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A two-phase lattice Boltzmann method was used to numerically study the boiling 
heat transfer related to the liquid-vapor transition induced by two heated plates. 
The effects of the gravity force as well as the separation between the heated plates 
were examined. The focus is on the bubble departure behavior resulting from the 
interaction between bubbles, which can be roughly classified into four types of pat-
tern according to the separation between plates. In particular, it is shown that the 
bubble merging may take place twice in one cycle when the separation is close to 
a certain value. This is referred to as the pattern of alternation of bubble merging 
before and after departure, for which a sudden jump is seen in the bubble release 
period. Furthermore, the heat flux and the flow features are also shown to illustrate 
the behavior of heat transfer in the present system. 
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Introduction

Liquid-vapor phase transition is very common in the process of heat transfer in pool 
boiling, which is usually characterized by the departure of vapor bubbles at high frequency. 
Much heat carried by the vapor bubbles will be condensed by the cold liquid after departure. 
On the other hand, the quiescent liquid is strongly disturbed when the bubbles rise under the 
action of buoyant force. This may greatly enhance the forced convection by creating a number 
of re-circulation zones. Due to its high efficiency in heat transfer, pool boiling becomes an 
important technique of heat removal in many industrial and engineering fields, such as power 
generation, water purification and air separation. 

Over the last decade, the lattice Boltzmann method (LBM) appears as a popular tool 
for the simulation of multiple-phase flows because of its high ability in dealing with the interface 
between different phases. A number of lattice Boltzmann models were developed to simulate 
the boiling heat transfer involving the phase transition, such as the color-gradient model [1], the 
pseudo-potential model [2], and the free-energy model [3]. Based on these models, much effort 
has been devoted into the numerical study of heat transfer in the pool boiling. For instance, 
Dong et al. [4] used the LBM to investigate the behavior of bubble growth and departure from 
a superheated wall. Their results agree with the experimental data from some literatures. Ryu 
and Ko [5] presented a numerical study on the boiling heat transfer involving a single nucleate 
site and multiple nucleate sites. A power-law relationship between the Nusselt number and the 
number of nucleate sites was proposed [5]. Sun and Li [6] studied the bubble departure diameter 
in pool boiling using a 3-D LBM. They claimed that in the 3-D condition the bubble diameter 
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is proportional to g–0.346, where g is the acceleration of gravity force. This relation is very close 
to the one demonstrated by Sadeghi et al. [7], i. e. g–0.354. Sun and Li [6] also simulated the phe-
nomenon of two bubbles growth and merging. Based on the pseudo-potential model [2], Gong 
and Cheng [8] proposed an improved LBM which is shown to have better ability in tracking 
the liquid-vapor interface. Using this improved LBM the same authors investigated the effects 
of wettability [9] as well as vapor phase’s thermal conductivity [10] on the pool boiling heat 
transfer. Similar work to [9] was also reported by Li et al. [11]. Fang et al. [12] presented a 2-D 
study on the pool boiling with large liquid-vapor density ratio (around 200). Recently, the LBM 
was used to numerically investigate the enhancement of heat transfer in pool boiling involving 
a type of hydrophilic-hydrophobic mixed surfaces. According to these studies [13-15], the use 
of the mixed surface may promote the bubble nucleation and departure, and hence enhance the 
heat transfer of system under certain conditions. Apart from the lattice Boltzmann simulations, 
recent efforts [16, 17] were also devoted to developing some theoretical solutions for the heat 
transfer as well as the fluid-flow. 

In comparison with the study on a single nucleate site, much more attention should be 
paid to the boiling heat transfer involving bubble interactions, which is the general case in the 
engineering and industrial applications. When there are two or more nucleate sites in the pool 
boiling, the interaction between vapor bubbles may be significant in the process of heat transfer. 
For instance, the bubble merging may take place under certain conditions, which has a notice-
able influence on the bubble departure diameter as well as on the bubble release frequency. 
Furthermore, once a bubble departs from the nucleate site the flow disturbance is always seen, 
which may accelerate or decelerate the growth and departure of other bubbles. This is known 
as the hydrodynamic interactions, leading to a strong coupling between the heat transfer and 
the fluid-flow. This makes a pool boiling system more complex. Literature survey shows that 
the pooling boiling involving bubble interactions is far from well understood. This motivates 
the present work.

Two-phase lattice Boltzmann method

In this work we use the two-phase LBM proposed by Gong and Cheng [8] to solve the 
flow and temperature fields, which is briefly introduced here. The lattice Boltzmann equations, 
fi, for the fluid density, ρ, and velocity, u, are expressed:

(eq)1( , ) ( , ) ( , ) ( , )i i i i i i
f

f x t t t f x t f x t f x t f
τ

 + ∆ + ∆ − = − − + ∆ e (1)

where fi(x, t) is the density distribution function corresponding to the microscopic velocity ei,  
∆t – the time step of the simulation, τf – the relaxation time, and fi

(eq)(x, t) – the equilibrium 
distribution function which is given:
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where cs is the speed of sound, and wi are weights related to the lattice model. The ∆fi is the 
discrete form of the body force F [8], which accounts for the inter-particle interaction force Fint 

[8], the gravitational force Fg and the interaction force between solid surface and fluid Fs. The 
fluid density and velocity are obtained through:
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Due to the forcing term [8], the real fluid velocity of fluid U is modified:

2i i
i

tfρ ∆
= +∑U e F (4)

Similarly, another set of lattice Boltzmann equations, gi, are proposed [8] to solve the 
temperature field of fluid, T, which are given:

(eq)
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where τg is the relaxation time for the fluid temperature and gi
(eq)(x, t) is the corresponding equi-

librium distribution function:
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The source term ϕ is responsible for the phase change, determined:
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v
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where p is the pressure and cv is the heat capacity. Then the temperature is obtained:

i
i

T g=∑ (8)

In order to account for the pressure involving phase transition, the Peng-Robinson  
(P-R) equation of state [18] was adopted here. 

Note that for both fi and gi, the 9-velocity model in two dimensions (i. e. D2Q9) is 
used here, which has the following discrete velocity vectors:
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( 1, 1) , for 1 to 8
i

i
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=
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where c = Δx/Δt is the lattice speed and Δx is the lattice space. For simplicity, both the lattice 
space and the time step are set to be 1 in the simulations, i. e. Δx = Δt = 1.

Problem description and validation

This work aims to numerically study the 
behavior of boiling heat transfer induced by two 
nucleate sites, i. e. two heated plates. The focus 
is on the interaction between two vapor bubbles. 
Figure 1 shows the physical geometry of the prob-
lem. The liquid of density, ρs, and temperature,  
Ts , is filled with in a 2-D domain with dimen-
sions L × H. Two heated plates of length, Lh, and 
temperature Th (Th > Ts) are symmetrically placed 
on the bottom wall. The separation between the 
plates is denoted as Ld. For the upper boundary, 
a constant pressure is always maintained. In do-
ing so, the saturated pressure is firstly computed 

Figure 1. Physical geometry and notations 
used in the present problem
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through the P-R equation using both values of ρs and Ts. Then, the unknown distribution func-
tions on the upper boundary are determined through the non-equilibrium bounce-back scheme. 
The periodic boundary conditions are employed in the horizontal direction. In the simulations, 
the parameters are fixed L = 300, H = 600, Lh = 10, and Th = 0.98Tc. The temperature of the 
saturated liquid is chosen as Ts = 0.9Tc (Tc is the critical temperature of the liquid), which cor-
responds to the coexistence densities ρL ≈ 2.324 ρc and ρG ≈ 0.228 ρc (i. e. ρL/ρG ≈ 10). Note that 
ρL and ρG are the densities of the liquid and the vapor, respectively, ρc denots the critical density 
of the liquid. It should be stated here that the parameters are all in lattice units, which is very 
common in the lattice Boltzmann simulations. 

In order to validate our computational 
code, the liquid-vapor coexistence curve ob-
tained from our computations is compared with 
the theoretical curve predicted by the Maxwell 
construction theory, which is given by fig. 2. 
In thermodynamics, the coexistence curve, also 
known as binodal curve, denotes the condi-
tion at which two distinct phases may coexist. 
Equivalently, it is the boundary between the set 
of conditions in which it is thermodynamically 
favorable for the system to be fully mixed and 
the set of conditions in which it is thermody-
namically favorable for it to phase separate. As 
can be seen from fig. 2, our results agree well 
with the theoretical values. Note that ρ/ρc < 1 

and ρ/ρc  > 1 represent the vapor phase and liquid phase, respectively. Furthermore, the liquid/
vapor density ratio can be higher than 1000 for the P-R EOS.

Numerical results

As shown in fig. 3, the separation between 
the heated plates, Ld, has a strong effect on the 
heat flux q (i. e.). Note that q is averaged over the 
two plates, which is given:

heated plates

dTq x
y

λ ∂
= −

∂∫ (10)

where λ is the thermal conductivity which is 
fixed at 1 for the sake of simplicity. In fig. 3  
tc is the time period of bubble departure.

Three representative values of Ld are con-
sidered. For the purpose of comparison, the heat 
flux of a single heated plate is also presented 
in fig. 3. It is clearly shown that the heat flux is 
always larger for the case of two heated plates 
irrespective of the separation between them. 
However, as Ld increases the heat flux decreases 
firstly, then increases. The possible mechanism is 
discussed in the following. 

Figure 2. Comparison of the coexistence curves 
obtained from the present computations and the 
analytical solution (i. e. Maxwell construction 
theory)
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Figure 3. Time history of the heat flux, q, 
averaged over the heated plates for different 
separations between them during two periods: 
note that tc is the time period of bubble 
departure; to provide a direct comparison the 
corresponding result for a single heated plate 
is also shown
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Figure 4 shows the instantaneous flow fields and the density contours at different 
times during one period to illustrate the process of bubble growth and departure. The separa-
tion between the plates is Ld = 2Lh. It is seen that only one bubble is generated due to the pool 
boiling. The two heated plates are so close that the bubbles merge into a bigger one on the wall. 
As a consequence, the general feature for Ld = 2Lh is similar to that for a single heated plate. By 
contrast, two bubbles are clearly seen on the wall if increasing the separation between the two 
plates, e. g. Ld = 3.5Lh as shown in fig. 5. Interestingly, the two bubbles come close to each other 
as they grow, fig. 5(c), which eventually merge into a larger one before departure, fig. 5(d). In 
particular, it can be seen that the residual part of bubble on the wall is nearly condensed by the 
liquid, as shown in fig. 5(a), which is largely responsible for the decrease of heat flux as shown 
in fig. 3. Another consequence of this behavior is the remarkable increasing period of bubble 
release, as one can see in fig. 6. The main reason behind this phenomenon is that the process of 
bubble growth and departure needs a long time when there is little residual bubble on the plates. 

0.2      2

(a) (b) (c) (d)

Figure 4. Instantaneous flow fields and density contours at different times for Ld = 2Lh illustrating the 
process of bubble growth and departure during one period (bubble merging on the wall); (a) t = 1/8tc, 
(b) t = 1/2tc, (c) t = 3/4tc , and (d) t = tc

0.2      2

(a) (b) (c) (d)

Figure 5. Instantaneous flow fields and density contours at different times for Ld = 3.5Lh illustrating the 
process of bubble growth and departure during one period (bubble merging before departure);  
(a) t =1/10tc, (b) t = 3/5tc, (c) t = 9/10tc, and (d) t = tc

When the two heated plates are far away 
from each other, such as Ld = 5.5Lh, no bubble 
merging can be seen, as shown in fig. 7. The 
bubbles are rising separately after they depart 
from the wall. Even so, the interaction between 
them is still significant in terms of the bubble 
departure diameter as well as the fluid velocity. 
Moreover, in comparison with Ld = 3.5Lh, fig. 5, 
the bubble release period is seen to apparently 
decrease. 
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Figure 6. Dependence of the time period of 
bubble release, tc, on the separation of the 
heated plates (Ld/Lh)
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It is interesting to find a unique pattern of liquid-vapor phase change in the present sys-
tem when the separation between the plates is close to 5Lh, as shown in fig. 8. The bubble 
merging occurs twice during one period of cycle. As one can see in fig. 8(a), the bubbles merge 
into a larger one before they depart from the wall, which is similar to fig. 5 (i. e. Ld = 3.5Lh). 
However, the next bubble merging takes place after the bubbles depart, fig. 8(d)-8(f). The pro-
cess is repeated, leading to an alternation of the bubble merging before and after departure. 
The effects of this unique pattern on the bubble release period, fig. 6, and the heat flux, fig. 9,  
are significant. It is clearly seen that there are two peaks in the heat flux during one period, 
corresponding to the alternation of the bubble merging. The most striking observation is the 
sudden jump in the bubble release period, as shown in fig. 6, which is almost twice that seen at  
Ld = 4.5Lh or Ld = 5.5Lh. 

(a) (b) (c) (d)

(e) (f ) (g) (h)

Figure 8. Instantaneous flow fields and density contours at different times for Ld = 5Lh  
illustrating the process of bubble growth and departure during one period (alternation  
of the bubble merging before and after departure): (a) t = 1/20tc, (b) t = 1/10tc,  
(c) t = 3/10tc, (d) t = 3/5tc, (e) t = 5/8tc, (f) t = 2/3tc, (g) t = 7/8tc and (h) t = tc

In order to provide a better understanding of the heat transfer involving two nucleate 
sites, fig. 10 shows the instantaneous contours of the vertical component of fluid velocity for  
Ld = 2Lh and Ld = 5.5Lh, respectively. The results are chosen at the times when the heat flux 
reaches its maximum. For the purpose of comparison, the corresponding result for the case 

Figure 7. Instantaneous flow fields and density contours at different times for Ld = 5.5Lh 
illustrating the process of bubble growth and departure during one period (bubble rising 
separately); (a) t = 1/8tc, (b) t = 5/8tc, (c) t = 7/8tc, and (d) t = tc

(a) (b) (c) (d)

0.2      2
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of a single heated plate is also presented. As 
shown in fig. 10(a), the two plates are so close 
that there is only one large bubble departing 
from the wall, which results in a much stronger 
upward stream as compared with the case of a 
single heated plate, fig. 10(c). This greatly en-
hances the forced convection between the heated 
plates and the cold liquid and improves the rate 
of heat transfer in the pool boiling, in consistent 
with fig. 3. When the two plates are far away 
from each other, e. g. Ld = 5.5Lh as shown in fig. 
10(b), two upward streams are generated due to 
the heated plates, which gives rise to strong flow 
disturbance by creating multiple re-circulation 
zones. This can also be viewed as a consequence 
of the hydrodynamic interactions. The perfor-
mance of heat transfer may be illustrated by fig. 
11, which shows the instantaneous fluid temperature corresponding to each case shown in fig. 
10. In comparison with the case of a single heated plate, much more heat is delivered into the 
cold liquid and eventually dissipated for the case of two heated plates by considering the area 
of the hot fluid which is going up as well as that of the cold fluid close to the heated plates, as 
shown in fig. 11. 

(a) (b) (c)

0        0.04

Figure 10. Instantaneous contours of the vertical component of fluid velocity at the time  
when the heat flux, q, reaches its maximum for the cases of (a) two heated plate at Ld = 2Lh,  
(b) two heated plate at Ld = 5.5Lh, and (b) a single heated plate

(a) (b) (c)

0        0.04

Figure 11. Instantaneous contours of the fluid temperature[(T-Ts)/Tc] at the same time as fig. 10

Finally, our focus moves to the pattern of bubble merging on the wall (i. e. fig. 4). 
As aforementioned, there is only one large bubble when the nucleate sites are close enough 
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Figure 9. Time history of the averaged heat 
flux, q, for Ld = 5Lh during two periods along 
with the corresponding result of a single 
heated plate
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to each other. In this situation the heat transfer 
is enhanced in terms of both the heat flux and 
the bubble release frequency, which is signifi-
cant for the engineering applications involving 
a cooling system. Figure 12 shows the influence 
of the gravity force on this pattern. The normal-
ized critical separation, i. e. Ld

C/Lh, below which 
the bubbles merge on the wall, is seen to linearly 
decrease with the gravity force. This could be 
explained as follows. As the gravity force in-
creases, the buoyant effects become strong. If 
the heated plates are too far from each other, the 
bubbles may depart from the wall separately be-
fore they merge. 

Conclusion

In this work a two-phase LBM was used to numerically study the behavior of heat 
transfer involving the liquid-vapor transition in pool boiling induced by two heated plates. 
Much attention has been paid to the interaction between vapor bubbles. It is shown that the heat 
transfer is greatly enhanced as compared with the case of a single heated plate in terms of the 
heat flux as well as the bubble release frequency. Roughly speaking, four types of bubble de-
parture patterns have been identified according to the separation between the plates, i. e. bubble 
merging on the wall, bubble merging before departure, alternation of bubble merging before 
and after departure and bubble rising separately. When the plates are very close to each other, 
the bubbles merge into a larger one before departure, which is referred to as the pattern of bub-
ble merging on the wall. This pattern is characterized by its large heat flux and high bubble re-
lease frequency. In addition, the critical separation for this pattern is shown to linearly decrease 
with the gravity force. In particular, there is a sudden jump in the bubble release period when 
the separation is close to a certain value (i. e. five times the length of heated plate) because the 
bubble merging occurs twice in one cycle. This is the pattern of alternation of bubble merging 
before and after departure. 
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