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In this paper, a Lagrangian of the coupled Navier-Stokes equations is proposed 
based on the semi-inverse method. The fractional derivatives in the sense of 
Riemann-Liouville definition are used to replace the classical derivatives in the 
Lagrangian. Then the fractional Euler-Lagrange equation can be derived with 
the help of the fractional variational principles. The Agrawal’s method is devot-
ed to lead to the time-space fractional coupled Navier-Stokes equations from the 
above Euler-Lagrange equation. The solution of the time-space fractional coupled 
Navier-Stokes equations is obtained by means of RPS algorithm. The numerical 
results are presented by using exact solutions. 
Key words: time-space fractional coupled Navier-Stokes equations,  

Agrawal’s method, residual power series method,  
fractional derivatives

Introduction

Fractional PDE can describe natural and physical phenomena more realistically and 
accurately. For example, it was widely used in rheology, electrostatics, fluid flow, biology, 
reaction diffusion and so on [1-5]. Many problems can be described by partial differential 
equations, such as the KP equation, the mKdV equation, the Schrodinger equation, and the 
Boussinesq equation [6]. In this paper, we use the semi-inverse method , the Euler-Lagrange 
equation and Agrawal’s method [7] to introduce the (3+1)-dimensional time-space fractional 
coupled Navier-Stokes equations, which have certain development significance for the study of 
fractional equation.

In the study of the fractional equation, the solution is important [8-10]. The solving 
mothod is also important for fractional PDE. Recently, there are some importent methods to 
abtain the solution of PDE, such as the Hirota method [11], the optimal homotopyasmptotic, 
the homotopy analysis method [12], and so on [13]. In this paper, the residual power series 
(RPS) method is used to obtain the analytical solution of the Navier-Stokes equations. Unlike 
the classical power series method, the RPS method does not need to compare the corresponding 
coefficients and recursive relations, and does not require linearization, discretization, and per-
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turbation. The main advantage of this approach is that it is easier and more accurate to derive 
solutions than integration. 

Derivation of time-space fractional coupled Navier-Stokes equations

The Navier-Stokes equations is derived from the semi-inverse method, the Euler-
Lagrange equations and Agrawal’s method. And the equation is considered to describe the mo-
tion of fluid in models related to ocean currents, water flow in pipes, weather and so forth.

The unsteady (3+1)-dimensional incompressible Navier-Stokes equations in the 
Cartesian coordinate system is:
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0

0
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	 (1)

with the incompressibility and boundary and initial conditions:

	 0, ( , , , ) , ( , , ) , ( , , ,0) ( , , )t t t b iüüüüüüüüüω+ + = = ∈Γ = 	

where ( , , ) [ ( , , ), ( , , ), ( , , )]U u v w u x y z v x y z w x y z=  is the fluid velocity vector field with the com-
ponents ( , , , )u x y z t , ( , , , )v x y z t , and ( , , , )w x y z t  at the point ( , , )x y z  and time t, 3( , , )x y t RΩ∈ ⊆ , 
Γ  – the boundary of Ω , ( 1,2)i = , P  – the pressure, V – the maximum velocity of the object,  
L – the characteristic linear dimension, µ  – the dynamic viscosity, ν  – the kinematic viscosity, 
ρ  – the density of the fluid, and R  – the Reynolds number, given as / /R VL VLρ µ ν= = .

Let ( , , , ) ( , , , )xu x y z t A x y z t= , ( , , , ) ( , , , )xv x y z t B x y z t= , and ( , , , ) ( , , , )xw x y z t C x y z t= . 
The functional of eq. (1) can be represented:
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( )xzz  	 (2)

where iA , iB , and iC  ( 1, ,8)i =   are the Lagrange multipliers. 
From eq. (2) we obtain: 

	 | | | | | | | | | | | | 0x R x T x Y x Z x R x T x Y x Z x R x T x Y x ZA A A A B B B B C C C C= = = = = = = = = = = = 	

Using the variation optimum conditions and ( , , ) 0J A B Cδ = , we have:
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Comparing eq. (2) with eq. (3), we get:

	 ,1,6,7,8 2,3,4 5
1 1, 1, ( , , )
2 3

A B Cθ θ θ θ= = = = 	
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Substituting the value of ( 1, ,8)i iθ =   into eq. (3), the Lagrangian form of the Navier- 
-Stokes equations can be written:
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In the same way, we have:
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	(5)

where ( )xD f xβ  is the modified Riemann-Liouville (mRL) fractional derivative.
The time-space fractional Navier-Stokes equations is:

	 ( ) ( ) ( ) ( )d d d df R Y Z T
J x y z t Fβ γ ξ α= ∫ ∫ ∫ ∫ 	 (6)

As 0fJδ = , the Euler-Lagrangian equation of the time-space fractional Navier-Stokes 
equations is obtained. Using the fractional potential function, denoted by:

	 ( , , , )   [ , , , ( , , )]xD x y z t T A B C T u v wβθ θ= ∆ = ∆ = 	

we get the time-space fractional Navier-Stokes equation:

	 1 2 0tD T R TD T P D Tα ′∆ + ∆ ∆ + ∆ − ∆ = 	 (7)
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where

	 1 ( , , )T
x y zD D D Dβ γ ξ= ,   2 2 2

2 ( , , )T
x y zD D D Dβ γ ξ= ,   ( , , )x y zP P P P′∆ = 	

and tD fα  is the mRL fractional derivative of function f.

Solving time-space fractional Navier-Stokes equations  
by RPS algorithm

From eq. (7), the RPS method [14] implies the solution of the equations as a fractional 
power series about the initial point 0t =  in the following forms:

	
0 ( 1)
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∞

=

=
+∑ 	 (8)

where 0 1α< < , ( , , )x y z Ω∈ , and 0 t R≤ < . 
For 0t = , the initial conditions can be written:

	 ( , , ,0) ( , , ), ( , , ,0) ( , , ), ( , , ,0) ( , , )u x y z f x y z v x y z g x y z w x y z m x y z= = = 	 (9)

The initial approximation of ( , , , ), ( , , , ) u x y z t  v x y z t , and ( , , , )w x y z t  can be expressed:
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We make a shift of the index n from 0 to 1 as follows:
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The series of , ,u v w, and P , denoted as ku , kv , kw , and kP , can be expressed:
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where 1,2,3k = . 
The residual functions for eq. (7), denoted as Re ,Reu vs s , and Re ws , are defined:
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From eq. (13), the kth truncation error functions can be given:
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Substituting eq. (8) into eq. (14), the new forms of Re ( , , , )uks x y z t , Re ( , , , )vks x y z t , 
and Re ( , , , )wks x y z t are obtained. It is known that Re ( , , , ) 0s x y z t = , lim Re ( , , , ) 0k ks x y z t→∞ = , 

0 0[ , ]t t t R∈ + , where R is a non-negative real number and represents the radius of convergence. 
So Re ( , , , ) 0r

tD s x y z tα = , the Caputo fractional derivative of a constant is zero, the fractional 
derivative r

tD α of Re ( , , , )s x y z t  and Re ( , , , )ks x y z t  are matching at 0t t=  for each ,0 1,2r = . 
Then, let 0 0, 1t r k= = − , we have:

	 ( 1) ( 1) ( 1)Re ( , , ,0) 0, Re ( , , ,0) 0, Re ( , , ,0) 0k k k
t uk t vk t wkD s x y z D s x y z D s x y zα α α− − −= = = 	(15)

In the following step, we can calculate the coefficients ( , , )nf x y z , g ( , , )n x y z , ( , , )nm x y z , 
and 1( , , )nh x y z− , where 1, ,n k=  . Finally, we solve the algebraic system of eq. (15).

Approximate RPS solutions 

For 1k = , we have:

	 1 1 / ( 1)T tατ τ α∆ = + Γ +     and   1 0( , , , ) ( , , )P x y z t h x y z= 	 (16)

Substituting eq. (16) into Re ,Reuk vks s , Re wks  at 0t = , we have the first approximate 
RPS solutions:
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For 2k = , we have:
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Substituting eq. (18) into Re ,  Reuk vks s , Re wks  at 0t = , we obtain the second approx-
imate RPS solutions:
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+

= = + +∫ ∫ ∫ 	(21)

Table 1. The errors of u(x, y, z) 
y = z = π/2              ||u2 – uExact||

x t = 0.2 t = 0.4 t = 0.6 t = 0.8
π/6 4.03∙10–2 1.27∙10–1 2.62∙10–1 4.43∙10–1

π/5 3.87∙10–2 1.17∙10–1 2.36∙10–1 3.95∙10–1

π/4 3.50∙10–2 9.82∙10–2 1.90∙10–1 3.10∙10–1

π/3 2.69∙10–2 6.34∙10–2 1.10∙10–1 1.65∙10–1

π/2 1.47∙10–2 2.95∙10–2 4.42∙10–2 5.89∙10–2

Table 2. The errors of v(x, y, z)
x = z = π/2              ||v2 – vExact||

x t = 0.2 t = 0.4 t = 0.6 t = 0.8
π/6 7.19∙10–1 9.49∙10–1 1.12∙100 1.25∙100

π/5 7.02∙10–1 9.27∙10–1 1.09∙100 1.22∙100

π/4 6.45∙10–1 8.52∙10–1 1.00∙100 1.12∙100

π/3 5.00∙10–1 6.60∙10–1 7.76∙10–1 8.71∙10–1

π/2 1.26∙10–1 1.67∙10–1 1.96∙10–1 2.20∙10–1

Table 3. The errors of w(x, y, z) 
x = z = π/2              ||w2 – wExact||

x t = 0.2 t = 0.4 t = 0.6 t = 0.8
π/6 7.82∙10–1 1.03∙100 1.21∙100 1.36∙100

π/5 7.90∙10–1 1.04∙100 1.23∙100 1.38∙100

π/4 7.67∙10–1 1.01∙100 1.19∙100 1.34∙100

π/3 6.19∙10–1 8.17∙10–1 9.61∙10–1 1.08∙100

π/2 2.28∙10–16 3.01∙10–16 3.54∙10–16 3.98∙10–16
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Numerical results

In this section, in order to verify the accuracy of the RPS method, we study the numer-
ical solution of the time-space fractional Navier-Stokes equations. The errors between the exact 
solutions and the third order RPS approximate solutions when 1α =  at different time t are 
shown in tabs. 1-3.

Conclusion

In the present work, the time-space fractional coupled Navier-Stokes equations was 
constructed using the semi-inverse method and the Agrawal’s method. The analytical solutions 
of the three-dimensional time-space fractional Navier-Stokes equations were obtained by using 
the RPS method, and the numerical results were in good agreement with the exact solution. It is 
shown that the RPS method is a very simple and effective tool for solving linear and nonlinear 
fractional partial differential equations. 
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