experimentally.
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Introduction

As one of the most important hydraulic characteristics, the permeability of a packed
particles material is an attractive subject for a long time [1-4]. Large numbers of permeability
tests were carried out, and various empirical or semi-empirical formulas were generalized
[1, 4-7]. Permeability was found closely associated with the particle size distribution in various
studies [8-12]. Overall, in current empirical formulas, the effect of particle size distribution
(PSD) is usually estimated roughly by simple parameters, but such association has not been
investigated thoroughly.

Based on the Kozeny-Carman equation [5], various permeability models were devel-
oped [9, 13-15]. Yu and Cheng [16] promoted a fractal permeability model (hereafter referred
to as Yu model) for bi-dispersed porous media, which takes into account the pore tortuosity
fractal dimension, the pore size fractal dimension and the max pore size. Based on the fractal
and capillary features of homogeneous porous media, Xu and Yu [17] established an analytical
permeability model (hereafter referred to as Xu model). Both Yu and Xu models considered
particle sizes as a 1-D fractal. The packed particle material is essentially characterized by par-
ticle features (particle size and accumulation mode), which determine pore features, and the
pore features, which determine permeability subsequently. But there are few permeability mod-
els so far, which could estimate the effect of such characteristic thoroughly.

In this paper, a theoretical formula of the permeability coefficient is derived, an accu-
rate PSD curve is obtained through the fractal gradation spectrum [18], the pore features were
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determined in accordance with the PSD curve, finally the permeability model of the packed
particles material is established. The validity of this model is then verified experimentally.

Permeability coefficient of
packed particles material

The packed particles material could be equivalent to an accumulation of permeable
cells. Just one permeable pore is assumed in a permeable cell, the pore diameter is A, the cell
side length, Lea(2), the cell area, S(1), the tortuous length of pore, L«(1), and the porosity ¢. The
number of cells with pore diameter, 4, is N(4), correspondingly, the number of pores with the
pore diameter 4, is also N(4).

According to Hagen-Poiseuille’s Law, the flow rate through a single permeable pore is:
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where AP is the pressure gap and u — the liquid viscosity. For liquid water,
w« =1000-10-° Ns/mm?. The tortuous length of a permeable cell with porosity, ¢, is [9]:
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the total flow rate of all the permeable cells is:
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The unit flow rate is obtained by unitizing the total flow:
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According to Darcy's Law, the permeability could be expressed:
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The permeability coefficient could be obtained:

LY 0
U

where y is the liquid bulk density and . — the liquid viscosity. For water, y = 9.8-10¢ N/mm?,

A new permeability model of the
packed particles material

Basic assumptions

In this paper, particles are projected from a 3-D space to a 2-D plane, subsequently
the total permeability of the packed particles material would be represented by the 2-D perme-
ability. Due to the dimension reduction, the particle mass is substituted by the particle area.

Considering the crucial effect of the parti- . .

. . eleton particle

cle accumulation, the particle clusters are set to i
be basic permeability cells. Two types of clusters 7@?"””9 particle g
are assumed in this paper, i.e., the type 31 cluster / @‘ AN —= A°A
and the type 30 cluster, respectively, as shown in N Type 31
fig. 1. In the type 31 cluster, the bigger particles ‘ Skelston particle
are called as the skeleton particles, the smaller N @ A
particles in the center are called as the filling par- g particles AL —= A A
ticles. The sizes of all the skeleton particles in AN Type 30 cluster
the same cluster are assumed to be equal.

Figure 1. Particle clusters
The particle cluster

The type 31 and 30 clusters are shown in fig. 2, where R is the radius of the skeleton
particle, r —the radius of the filling particle, ALmax and AL are expressed in fig. 2. The subscripts
of 30 and 31 represent the cluster types.

\&
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Type 31 cluster Extreme case Type 30 cluster Extreme case

Figure 2. Type 31 and 30 cluster
In an extreme case, a rather low porosity would lead to a rather low permeability. It is
reasonable to consider that ALmax.31 = 0 in this case, there would be:
I = PRy, p:i—l 8)
NG

It is necessary to hold eq. (8) to guarantee the extreme case. According to the geomet-
ric characteristic, key parameters of 31 and 30 cluster types are shown in tab. 2.
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Particle sizes in clusters

To simplify the calculation of particle content within an arbitrary range, the fractal
gradation spectrum [18] is introduced instead of the gradation curve.

Table 2. Key parameters of cluster

Parameter Expression Parameter meaning
Sel Sy =\3(R+05AL,,,)? The area of cluster
Lea Leqg = 2R + ALmax Equivalent side length

T o2 2

Sp.el 31 = Sel 31 5 Ry —ar
Spel Pore area
2
S(p,el,30 = Sg1 30 —0.57Rg,

S(p,el
S

Q Q= Porosity

el

2
Ala ALy = ﬁ(Rgl +0.5AL 5 31) — Rs; —I' | Distance between skeleton cluster and filling cluster

! Jay = /% 1, Ay = /@ Equivalent wide of pore

Sel ske Sel,ske = 0.51R? Area of skeleton particles in a single cluster

S
N N=_—ske The number of clusters
Sel,ske

Fractal gradation spectrum

A gradation could be comprised of two gradations with fractal characteristics:

n
MT=ZMTi’ n=2 (93.)
i=1
R 3-D,

where Mr is the total mass of all particles, My; — the total mass of particles corresponding to the
i"" gradation, R — the particle radius, Rri — the maximum particle size corresponding to the it"
gradation, Mi(R) — the total mass less of particles with the radius less than R for the i"" gradation,

and n —the number of gradations. The regression target function is achieved by the least-squares
method:

j=1 =1

Fobj = Z{'OQ[ZM (R, )} IOQ[MTP(R,-)]} (10)
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Cluster particle group

All the particles with radius R and r = pRs; = pR, in section The particle cluster, are
put in a group, named as the cluster particle group. Particles in a gradation could be distributed
into several cluster particle groups. It is assumed that, clusters could only be formed by particles
within the same cluster particle group, and the mean porosity of clusters formed within a same
cluster particle group is equal to the overall porosity go. Considering simplicity of calculation,
it is suggested to select several cluster particle groups as representatives of actual particle sizes
for calculation.

The radius of the skeleton particle in the it" cluster particle group is denoted as R;.
There is:

Ri = 6" 'Rmax (11a)

min(Ri) = Rer (11b)

where ¢ is determined according to original particle size features, it is comprehensive that
0 <6 < 1. The Rer is the minimum skeleton particle size in calculation, which is determined in
section Minimum skeleton particle size.

Minimum skeleton particle size

Piping is common in the permeable behavior of packed particles materials, that is, fine
grains would move or be washed away by the flow along pore channels [4]. These fine grains
could not participate in forming permeable cells. Consequently, particle sizes in least permea-
bility cells depend on particles lost in piping. According to [4], dio is the maximum size of
particles lost in piping. Therefore, dio is suggested to be the minimum skeleton particle size.
According to eq. (9), there is:

n
> M;(Ry) =10% M4 (12)
i=1
where R¢r could be obtained by solving eq. (12). Additional cases of adopting dy and di; as the
minimum skeleton particle size were discussed in section Verification and discussion.
According to egs. (11) and (12), particle sizes adopted in calculation could be deter-
mined. Combined with eq. (9), with a given Mr, the mass of particles adopted could be solved,
its area could be determined simultaneously for the 2-D case. With ascertained particle sizes
and areas, parameters of clusters could be confirmed by egs. (1)-(7).

Equivalent pore size

The uniaxial permeation in 31 and 30 clus-
ter types is shown in fig. 3, related pore diame- /\ &ﬂt/\&

ters include ALmax,31, AL31, A/131, ALmax,go, and

TN A
Also. AL/\'&? \ AL, /\ f\
Considering the non-homogeneity of the H {

particle accumulation and a possible turbulent

flow in permeation, the equivalent permeable Type 31 cluster Type 30 cluster
pore size is assumed based on physical meaning.  Figure 3. Uniaxial permeation in

The maximum, intermediate, and minimum pore ~ type 31 and 30 cluster

sizes are shown in tab. 3, corresponding to up-

per, middle, and lower values of permeability

coefficient respectively.
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Table 3. Equivalent permeable pore size

Pore size Type 31 cluster Type 30 cluster
Amax 2max(As1, ALs1, ALmax31) 2max(43o, ALmax,30)
Amiddle min(As1, AL31, ALmax31) + max(As1, ALz1, ALmax31) min(/3o0, ALmax,30) + max(4zo, ALmax31)
Amin 2min(/a1, AL31, ALmax31) 2min(430, ALmax30)

According to tab. 2, ALz and A3 are expressions of ALmax31, As0, and ALmax30. There-
fore, ALmax31 and ALmax,30 are only needed in our theoretical analysis. As is assumed in section
Cluster particle group, clusters could only be formed by particles within a same cluster particle
group, there might be two cases:

— the skeleton particle size of 31 and 30 cluster types are both R, i.e. R31 = Rz =R and
— the skeleton particle size of 31 cluster type is R, that of 30 cluster type is r, Ra1 = R,
Ryp=r= pR.

In order to solve ALmax31 and ALmax30, assumptions are introduced:

AlLmax31 = NR31, AL max,30 = nR3o (13)

Key expressions based on such assumptions are shown in tab. 4.

Table 4. Key expressions

Expression Casel Case2
" _ 2 Isske,ao +Sgea(l+2 p’)  05n _
\l Ssedo +Ssest  N3(UL-gp)
Set _
ALmax,31 \/5 2R 7’]R
Sat _
ALmax,30 \/5 2R npR

A3t

pR

\/J§(R +0.5AL gy 31)% —0.57(1 + 2 p?)R? \/ﬁ(R +0.5AL 5y 31)° — 0.57(1 + 2 p?)R?

pR

T T
30 (R +0.5AL a0 30)s fﬁ (R +0.5AL a0 30)1 fﬁ
T T
S 2+n
AL 2/ e _(1+p)R (—1— JR

Note: S is the area of permeable cell and Sy — the area of skeleton articles.

Verification and discussion

Verification

Considering applicable conditions of Darcy’s Law, eight groups of test data of low
porosity materials [19] were adopted for verification. Test material is meso-micro weathered
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sandstone, porosities of all the test groups arethe 160 [ Tested values

same 10.8%. The & was set to be 0.5 based on E 140 . Nozeny- Cammah 4.

particle sizes. Due to the consistency of porosity, £ 120 —a— Xu model

influence of PSD on permeability could be better § ™ | —+ Middle result in this paper

reflected. 5,% 100-_ —+— Upper result in this paper
Calculated results of the model in this paper g 80

are shown in fig. 4, P5 (content of grains with £ 6o

diameter less than 5 mm) was taken as the x-axis. g 0]

Additional calculated results of Kozeny-Carman & 1 m

equation [5], Yu model [16], and Xu model [17] ] =

were also shown for comparison. B R R s,

1 T 1 T 1 T 1
10 15 20 25 30 35 40 45 50 55
, , P5 [o
Discussion %]

. Figure 4. Calculated results
Effect of fine aggregate content

The P5 is inversely proportional to the critical velocity in [19]. When P5 is lower than
30%, the calculated results adopting Amax Would be closer to tested values, fig. 5(a). When P5
is higher than 30%, we adopted Amiddie, fig. 5(b). This phenomenon is associated with the filling
effect of fine aggregate. The higher fine aggregate content P5, the more adequate filling effect
on the permeable pores, thus the smaller permeable pore size, finally the lower critical velocity
and permeability.
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Figure 5. Calculated results adopted different equivalent pore size

Effect of minimum particle size

Calculated results with the minimal particle sizes of do, d1o, and d11, respectively are
shown in fig. 6. Positive association is notable between the permeability coefficient and the
minimum particle size. This phenomenon is comprehensive according to the piping mechanism.
In the determination of the minimum particle size, the higher content of finer particles is set,
the more fine-particle lost in piping, and the larger minimum particle size is adopted.

Conclusion

In this paper, test and theoretical studies on permeability of the packed particle material
were reviewed, a new permeability model was established. The 2-D fractal spectrum was
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adopted to estimate PSD, the effect of PSD on pore features was more adequate through per
meable cells formation. Combined with Hagen-Poiseuille’s Law and Darcy’s Law, the
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Figure 6. Minimum particle size vs. calculated permeability

permeability coefficient could be obtained. The validity of this model was verified through the
test data. The accuracy of this model is significantly higher than those of the conventional for-
mula and models.

Compared with conventional formulas and models, this suggested model, with small
computation and clear physical meaning, reflected the influence of PSD on permeability effec-
tively and thoroughly. In addition, this model could provide theoretical tool for an accurate
seepage simulation, and theoretical support for a seepage failure analysis and a seepage control
design.

This model is suitable for the packed particle material for Darcy percolation and New-
ton flow. Further studies would be extended to non-Darcy flow and non-Newtonian fluids.
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