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Fractal calculus is an excellent tool to explaining natural phenomena in porous 
media. In this paper, we first give a simple introduction on He’s fractal derivative, 
and then it is used to establish a model for thermal conduction of silkworm cocoon 
reveal its biomechanism. The theoretical results obtained in this paper are helpful 
for the biomimetic design.
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Introduction

China is the first country in the world to raise silk from the silkworm cocoon, dating 
back to more than 5000 years [1]. He [1] claimed that silk is of China, and China is of silk. 
Both the words of China and silk came from a Chinese character si (丝) for silk. Silkworm 
fibres are extracted from silkworm cocoon and become a raw material for weaving silk. 
Silkworm fibres have long been used for textiles as an excellent natural materials, and silk 
fibroin [2-4] is widely used for fabrication of nanofibers for various advanced applications by 
either the electrospinning or the bubble spinning [5-11]. Silkworm cocoons have very good 
protective effect on silkworm pupa. Firstly, cocoon can protect silkworm pupa from other an-
imals. Secondly, no matter how low/high the temperature outside, silkworm cocoons always 
can maintain a certain temperature suitable for silkworm life. Thirdly, when it is raining or 
wet outside, the silkworm cocoon always keeps its inside dry. Silkworm cocoons have such 
excellent properties that it would be very meaningful if we research them and applied them to 
textiles. Chen et al. [12], gave a theoretical study of silk’s waterproof and dustproof proper-
ties [12], Chen et al. [13] suggested a fractal nanohydrodynamics for explanation of cocoon’s 
excellent air permeability, and they claimed that the cocoon is a real emperor’s new clothes. 
All the excellent properties of the silkworm cocoon come from its hierarchical structure. 
Many experimental studies revealed that air permeability can remarkably be improved by a 
hierarchical structure [14, 15]. 

In this paper, He’s fractal calculus [16, 17] and two scale transform method are ad-
opted to elucidate the heat conduction mechanism of silkworm cocoon. In addition, experiment 
will be done to explain the waterproof mechanism of silkworm cocoon. 
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A brief introduction fractal calculus

The fractal calculus studies phenomena arising in porous media [16], so it is extreme-
ly suitable to reveal the hidden mechanism of the cocoon. In the past decades, both engineering 
and mathematicians have devoted considerable effort to the study of fractal geometry, fractional 
calculus and fractal calculus. The fractal calculus is a very excellent tool to elucidate a lot of 
natural phenomena [18-30]. The most used fractal derivative is (Chen’s fractal derivative) [17]:
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where α is an index different from an integer number, generally α < 1. Though it is simple in 
form, it has no physical meaning.

In this paper, we use the He’s fractal derivative to elucidate the thermal transfer of 
silkworm cocoon. The He’s fractal derivative is defined [17]:
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where α is the fractal dimensions, Δx is a very small value different from zero, it is a porous 
size of the cocoon. He’s fractal derivative has attracted the interest for many researchers. It 
can well explain many physical phenomena, for example, wool fibers, water permeation and 
heat transfer in fractal media. The He’s fractal derivative is very similar to the local fractional 
derivative defined [17]:
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Fractal model for heat transfer of silkworm cocoon 

The silkworm cocoon is a fractal porous hierarchy [12, 13]. In order to clearly explain 
the fractal model for heat transfer of silkworm cocoon, we use the Fourier’s law of thermal 
conduction:
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where λ is the material conductivity, σ – the heat flux and the temperature gradient is ΔT/Δx. 
In the continuous medium, the eq. (1) can be written:
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Substitute eq. (4) into eq. (3), we obtain:
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In this paper, we will use He’s fractal derivative [16] to explain the fractal model of 
heat transfer of silkworm cocoon, so eq. (5) have to be modified for fractal media. We have:
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where T is the temperature, α – the fractal dimensions of fractal medium, Q0 – the heat source 
and D/Dxα – the He’s fractal derivative defined:
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where α the fractal dimensions of silkworm cocoon, Δx – the very small value different from 
zero, it is the porous size of the cocoon. The value of fractal dimensions is equal to the order of 
fractal derivative. There are many analytical methods for solving eq. (6) [31-33], in this paper 
we adopt the two scale transform method [34, 35], which is to convert a fractal space to its 
continuous partner as explained in [36]. Let:
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Equation (6) can be written into its partner:
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A Taylor series solution [37] can be easily found for eq. (9), in this paper, we mainly 
consider the steady case of the model of heat transfer of silkworm cocoon, eq. (9) can be written 
into the form:
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Its exact solution:
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Substituting eq. (8) into eq. (11), we have:
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Using the boundary condition, we can obtain the result:
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The temperature of silkworm cocoon change is very slowly on its inner-surface. So 
we can obtain:
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If the fractal dimensions [38-45] of silkworm cocoon are α > 1.5, we have:
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It contradicts to the fact of the very slow change of body temperature for silkworm 
cocoon. In order to eliminate the contradictory fact, we have:
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From eq. (18) we obtain a critical thickness for the cocoon, less than which the bio-
mechanism becomes invalid. 

Thus, eq.(13) can be written into:
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The fractal dimensions of silkworm cocoon are α > 1.5, we can easily find the results:
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Equations (20)-(22) show that the temperature change on the inner surface of silkworm 
cocoon surface is quite slow regardless of the temperature of external environment. Equation 
(19) shows the properties of the solution for different fractal dimensions α. It is clearly when the 
fractal dimensions α > 1, the inner temperature of the cocoon changes very small regardless of 
the temperature of external environment of the silkworm cocoon.

When Q0 = 0, the solution of eq. (10):
T Xκ µ= + (23)

Substitute eq. (8) into eq. (23), we have:
T xακ µ= + (24)
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Using the boundary condition, we can obtain:
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The eq. (25) has the following property:
–– when α > 1, we have
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–– when α < 1, we have
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According to eq. (25), the slope at x = 0 depends on the value of α. 

Conclusion 

In this paper, we give a simple introduction He’s fractal calculus [16]. The model of 
thermal conduction of silkworm cocoon is described by He’s fractal derivative. Our results 
show that the fractal calculus is a powerful and effective tool to dealing with natural phenom-
ena in porous media. The establishment of thermal conduction mechanisms for the silkworm 
cocoon will be helpful for the biomimetic design.
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