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In this paper, a non-linear (3+1)-dimensional Zakharov-Kuznetsov equation is in-
vestigated by employing the subsidiary equation method, which arises in quantum
magneto plasma. The periodic solutions, rational wave solutions, soliton solutions
for the quantum Zakharov-Kuznetsov equation which play an important role in
mathematical physics are obtained with the help of the Riccati equation expan-
sion method. Meanwhile, the electrostatic potential can be accordingly obtained.
Compared to the other methods, the exact solutions obtained will extend on earlier
reports by using the Riccati equation.
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Introduction

Over the past decades, the non-linear PDE which arise in various fields of non-linear
science are vastly studied to reveal the physical systems of all kinds of situations [1-11]. In the
study of mathematical models, we pay more attention to find the exact solution and solitary
solution of these equations. Based on these solutions, researchers can better understand phys-
ical mechanism behind the non-linear model [12].

The Zakharov-Kuznetsov (ZK) equation from many scientific problems including
fluid mechanics is investigated in recent years [ 13]. Here, we will utilize the subsidiary equation
method to construct exact solutions for the non-linear (3+1)-dimensional ZK equation. Hence,
the results of this paper are an extension of the earlier reports.

The non-linear (3+1)-dimensional quantum ZK equation is given:
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where «, 5,y are constants and A is the electrostatic potential.

Method description

In this part, we are going to find soliton solutions, rational function solutions and pe-
riodic solutions of the eq. (1) by using the simplest equation method. Now, we briefly illustrate
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the method. Firstly, we assume that the unknown function of a partial differential equation is
A(x,y,z,t) and use traveling transformation & = kx + [y + mz —ct (here k,/,m are wave num-
bers, c is wave speed). The PDE can be converted to a non-linear ODE with the help of the

traveling transformation:
dF d&°F
— =0 2
{ ()~ T J ()

then we assume that the exact solution of the eq. (2) can be constructed as finite series:

F(&) = Za [Y (&) 3)

where q; is a constant, and Y (&) — the exact solutlon of the well-known equation as the simplest
equation and the general solution is known. The L is a constant and its value is obtained by
using a balance in the eq. (2). At last, substituting of the finite-series of the eq. (3) into eq. (2)
and as a result, a system about polynomial of y(&) is obtained. Equating all the coefficients of
the power of polynomials y(&) to zero yields an equation set. Then, the exact solitary solutions
of eq. (2) are obtained, from which the coefficients «; are obtained.

Subsequently, the Riccati equation is set as the simplest equation to solve the exact
solitary solutions.

The Riccati equation is:

Y=d[Y(HF +bY(§) +c )
where a,b,c are arbitrary constants.
Riccati equation as the simplest equation method

For the eq. (1), the equation can be transformed by using A($) = A(X,Y,Z,T) and
E=kX +1Y +mZ —cT as follow:
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integrating once with respect to & yields:
2
—cA+am%A2 +m(fm* +7/k2+;/12)%=0 (6)

balancing between the highest order non-linear term and the highest order derivative term in the
eq. (5) yields n=2. So, we assume the solution of eq. (6) as follow:

AE) =ay +aY (&) +a, Y (&) (7)

Here, the first-order derivative of Y(&) meets the Riccati equation. Then substituting
egs. (7) and (3) into eq. (6) and setting like power coefficient of Y(&) to zero, we derive an
equation set of algebraic relationship between the parameters of the solution and the parameters
of the solved equation class.

—c(a0 +a1Y+a2Y2)+%(a0 +a1Y+a2Y2)2 +

m(ﬂm2 + 7k +yl? )(ZalaY+alb +6a,aY*+4a,bY + 2a2c)Y§ =0 (8)
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further calculation, we have:
0. ma. 5 3 2 2 _
Y" i —ca, +7a0 +(fm’ +ymk® + yml*)(a,b+2a,c)c =0 )
Y —ca, + maaya, + (Bm® + ymk* + 7m12)(2a1ac+6a2bc + a1b2 ) =0 (10)

Y?:—ca, + ’"70‘(2010612 +a’)+(Bm’ + ymk* + yml*)(8a,ac + 3a,ab +4a,b*) =0 (11)

Y? iamaa,+(fm’ + ymk* + ymi*)(10a,ab + 2a,a*) =0 (12)
v :0‘7’”(122 + (B’ + ymk® + yml*)6aya® = 0. (13)

Solving the previous equations, we can obtain the following results:
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and we have restricted condition:
m* (4ac —b*)? (m* B+ yk* + yI*)? —c* =0 (15)

so, the solutions of the equation are:
Case 1. When b* —4ac >0 and bc # 0 (or ac # 0), the dark soliton of eq. (1):

(b2 +8ac)(,8m2 +rk? +712)m+c
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and a singular soliton:
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Case 2. When b* —4ac <0 and bc =0 (orac # 0), the periodic solution of eq. (1):

(b2 +8ac)(ﬂm2 +7k? +7/lz)m+c
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Case 3. When b* —4ac >0 and bc # 0 (or ac # 0), the soliton-like of eq. (1):
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Case 4. When b* —4ac < 0 and bc # 0 (or ac # 0), the periodic solution of eq. (1):
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Case 5. When a # 0 and b = ¢ =0, the rational wave solution of eq. (1):
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Conclusion

In this work, a non-linear (3+1)-dimensional ZK equation is studied by employing the
subsidiary equation. The exact eleven traveling wave solutions for the quantum ZK equation
are obtained with the help of the Riccati equation expansion method. These solutions include
the dark soliton solution, soliton-like solutions, periodic solution and rational wave solution.
The exact solutions obtained will extend on earlier reports and some restrictions are presented.
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