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This paper presents numerical simulations for a MHD convective process in
curved channels. The worked suspension consists of water as a based hybrid nano-
fluid and two types of the nanoparticles, namely, Cu and Al,O;. Two systems of the
governing equations are formulated for the hybrid nanofluid and dusty phases. The
hybrid nanofluid system is modeled in view of lubrication approach. The governing
equations are mapped to a regular computational domain then they solved numer-
ically using the fourth order Runge-Kutta method. The obtained findings revealed
that the growing in the Hartmann number causes a reduction in both of the hybrid
nanofluid and dusty velocities while the mixture temperature is enhanced. Also, the
temperature distributions are supported when either the Grashof number or the
amplitude ratio is altered.
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Introduction

Various practical applications can be found for the peristalsis flow inside irregular do-
mains. These applications include, for example, movement of the food in the intestine tract, the
urine passage from a kidney to the bladder blood flow in small veins and arteries of the blood
circulation, transferring the ovum in the Fallopian tube and the movement of sperm in the chan-
nels. Also, there are many applications of peristaltic motion in the biomedical devices, such as
blood pumps and heart lung machines. In the related context, Latham [1], Mishra and Pandey
[2] proposed the physiology of the gastrointestinal tract as an example for the peristalsis flow.
Also, the peristaltic flows in curved channels were handled by several studies [3-11]. Sato et al.
[3] discussed the peristaltic flow in a curved channel. Ali ef al. [4] studied the peristaltic flow
in a curved channel with a long wavelength approximation. Ali et al. [5, 6] examined effects of
the heat transfer and fluid-flow of a non-Newtonian third grade fluid in a curved channel. Hayat
et al. [7] discussed the Newtonian fluid peristaltic flow, heat and mass transfer in a curved chan-
nel with compliant walls. The investigation in [7] was extended by Hayat et a/l. [8] and Hina
et al. [9] to include case of a third grade fluid. Hina et al. [9] considered case of the peristaltic
motion in curved channels contain compliant walls using Johnson-Segalman fluid. Hina ez al.
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[10, 11] examined the double diffusive together with impacts of the wall properties on the per-
istaltic flow of Johnson-Segalman and the peristaltic flow of pseudoplastic fluid, respectively.

Recently, the hybrid nanofluid which is considered as a novel type of the nanofluids
received a major attention from the researchers due to their applications in various fields. The
traditional nanofluid mixture is introduced for the first time by Choi [12] who studied the pure
fluids with suspended nanoparticles. His results indicated to the substantial augmentation of the
heat transported in suspensions of Cu or Al nanoparticles in water or other liquids. Additionally,
the transport governing equations in which the Brownian motion and thermophores impacts
were assumed have been presented by Buongiorno [13]. Using these types of mixtures, the per-
istaltic flows inside the curved channels are still few. Hina ez al. [14] discussed numerically the
peristaltic flow of a nanofluid in a curved channel. Ayub ef al. [15] studied the mixed convection
in the presence of a thermal radiation and a chemical reaction, analytically. The results indicat-
ed that the heat transfer rate decreases with the increase in thermophoresis parameter. Narla et
al. [16] studied the peristaltic transport of a Jeffrey nanofluid in a curved channel and examined
effects of various parameters on the fluid-flow and the temperature distributions. Noreen ef al.
[17] discussed the induced magnetic field effects on the peristaltic flow in a curved channel.
They found that an increase in the Brownian motion and thermophoresis parameters causes an
increase in the temperature profiles. Hayat et a/. [18] studied the peristaltic motion of a Cu-wa-
ter based nanoliquid with the thermal slip conditions. Hayat et al. [19] studied the MHD peri-
staltic flow of Sisko nanofluids with the Joule heating effects. They used a numerical treatment
for the governing equations. They found that the increasing values of the curvature parameter
results in symmetric behaviors at the centerline of the channel for the velocity, temperature and
concentration distributions. Tanveer et al. [20] studied the peristaltic motion of a Sisko fluid
with homogeneous-heterogeneous reaction effects. The results revealed that the lower velocity,
temperature and concentration profiles are obtained in case of the higher bending. Tanveer et
al. [21] studied the peristaltic flow of Eyring-Powell nanofluids in a curved channel with com-
pliant walls. They found that the Eyring-Powell parameters tend to decrease the velocity and
temperature of the nanofluid while the concentration bears a dual response. Hayat et el. [22]
discussed the peristalsis of MHD Jeffery nanofluids in a curved channel with a porous medium.

In a related context, there are several practical applications in atmospheric, engineer-
ing and physiological fields can be found for the dusty mixture such as conveying of powdered
materials, purification of crude-oil, environmental pollutants, dust in gas cooling systems, pe-
troleum industry. Rudinger [23] presented a valuable book that includes many other applications
of the dusty mixture. Farbar and Morley [24] used a circular tube as a flow domain to examine
the heat transfer convective flow of the gas-solid mixtures. The dusty model for the laminar
flow was proposed by Saffman [25]. Various works [26-33] extended the dusty fluid topic with
different physical circumstance. Recently, many researchers attempt to generalize these topics
in case of the nanofluids. Siddiqa et al. [34] conducted an analysis of a two-phase natural-con-
vection flow of dusty nanofluid along a vertical wavy surface. They found that presence of
the dust particles have a notable influence on the temperature distribution as the isotherms get
stronger for the dusty water. Begum et al. [35] studied the gyrotactic bioconvection of the dusty
nanofluid along an isothermally heated vertical wall. They applied a numerical treatment for the
mathematical model using the two-point implicit finite difference method. Gireesha et al. [36],
Gireesha et al. [37] studied the Hall effect on a two-phase transient flow with stretching sheet
using KVL model and irregular heat generation/consumption, respectively. The references
[38, 39] handle interesting studies in these topics.



Ahmed, S. E., et al.: Magnetohydrodinamic Dusty Hybrid Nanofluid Peristaltic Flow ...
THERMAL SCIENCE: Year 2021, Vol. 25, No. 6A, pp. 4241-4255 4243

In all of the aforementioned works, the magnetic peristaltic motion of the dusty hybrid
nanofluids in complex channels is ignored. Therefore, this paper aims to present comprehen-
sive simulations for the MHD convective peristaltic flow of a hybrid nanofluid within a curved
channel. Water is assumed as a base fluid while hybrid nanoparticles of Cu and Al are used as
well as the one phase model is applied to simulate this situation. During the formulation of the
problem the approximation of the low Reynolds number and the long wave length are taken
into account. Also, one of the objectives of this study is to express the pressure distributions
in the flow domain and examining effects of the dusty and geometry parameters on the hybrid
nanofluid-flow and temperature distributions.

Discerption of the problem and
mathematical formulation AT -

The time-dependent 2-D peristaltic flows
of dusty hybrid nanofluids within curved chan-
nels are considered. The physical model of the
channel and the co-ordinates system are depicted
in fig. 1. In order to formulate the governing sys- ;
tems of the problem, the following assumptions ' 0 '
are considered: Figure 1. The physical model of the channel
— The X-axis is considered along the wall of the channel while the R-axis is considered normal

to the channel surface.

— Width of the channel is 2d, surrounded in a circle of a radius R and a center O.

— The mathematical formulation of the irregular boundaries of the channel is
n =+ [d, + asin(X — cf)(2n/2)] where ¢, a, and A are the speed, amplitude, and length of the
wave.

— The components of the suspension are water as a based nanofluid and hybrid of Cu and
AlLOj; nanoparticles.

— Table 1 shows the values of the thermophysical properties of the mixture components.

— A thermal equilibrium model is considered between the base fluid and the hybrid nanopar-
ticles.

— The magnetic field, Joule heating, and viscous dissipation impacts are taken into account.

— The linear Boussinesq approximation is applied for the suspension density.

— Uniform sizes of the dusty particles are assumed and they distribute equally in the mixture.

Peristaltic wall

Table 1. Values of the base fluid and nanoparticles
thermophysical properties

Property H,O ALO; Cu
p 997.1 3970 8933
¢ 4179 765 385
k 0.613 40 401
21-10° 0.85-10° 1.67-10°
o 0.05 1-101 5.96 - 107

Under all the aforementioned assumptions, the governing equations of the problem are
introduced as, see [14, 26, 27]:
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where U, V, U, V; are the velocity components of the fluid and dust phase, in the laboratory
frame (R, X), P, P, are the pressure, of the fluid and dust phase, g,,, — the electrical conductivity,
ps ps are the density of the fluid and dust phase, u — the dynamic viscosity, v — the kinematic
viscosity, k — the thermal conductivity, ¢, — the specific heat at constant pressure, C — the con-
centration, 7— the temperature of the fluid, a — the coefficient of linear thermal expansion of the
fluid,  — the coefficient of expansion with concentration, and g — the acceleration due to gravity.
If (7, x) and (u, v), (u,, v;) are the co-ordinates and velocity components in the wave frame then:

X=X-ct, 7=R, u=U-c, v=V, P(x)=P(X.1)

_ — 9
7.=0, ¢, %=V, B(x)=R (%) )
Also, the following non-dimensional quantities are introduced:
— — — — I_) 2 —
R U N T T S /M B
A d, c co A cul | | (10)
R - T-T, i, Rd;
k:—l’¢:C Co’ez O,MS:u—s, VS:v—S,[)S: Sdl
d, G Ty c co cul

where the subscript s refers to the dusty phase and 0 refers to the conditions at the channels
walls. Moreover, definitions of the stream function for the nanofluid phase y and the dusty
particles phase  are expressed:
S__a_y/,u__a_n//’ v, = ok 61//"): ok oy (11)
or or r+k Ox r+k Ox
When the pervious equations, eqs. (9) and (10), are inserted in the systems of

eqs. (1)-(8) and taking into account estimations of the low Reynolds number and long of the
wave length, the governing systems are given:
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opP
E_O (12)
: 1-
__k a_P+'uh"f Pr 1 - 0 (r+k)2 _‘//rr_( ‘//r) I
r+k Ox  py Py (r+k) or r+k
(’D’B)hf O-hf
+—— Gr 6+ Do, (v, —y,)———~—Ha*(1-y,)=0 (13)
(o5), W) e )
1 (/"’p)f khnf[aze 1 ae} (pcp)f uh,,f( x//,—ljz 2 (pcp)f
—+ — |[+Ec-——F——| —y,, + —
Pr (pcp)hnf kf or r+k or (pcp)hnf My r+k 3Pr (pcp)hnf
pc pc
-D,a, (6’3—9)+@DsadEc(t/7ry/r)2+o-hnf ( p)f Ec Ha® ! > (1—1//,)2 =0 (14)
(P, o (pep),,  (r+R)
— Dusty particles
o, =0 15
Fo (15)
k OF, _
0=———"2 0, (7, -v,) (16)

r+k GX_



Ahmed, S. E., et al.: Magnetohydrodinamic Dusty Hybrid Nanofluid Peristaltic Flow ...

4246 THERMAL SCIENCE: Year 2021, Vol. 25, No. 6A, pp. 4241-4255
0=(6,-0) (17)
where
ve(pe, ), - & dtg(pB), Ty
Pr:M, RGZM’ Ecz%, Gr:#
K H c, | T HeC
f A P : f
Pl (18)
Bldlo, d?
Hal=—21"7 f,;/:C—S,ozd:—1 ,z’t:zz’m;/Pr,Dszﬁ
iy ¢, T,V 2 Pr

where Pr is the Prandtl number, Re — the Reynolds number, Ec — the Eckert number, Gr — the
Grashof number, Ha — the Hartman number, y — the specific heat ratio of the mixture, D, — the
mass concentration of particle phase and a, — the dust parameter. Also, egs. (12), (13), (15), and
(16) after eliminating the pressure terms are written:
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— The corresponding boundary conditions
w=¢§, %:1, 0=0, $=0, ;7:1%, %:1’ 0, =0 at r=+(lL.+esin2nx)  (22)

On the other hand, rate of the volume flows in the laboratory frame and in the wave
frame are given, respectively:

-
0= J.U(R,X,t) dR (23)

-
q= I u(r,x)dr (24)
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The dimensionless mean flows in the laboratory, @, and in the wave frame, F, are defined:

0] F
O=—= and F=—— 25
cd, o cd, 25)
where O is the time averaged flow over a period T and it is given:
T
— 1
0= ! Odr (26)
From the previous equations, the relations are obtained:
O=F+2 (27
7
F=[v,a (28)
-n
Additionally, the hybrid nanofluid properties are evaluated according to the correla-
tions:
Ping = Pa1,0, Pa1,0, T PeuPeu (L= 8) oy (29a)
(P pns = (175;\1203 (PC,) a0, + Peu(PCy)cu + A=) pc, )y (29b)
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Method of solution

To solve the governing equations (14), (15), (18), (20), and (21), it is needed to map
the wavy boundaries into a rectangular computational domain. Therefore, the following new
independent variables are introduced:
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— The partial derivatives for the dependent variables are obtained
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Using egs. (30) and (31), the computational domain is transformed to -1 < ' <1
which makes the applying of the numerical method is available. Here the Runge-Kutta method
with shooting technique is used to solve the resulting system of the equations. The number
of the grid points are taken to be equal 401 and the convergence criteria is 10°¢. In addition, a
validation test consisting of comparisons with previously published results is performed and
presented in fig. 2. It is found very good agreements are observed between the presented study
(in special cases) and those obtained by Hina et al. [14].
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Figure 2. Validation tests at a, =0 and D, = 0 ; (a) present results and (b) [14]
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Results and discussion

Discussion of the obtained results is notified in this section. A set of graphical re-
sults in terms of the velocity profiles for the dusty particles, temperature distributions and
nanoparticle volume fraction are presented in figs. 3-16. During these computations, the gov-
erning parameters are considered in wide ranges i.e. range of the thermal buoyancy parameter
1 < Gr < 4, range of the Hartmann parameter is 0 < Ha < 4, range of amplitude ratio is
1 <€ <5, range the Eckert number is 0.1 < Ec < 0.5 and range of the Cu nanoparticles is
0 < ¢c, <0.05. Here it should be mentioned that from eq. (17), the profiles of the temperature of
the dusty particles are the same of nanofluid temperature. Also, values of the mass concentration
of the dusty particles, D,, and the dusty parameters, o, are assumed 0.1 and 10, respectively.

Figures 3-5 show the profiles of the fluid velocity, dusty velocity and fluid temperature
for various values of Hartmann number at Gr=1,¢=0.2, Ec=1,Pr=6.82, k=5, a,= 10,
D, = 0.1, ¢c, = 0.01.The results revealed that the growing in the magnetic parameter causes a
diminishing in the convective process and hence both of the fluid and dusty velocities are re-
duced. Physically, these behaviors are due to the Lorentz force resulting from the magnetic field
that works against to the hybrid nanofluid-flow. On the contrary, the temperature distributions
are enhanced as Hartmann number is increased due to the increase in the thermal boundary-lay-
er as the magnetic force is enhanced.

1.5 1.5
fs'

1R

. Ha=01234 ,~— 5l Ma=01,234 4 ‘ ‘
"0 01 02 03 04 05 06 07 08 09 n ! “o0 0.2 04 06 o8 1
Figure 3. Fluid velocity for different values Figure 4. Dusty velocity for different
of Haat Gr=1,¢=0.2, Ec=1, Pr =6.82, values of Haat Gr=1,¢=0.2, Ec =1,
k=5,a,=10,D,=0.1, ¢c, = 0.01 Pr=6.82,k=5,a,=10, D;=0.1, ¢c, = 0.01
35 ‘ ‘ ‘ :
.| Haf0,1,2,3,47
25 |
20 |
15t
Figure 5. Profiles of the fluid o
temperature for different values I
of HaatGr=1,¢=0.2,Ec=1, 50
Pr=6.82,k=5,a,=10,D,=0.1,
¢Cu =0.01 0
-5
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Figures 6-8 display the hybrid nanofluid velocity, dusty velocity and mixture tempera-
ture for various values of Grashof number at ¢, =0.01,€=0.2, Ec=1,Pr=6.82, k=5, a,= 10,
D, =0.1, and Ha = 1. It is noted that in the rage 0.25 <5 <0.75, the alteration of Gr causes that
the hybrid nanofluid and dusty velocities tend to decrease while the inverse behaviors are noted
for the other values of 7. Additionally, the hybrid nanofluid temperature is increasing as Gr is
growing, for all values of 7.

Gr=1,2,3,4
S SR SR )
™0 01 02 03 04 05 06 07 08 09 " 1 0 01 02 03 04 05 06 07 08 0.9’] 1
Figure 6. Fluid velocity for different values Figure 7. Dusty velocity for different values
of Gr at ¢, =0.01,¢=0.2, Ec=1, Pr=6.82, of Gr at ¢, =0.01,¢=0.2, Ec=1, Pr=6.82,
k=5,a,=10,D,=0.1,and Ha=1 k=5,a,=10,D,=0.1,and Ha=1
70
%60l
50 |
40 |
30 ¢ Figure 8. Profiles of the fluid
20 | temperature for different values

of Gr at ¢c,=0.01,=0.2,
10 Gr=1,2,34 1 Ec=1,Pr=6.82, k=5, a,= 10,
D;=0.1,and Ha=1

0 01 02 03 04 05 06 07 08 O.9n‘l

Profiles of the hybrid nanofluid velocity, dusty velocity and the suspension tempera-
ture for various values of amplitude ratio at ¢c,=0.01, Gr=1,Ec=1,Pr=6.82, k=5, oy, = 10,
D;=0.1, and Ha = 1 are displayed in figs. 9-11. Like impacts of Grashof number on the hybrid
nanofluid and dusty velocities, the variations of € reduces the velocity components in the range
0.25 <5 <£0.75 while these componenets are enhanced in the remaining values of #. Further-
more, a clear enhancement in the temperature distributions is given as the amplitude ratio 7 is
growing. The increasing behaviors of the temperature are noted for all values of # with higher
variations of the temperature when € is altered from 0.8 to 1 comparing to the other values of e.

In figs. 12-14, impacts of the curvature parameter, k, on the velocities of the hybrid
nanofluids and dusty phases together with the temperature distributions at ¢, = 0.01, Gr =1,
Ec=1,Pr=6.82, a,=10, D;=0.1, Ha= 1, and € = 0.2 are displayed in figures are illustrated.
The findings disclosed that there are two opposite behaviors are observed as k is increased.
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Figure 9. Fluid velocity for different values
of e at ¢pc, =0.01, Gr=1,Ec=1, Pr=6.82,
k=5,a,=10,D,=0.1,and Ha =1

Figure 11. Profiles of the fluid
temperature for different values
of € at ¢, =0.01, Gr=1,Ec=1,
Pr=6.82, k=5,a,=10,D,=0.1,
and Ha=1

| €=02,04,06081

0 0.2 0.4 0.6 QSn 1

Figure 10. Dusty fluid velocity for different
values of € at ¢c, =0.01, Gr=1,Ec=1,
Pr=6.82,k=5,0,=10,D,=0.1,and Ha=1
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Those are enhancements of the velocities as & is growing in the lower part of the channel and a
weakness in the flows as k increases in the upper parts of the channel. However, the temperature
distributions are diminishing as k is altered in the whole domain. All these behaviors show that
the curvature parameter is a good factor in controlling the flow and thermal fields.
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Figure 12. Fluid velocity for different values
of k at ¢, = 0.01, Gr=1, Ec=1, Pr=6.82,
a,=10,D,=0.1, Ha=1, and ¢ =0.2
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Figure 13. Dusty velocity for different values
of k at ¢, =0.01, Gr=1, Ec=1, Pr=6.82,
a,=10,D,=0.1, Ha=1,and ¢ =0.2
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20 ¢ Figure 14. Profiles of the fluid
temperature for different values of k at
¢cu=0.01, Gr=1,Ec=1,

Pr=6.82, a,=10,D,=0.1, Ha=1, and

c=0.2

k=1,2,3,4,5
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The temperature features for t’Le different values of the Eckert number and the Cu
nanoparticles volume fraction ¢¢, at Gr=1, k=5, Pr= 6.82, a, =10, D,=0.1, Ha= 1, and
€ =0.2 are displayed in figs. 15 and 16. The results revealed that the temperature distributions
are augmented as Eckert number is increased. Physically, the growing in Eckert number means
the increase in the viscous dissipation process which heated up the mixture and hence the tem-
perature distributions are enhanced. On the contrary, the growing in ¢, makes the mixture more
viscous and thus the convective process is reduced and as a result the temperature distributions
are diminishing as ¢@¢, is increasing.
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Figure 15. Profiles of the fluid temperature Figure 16. Profiles of the fluid temperature
for different values of Ec at ¢, =1, Gr=1, for different values of ¢c, at Gr=1, ¢ =0.2,
k=5,Pr=6.82,a,=10,D,=0.1, Ha=1, and Ec=1,k=5,Pr=6.82,a,=10,D,=0.1,
€=0.2 Ha=1
Conclusions

The current study carried out numerical simulations for the magnetic convective per-
istaltic flow of a dusty hybrid nanofluid in curved channels. The low Reynolds number and the
long wave length approach are assumed. Two systems of the equations are presented for the
hybrid nanofluid and the dusty particles phases. A mathematical form for the pressure distri-
butions is introduced and validation tests with previously published results are performed. The
main outcomes of this study can be summarized as follows.
® The temperature lineaments are supported as either the Hartmann number or the Grashof

number are growing.
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An increase in the Eckert number enhances the viscous dissipation process and hence the
temperature distributions tend to increase.

A weakness hybrid nanofluid and dusty flows are given as the magnetic force is enhanced.
Values of the dusty temperature are equal values of the nanofluid temperature regardless
variations of the governing parameter.

Velocity of the dusty particles is reduced as the Grashof number and the amplitude ratio
increase (particularly at the mid-section of the channel).

The current study can be extended in the future to include the radiation impacts, variable
magnetic field and non-linear Boussinesq approximation.
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Nomenclature

a — dimensional wave amplitude Greek symbols

¢ —wave speed o — coefficient of linear thermal expansion

¢, — specific heat at constant pressure a, — dust parameter depending on the relaxation
c - concentration time of the particles and the buoyancy force
d, - thickness of the channel

D, —mass concentration of the dust particle
Ec — Eckert number

— gravity acceleration
Gr — Grashov number
Ha — Hartmann number
— curvature parameter
— pressure

Pr — Prandtl number

R, —radius parameter
Re — Reynolds number

T —temperature, [K]

g

k
P

t

— time P
(U, V) —velocity components in the

— coefficient of thermal expansion
— wave number

— amplitude ratio

— dimensionless temperature

— thermal conductivity

— wave length

— dynamic viscosity

— kinematic viscosity

— density

— superficial tension, [Nm™]

7, —momentum relaxation time
7, — thermal relaxation time

— nanoparticle volume fraction
w — stream function

AV RTINS

R and X direction

(R,X) - dimensional Cartesian co-ordinates Subscripts
(r, x)  —dimensionless Cartesian co-ordinates £ _fluid

P —nanoparticle
s —dusty
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