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We present explicit exact solutions of some evolution equations including cubic
Boussinesq and coupled Higgs system by the unified method. The explicit solu-
tions are expressed in terms of some elementary functions including trigonometric,
exponential, and polynomial. The method is applied to a number of special test
problems to test the strength of the method and computational results indicate the
power and efficiency of the method.
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Introduction

Non-linear evolution equations (NLEE) are significant type of PDE having appli-
cations in many different branches of science and engineering including quantum mechanics,
optical fibres, relativity, plasma, nuclear industry, heat flow, biology, statistical mechanics etc.,
[1-11]. Different types of traveling wave solutions including exponential, rational, hyperbolic,
trigonometric, dark, bright, complex, elliptic, and Jacobi elliptic, functions model many phe-
nomena in science. Recently, physicist and mathematician have made many efforts in finding
the analytic solutions to a number of NLEE. Methods such as F-expansion [12], extended tanh
[13], generalized Kudryashov [14], tanh-sech [15], homogeneous balance [16], exp-function
[17], multiple exp-function [18], Jacobi elliptic function [19], sine-cosine [20], expansion [19]
and Riccati-Bernoulli sub-ODE [21, 22] are highly useful techniques for solving NLEE.

For O(x, t), consider:
R(0,6,.6,,6,..,6,,,6,,..)=0 (1)

For ¢ > 0:

6’(x,t)=9(4'), $=kx—ct 2)
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Equation (1) is converted to the following ODE:
2 3
o080 20 @0 ®
d¢ d¢g° d¢
Most standard methods for solving NLEE based on transfer these equations to ODE,
using appropriate transformation and then solve it, which give travelling wave solutions and
consequently give the solutions of the original NLEE. We observed that there are so many

classes of NLEE arising in physics, fluid mechanics and engineering fields transferred to the
following ODE:

al"+ BO° +y6=0 4)

see [9, 10, 19, 22-29, 31] and so on. This equation is often referred to the pseudoptential or
sagdeev potential [30].

The Jacobi elliptic function expansion method
The JEFEM [19, 31] expresses eq. (3):

N
0(¢)=ap+D 0/ (£)a,6,(¢)+4,6,(¢)] i=1.2.3... (5)
Jj=1

with

0,(¢)=sn¢, 6,(¢)=cng, 6,(&)=sng, 6,(¢)=dng
0,(¢)=ns¢, 0,(¢)=csC, 0,(¢)=nsg, 0,(¢)=ds¢ (6)
05(&)=s¢¢, 05(&)=nc £,04(&)=sdS, Og($)=ndS

in which sn{, cn{, and dn{ are Jacobian elliptic sine, cosine, and third kind functions, respec-
tively. The Glaishers symbols:

ns(zL, ncé’:;, nd{z;, scg“:ﬂ,
sn & cen & dn & cng ™
csé’:%, ds¢ = dng”’ sdd = sng
sng sn¢ and
These functions obey:
snzé’-i-cnzé’:l, dn2§+m2sn2§=l, ns2§’=l+cs2§, ®
n52§ =m’ +d52§, s02§+1 = nczé’, m?sd® +1= nd2§
in which m € (0, 1) is a modulus:
sn'C =enldnl, en'd =—snldnl, dn'*snlenl 9)
ns'¢ =—dsCes(, ds'C =—cslns, cs'd =—nsldsg (10)
sc'C =ncldeC, nc'e =sclded, cd'C =cdlndl, nd™sdcdl (11)

consider

470 19 )
D{dgq}znﬂ;, D ep{dqu =np+s(n+q) (12)
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Hence, we get:

0(&)=aq + jzj\jltanhj_' (¢)a,tanh () +, sech(£)] (13)
e<c>=ao+gcothh“<4>[a,» coth (¢)+,esch ()] (19
0()=a, +gmﬂ () atan (¢)+bysec(¢)] (15)
0(¢)=a + Yot (&)[aycot(¢)+hyese(¢)] (16)

Unified solver

Now we give the unified solver for equation:
ald"+ 0 +y0=0 (17)

Balancing 6" and 6°, gives m = 1. Thus, the solution of eq. (17) takes the form [19, 31]:

0=ay+aysn($)+ben () (18)

in which ay, a;, and b, are constants. From eq. (18) we get:
0'=ayen($)dn($)—bisn($)dn (&) (19)
0" = —mzsn(g)al +2alsn(é')3 m? +2mzsn(§)2cn(§)b1 —alsn(é')—blcn(é') (20)

Writing egs. (18)-(20) in (17) and equating all coefficients of sn°, sn’cn, sn?, sncn, sn,
cn, sn’ to 0, we get:

2am2a1+ﬁ(al3—3alb12)=0 20
2amh + ,B(Safbl —bf’) -0 (22)

a (a =5 ) =0 (23)

aga;b, =0 (24)
aa1(1+m2)—ﬂ(3a§a1+3a1b12)—7/a1=0 (25)
ab - B(3a3h +b] )~ yh =0 (26)

B +3agh} )+ yay =0 27)
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Solving the system, we obtain:
Case 1.
a, =0, g == /—m, b =0, y=a(1+m )
thus
-2
0, (x,1)=+ ﬂ“ msn(¢) (28)
For m — 1, eq. (39) is expressed:
,—2
6 (x,t) =+ Ta tanh(g’) (29)
Case 2.
/—a / a 1
ay :0, a =x ﬁm, bl =—- ﬁm, 7:505(2—”’!2)
thus
6, (x,t)=+ /%msn(é’)— /%mcn(g) (30)
Form — 1, eq. (41) is written:
0, (x,1)=+ /% tanh(¢) - /% sech(¢) 31)
Case 3.
-a a 1 5
ap =0, a =% |—m, = |—m, =—al2-m
0 1 ,/ 25 by "Zﬂ e 5 ( )
then
O (x,t)== f%msn(§)+ /%mcn(é’) (32)
Form — 1, eq. (43):
0, (x,0) =+ | == tanh({ ) + |~ sech(£) (33)
T2 28
Case 4.
ay =0, a,=0, b == /%m, y:a(l—zmz)
then

0, (x,t):i\/%mcn(g”) (34)

Form — 1, eq. (62):

6, (x,t):i\/% sech(é’) (35)
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Test cases for equation af" + 6° + y0 =0
Test Case I: Consider the following cubic Boussinesq eq. [24]:
;(tt_zxx_;(xxxx—f_z(;{s)xx =0 (36)

This equation has physical applications including vibrations in a non-linear string,
non-linear lattice waves and iron sound waves in plasma [32, 33]. Using the transformation

2(0)=2(¢). € =k(x-w) 6
transform eq. (36) into ODE:

—k2;(”+2;(3+(w2—1);(:0 (38)

Comparing it with (17) results that o = &, f =2, and y =w? — 1. Hence, we have:
Case 1. The first family of solutions:

2 (1) = £ kmsn {l{x— -k (1+m2>t}} (39)

As long as m — 1, eq. (39) becomes:
2 (x,¢) =+k tanh [k(x—\ll - 2k? t)} (40)

where £ is arbitrary constant. This solution is depicted in fig. 1.
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Figure 1. Graph of solution of eq. (40) with &£ = 0.45

Case 2. The second family of solutions:
__k / 1.5 - h_1l,2 2
2 (x,t)—iamsn{k{x— I_Ek (2—m )t }—z;mcn{l{x— I_Ek (Z—m )t}} 41)
Aslong asm — 1, eq. (41) becomes:

2 (x,0) = i%tanh{l{x—,/l—%kz t }—i%sech{k{xﬂ/l—%kz t}} (42)

Case 3. The second family of solutions:

sl ]
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As long as m — 1, eq. (43) becomes:

2 (xt) :ig tanh{l{x— @ t}}ﬂ'%sechﬂl{x—@ tm (44)

where £ is arbitrary constant.
Case 4. The fourth family of solutions:

24 (x,t) = %k men {l{x— -k (1—2m2)t}} (45)

As long as m — 1, eq. (45) becomes:
74 (x,1) = iksech {k[x N t}} (46)

where £ is arbitrary constant.
Test Case 2
The second test case is the coupled Higgs system:
y —tt+|u u=2up=0, ¢, + ¢ ~(q ) =0 (47)

in which u(x, t) and ¢(x, ?) are the complex scalar nucleon field and the real scalar meson field,
respectively [34]. Using the traveling wave transformation:

u(x,0) =" (&), $(xt) ="y (&), n(xt) = prart, & =x+ (48)
where p, r, and u are constants. Writing eq. (48) into eq. (47) yields:
(42 =1)q"+(P* - )a—2qv +¢" =0 (49)
(4 +1)9"~2(q)” —249" = 0 (50)
Integrating eq. (49) and neglecting the constant of integration:
(2 +1)y =¢* (51)
Inserting eq. (51) into eq. (50), we obtain:
(,u4—l)q”+(,uz—1>q3+(,u2+1>(p2—r2)q20 (52)
Comparing it with (17) givesa=(u*-1), =(u*—1),and y=(u*+ 1)(p*—):
Case 1.
q (x,t)==i 2(}722_ - +2J msr{x+ pzz_ r +1t} (53)
m”+1 m”+1

Form — 1, eq. (53) becomes:

22
ql(x,t):iiwlpz—r2+4 tanh{x+ P 2r +1t} (54)
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Thus the solution of eq. (47):

U (x,t):iiei(p“”) p-r +4tanh[x+1/

where p, r are arbitrary constants.
Case 2.

;/

— 2(p2—r2)
3 +1msn| x+ —2+1t +

2 /
+ p +1mcn x+
2-m? 2 m?

Form — 1, eq. (56) becomes

qz(x t) i p - +1tanh

1

X+ 2(p2 r2)+lt}

+p’—r +1sech{x+ P’ 2)+1t}
Thus the solution of eq. (47):

u, (x,t) = zel(P+7) (ii\/pz — 72 +1tanh [x+ 2(p2 —r2)+1t} +

+ p -r +1sech[x+ p 2)+1tD

where p, r are arbitrary constants.
Case 3. The third family of equation:

p 22
qs (x t) +1msn x+ +1t -
2-m? 2 m?
2
- p +1mcn X+
2-m?

Form — 1, eq. (56) becomes:

(55)

(56)

(57)

(58)

(59)

q3(x,t):ii\1p2—r2+1tanh[x+,/2(p2—r2)+lt}— -r +1sech|:x+,[2( r2)+1t} (60)

Thus the solution of eq. (47):

u3(x,t)=ie[(p“”)(+z p -r +1tanh{x+ 2(p2 }+

+piHr +lsech{x+ P’ 2)+1tD

where p, r are arbitrary constants.

(61)
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Case 4.
2 2 2
p’- p -r
qu(x,t)=% 2| ———+2 |mcn| x+,|—+1¢ 62
+(v0) 1—2m? 1—2m? 62)

Aslong as m — 1, eq. (62) becomes:

q, (x,t):i 2(r2—p2+2) sech[x+\/r2—p2+lt:| (63)

Thus the solution of eq. (47):

ug (x,1)= +el(Pert) 2(r2 -pr+ 2) sech _x+«/r2 -pr+ lt} (64)

where p, r are arbitrary constants. Figures 2 and 3 illustrate the solutions.
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Figure 2. Graph of real part of solution of eq. (64) with p=1.5 and r=1.4
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Figure 3. Graph of imaginary part of solution of eq. (64) withp=15and r=1.4
Conclusion

We obtained exact solutions of cubic Boussinesq and coupled Higgs system by the
unified method. The explicit solutions are expressed in terms of some elementary functions
including trigonometric, exponential, and polynomial. Tests functions indicated the strength of
the method. As a future expansion of the work, we will apply the method to some other NLEE
having a noise term.
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