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The innovation of this paper is to simulate two-phase nanofluid natural convec-
tion inside the transformable enclosure to control the heat transfer rate under 
different heat flux. Heat transfer of a two-phase CuO-water nanofluid in an en-
closure under different heat flux has many industrial applications including en-
ergy storage systems, thermal control of electronic devices and cooling of radio-
active waste containers. The Lattice Boltzmann method based on the D2Q9 
method has been utilized for modeling velocity and temperature fields. Stream-
lines, isotherms and nanoparticle volume fraction, have been investigated for 
control the heat transfer rate for several cases. The purpose of this feasibility 
study is to achieve uniform temperature profiles and Tmax < 50 °C under different 
heat flux. Natural convection heat transfer in the rectangular and parallelogram 
enclosures with positive and negative angular adiabatic walls were simulated. 
The average wall temperature under heat flux boundary condition has been stud-
ied to predict optimal levels of effective factors to control the maximum wall tem-
perature. The results illustrated parallelogram enclosures with positive angle of 
Case 1 and Cases 3 and 4 with rectangular enclosures were best cases for con-
sidering physical conditions. Average of temperature for these cases were 37.9, 
29.7, and 38.2 °C, respectively. 
Key words: enclosure transfiguration, heat transfer controlling, heat flux,  

lattice Boltzmann method, natural convection, two-phase nanofluid 

Introduction  

Heat transfer of a two-phase CuO-water nanofluid in an enclosure under different 
heat flux has many industrial applications including energy storage systems, thermal control 
of electronic devices and cooling of radioactive waste containers. In these applications, con-
trol the heat transfer rate of a two-phase nanofluid under different heat flux by transfiguration 
of the enclosure have been investigated. So it motivated the researchers to improve their accu-
racy by different ways, such as experimentally, numerically or analytically. 

Not only control the heat transfer rate in an enclosure have been improved the heat 
transfer mechanism, also using a two-phase nanofluid can be assisted the heat transfer in indus-
tries which both of these considered in this literature review. The mentioned industrial applica-
tions of the hybrid heat transfer [1]. In an attempt to solve many problems, particularly in fluid 
mechanics, the lattice Boltzmann method (LBM) [2] has been evolving over the last two dec-
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ades. Physics of microscopic processes are taken into account by simplifying kinetic models in 
LBM. Fluid-flows are then anticipated through the evolution of one-particle phase space distri-
bution functions on associated macroscopic average properties. The LBM simulations, based 
on the gas kinetic theorem, are based on two simple steps: particle distribution collision on lat-
tice nodes and stream propagation from one node to all neighbors along the lattice directions 
[3]. Once streaming is done new distribution components of lattice nodes are calculated, from 
which we obtain the updated macroscopic properties. This method of calculating macroscopic 
values essentially differs from what is done in other traditional CFD methods [4]. Algorithm 
simplicity, fully parallel computation and easy implementation of complex boundary condi-
tions are among the numerous superiorities of LBM [5]. The lattice Bhatnagar-Gross-Krook  
model which is the most popular LBM is known for its remarkable abilities to solve complex 
fluid-flow problems [6] such as natural convection flow, multiphase fluids and suspensions in 
fluids. Moreover, it is shown a strong potential in simulating non-linear mathematical-physical 
equations [7]. It should be noted that these models always deal with stability issues and there-
fore in the last few years, several researches have been done to solve this problem [8] such as 
two-relaxation time (TRT) and multi-relaxation-time (MRT) models. Similar to other prob-
lems, stability issues exist for natural convection problems when the Rayleigh number is in-
creased excessively. Two different forms of double MRT thermal LBM have been utilized by 
researchers, namely Alinejad et al. [9, 10], to improve the numerical stability. Significantly 
improved the numerical stability of the thermal LBM. Based on the proposed model by 
Alinejad et al. [11], a simplified 3-D thermal LBM was presented by Fallah et al. [12], in 
which, the compression work and viscous heat dissipation were neglected for incompressible 
flows. Peiravi et al. [13], successfully used the 3-D thermal LBM to simulate different heat 
transfer problems. Peiravi et al. [14, 15] examined the hybrid heat transfer of an unstable fluid 
in a 2-D channel. Recently Liang et al. [16] studied 3-D model of multi-droplet impact on a 
liquid/vapor two-phase heat transfer on liquid film. Boubaker et al. [17] examined an experi-
mental study of effect of self-rewetting fluids on the liquid/vapor phase change in a porous 
media. Park et al. [18] investigated the thermal performance of a heat transfer augmentation in 
two-phase flow heat exchanger using porous micro-structures and a hydrophobic coating. Burk 
et al. [19] studied computational examination of two-phase micro-channel array with hybrid 
heat spreading. Zhang et al. [20] experimentally investigated on single-phase and two-phase 
convection flow boiling heat transfer in an inclined rod bundle. Liu et al. [21] investigated 
quantify the uncertainty of multiphase CFD simulations of two-phase flow and boiling heat 
transfer through a data-driven modular Bayesian approach. Jiang et al. [22] studied fluid-flow 
and heat transfer characteristics of mist/steam two-phase flow in the U-shaped cooling passage. 
Song et al. [23] experimentally investigated condensation heat transfer performance on two-
phase R14 flow patterns in a horizontal smooth tube. Lee et al. [24] experimentally and com-
putationally examined on two-phase flow and heat transfer of highly subcooled nucleate flow 
boiling in a rectangular channel having two opposite heating walls. Zhang et al. [25] experi-
mentally investigated two-phase flow and heat transfer in a self-developed MRI compatible 
LN2 cryoprobe based cryosurgery system. Moezzi et al. [26] numerically investigated hyster-
etic heat transfer study of liquid-liquid two-phase flow on a T-junction containing water-oil 
flow in cooling processes of micro-channel. Alinejad et al. [40] numerically investigated drop-
let impact over the qubical sylanders with dynamic contact angeles.  

In the present study, the heat transfer of a two-phase nanofluid under different heat 
flux is modeled to enhance the heat transfer rate by transfiguration of the enclosure. The LBM 
is used by FORTRAN software code to investigate controlling the heat transfer rate of a two-
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phase nanofluid under different heat flux by transfiguration of the enclosure. Then the flow 
and heat transfer characteristics are investigated for a two-phase nanofluid. Finally, in order to 
study more precisely, control the heat transfer rate under different heat flux by transfiguration 
of the enclosure have been investigated. In fact, the change in the amount of these parameters 
have been affected on the Streamline, isotherm, nanoparticle volume fraction, velocity and 
temperature fields. 

Problem definition  

The heat transfer rate of a two-phase CuO-water nanofluid under different heat flux 
in a cubical enclosure is presented. The heat transfer characteristics are controlled by transfig-
uration of the enclosure. The boundary conditions for the mentioned problem are shown in 
fig. 1. This figure shows a cubical enclosure that even in six cases of different heat flux but in 
all of cases, total absolute value of heat flux is as the same and equals q″. The dimensions of 
cubical enclosure are L×L. 

 
Figure 1. Schematic diagrams of physical models 

The flow is considered incompressible and fluid properties are assumed constant ex-
cept the density whose varying with the temperature. Hydrodynamic boundary conditions for 
two-phase nanofluid-flow in enclosers are: 

 
0 0 0

at and
0

u x y

v x L y L

    
  

    
 (1) 

Simulation methodology 

Lattice Boltzmann method 

The lattice kinetic theory and especially the LBM have been developed as signifi-
cantly successful alternative numerical approaches for the solution of a wide class of prob-
lems [28]. The LBM is derived from lattice gas methods and can be regarded as a first order 
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explicit discretization of the Boltzmann equation in phase space 
[29-33]. The LBM is a powerful numerical technique, based on 
kinetic theory, for simulating fluid-flow and heat transfer 
[34, 35], and has many advantages in comparison with conven-
tional CFD methods mentioned previously. In contrast with the 
classical macroscopic Navier-Stokes (NS) approach, the LBM 
uses a mesoscopic simulation model to simulate fluid-flow 
[36, 37]. In the LBM, integral distribution functions over bound-
aries must be integral and calculated. Therefore, we need to ob-
tain suitable equations for calculating distribution functions on 
boundaries for a given boundary condition. The present study 
examined 2-D flow by a 2-D square lattice with nine velocities 

and temperature vectors (D2Q9 model) for modeling velocity of fluid-flow and temperature 
fields. The velocity and temperature vectors c0…c8, of the D2Q9 model are shown in fig. 2. 

For each velocity and temperature vector, a particle DF is stored. The velocity of 
fluid-flow and temperature vectors of the D2Q9 model are presented in tab. 1. 

Table 1. Velocity and temperature vectors of the D2Q9 model 

where c = ∆x/∆t and k is the Lattice velocity direction. The LBM used in the present work is 
the same as that employed in [38]. The DF are calculated by solving the Lattice Boltzmann 
equation (LBE), which is a special discretization of the kinetic Boltzmann equation. The two-
phase Boltzmann's equation for a nanofluid can be expressed [39]: 
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where σ = 1, 2 represent the base fluid and the nanoparticle components of the nanofluid and 
f
  is the relaxation time of component σ, respectively. Also, Bi = 6 for i = 1-4 and Bi = 24 for 

i = 5-8. Furthermore, in this equation ei is the lattice velocity vector in the ith direction and 
,eq

if
  is the particle equilibrium distribution function associated with motion along the ith di-

rection in the velocity space. The equilibrium density distribution functions of the σth compo-
nent, ,eq

if
  for the current 2-D application, based on D2Q9 model are: 
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The lattice space δx and the lattice time step δt are taken as unity and their ratio is 
δx/δt. The macroscopic density, kinematic viscosity, and velocity of the σth component are 
given by  ( , ) ( , ),i ix t f x t   2(2 1/6) ,f c t     and ( , ) ,ei i iu xf t   respectively. In 
this equation, the equilibrium velocities ,equ  is given by: 
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Figure 2. The 2-D vectors for 
nine-velocity and 
temperature lattice 

i 0 1 2 3 4 5 6 7 8 

ci (0, 0)c (1, 0)c (0, 1)c (–1, 0)c (0, –1)c (1, 1)c (–1, 1)c (–1, –1)c (1, –1)c 
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The corresponding equilibrium DF for fluid and solid, respectively, the LBE energy 
for nanofluid, based on D2Q9 model is defined: 

 ,eq1( ) ( , ) ( , ) ( , )e , [ ]i i i i ix tg x t t t g g gx t x t   




      (5) 

The equilibrium energy distribution functions can be defined: 
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where gi
  is the ith energy distribution function and 

  is the thermal relaxation time and 
i iT g   is the temperature of the component σ. The corresponding thermal diffusivity is 

calculated as 2 (2 1/6)c .f t       
The velocity and temperature vectors of the D2Q9 model are presented in tab. 2. 

Table 2. Velocity and temperature vectors of the D2Q9 model 

 
The interaction forces between nanoparticles and base fluid considered in this meth-

od include the buoyancy force, the gravity force, the drag force, the Brownian diffusion force, 
and the thermophoresis force. The Boussinesq approximation is applied to exert buoyancy 
force. The buoyancy term is: 

 HF g T    (7) 

where β is the thermal expansion coefficient and ∆T – the temperature difference. Thermo-
phoresis force is written [40]: 
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where A is the coefficient and (k, , ) and (kp) are thermophysical properties of nanofluid and 
particles, respectively. The drag force is obtained from Stokes law for small particles [40]: 

 D p (3π )PF d V V   (9) 

where V is the fluid speed and VP – the nanoparticles speed. 
Brownian motion is the random motion and the Brownian force can be expressed 

[40]: 

 B
bk T

F C
R

  (10) 

where C is the Brownian diffusion coefficient and is set to 1·1014, kb – the Boltzmann con-
stant, and R – the radius of nanoparticle. In this survey, we used CuO-nanoparticles. So, ther-
mophysical nanofluid properties are assumed invariant, and are given in tab. 3. 

i 0 1 2 3 4 5 6 7 8 

ωi 4/9 1/9 1/9 1/9 1/9 1/36 1/36 1/36 1/36 
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Table 3. Thermophysical properties of water and CuO-nanoparticles 

Validation for LBM 

Figure 3 provides a complete comparison of the results of the present simulation 
with the previous results. The temperature and velocity profiles in the middle of enclosure are 
horizontal and gradually deviates towards the hot and cold walls. Figure 3 shows that our 
simulation results had acceptable accuracy and good agreement with Ahmed et al. [40] in  
Ra = 104 and Ra = 106. 

 
Figure 3. Nanoparticle volume fraction distribution at Ra = 106 in (a) present study, (b) [40] 
 

Material ρ [kgm–3] CP [Jkg–1K–1] k [Wm–1K–1] β·105 [k–1] 

Pure water 997.10 4179 0.61 21 

CuO 6500 540 18 0.85 
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Results and discussion 

In present study, heat transfer rate of a 
two-phase CuO-water nanofluid under different 
heat flux in a cubical enclosure is investigated. 
The heat transfer characteristics are controlled 
by transfiguration of the enclosure in six case of 
different heat flux. Figure 4 shows comparison 
temperature fields between these cases under 
different heat flux. We selected cases that ori-
entation of their temperate field were smooth 
and maximum less than 50 °C, Tmax > 50 °C. 
So, with these two conditions, we chose Cases 
3 and 4 that Case 3 was better than Case 4, be-
cause Case 4 was suitable with y/h > 0.7. Also, 
the best selection is an enclosure with heat flux 
rate 3q″/2 and heat flux array is triangular from 
down to up. 

In fig. 5, streamlines, temperature fields and nanoparticle volume fraction with  
CuO-water nanofluid between Cases 3 and 4 are presented. This figure shows that gradations 
of streamlines, temperature fields and nanoparticle are smooth for Case 3. In Case 4, tempera-
ture fields are focused on below part of hot wall but in Case 3, temperature fields are all over 
the hot wall. 

 
Figure 5. Comparison streamline (a), temperature fields (b), and nanoparticle volume fraction (c) 
between Cases 3 and 4  

We designed solutions for Cases 1, 2, 5, and 6 to orientation of their temperate field 
become smooth and maximum less than 50 °C, Tmax > 50 °C. So, we simulated parallelogram 

 
Figure 4. Comparison temperature fields 
between different enclosures under different 
heat flux 
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enclosures with positive and negative angle in adiabatic walls. These approaches able to ori-
entation of temperate field in enclosures become smooth. Figure 6 illustrates parallelogram 
enclosures with positive angle in Cases 1 and 2 cause to orientation of temperate field in these 
enclosures become smooth and Tmax > 50 °C. Also, parallelogram enclosures with negative 
angle in Case 6 with y/H > 0.7 gives smooth in orientation of temperate field with  
Tmax > 50 °C, but in Case 5, parallelogram enclosures with positive and negative angle were 
not suitable solutions. 

 
Figure 6. Comparison temperature fields between different enclosures under different heat flux 

Figure 7 illustrated that in Cases 1 and 2 temperature fields under design parallelo-
gram enclosure with positive angle were transferred better than normal conditions. Also, tem-
perature fields in Case 6 with design parallelogram enclosure with negative angle had conclu-
sions better than parallelogram enclosure with positive angle and normal conditions. These re-
sults agreed with fig. 6. Streamlines under conditions parallelogram enclosures with positive 
and negative angle were compacted and two-phase nanofluid-flow were intensity. According 
to fig. 8, all of these conditions are suitable for especial and different performances. For ex-
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ample, when we needed to compacted streamlines in cold wall so, parallelogram enclosure 
with negative angle in Case 1 was suitable. 

In fig. 9 illustrated when we designed parallelogram enclosure with positive angle 
so, CuO-water nanoparticles volume fraction was transferred to cold wall more than normal 
conditions vice versa parallelogram enclosure with negative angle. So, we can better and fast-
er transfer heat flux to cold wall in different situations. 

 
Figure 7. Comparison temperature fields between enclosures into (a) rectangular, (b) parallelogram 
with positive angle, and (c) parallelogram with negative angle   

Table 4 presented average of temperature on the cold wall of enclosures. So, accord-
ing to base of rectangular enclosures, variation rates of average of temperature in Cases 1 and 2, 
parallelogram enclosures with positive angle were 0.04% and –11%, respectively. Also in Case 
6, parallelogram enclosure with negative angle had 0.01% increasing in rates of average of tem-
perature. These compressions were done according to fig. 6 that we chose these improvement 
cases with conditions. Orientation of temperate field in these enclosures became smooth and 
Tmax > 50 °C. So, Case 1, parallelogram enclosures with positive angle and Cases 3 and 4 were 
best Cases that average of temperature in Case 1 was close to Case 4 with rectangular enclosure. 

Table 4. Average of temperature on the left wall between different conditions of enclosures 

Rectangular Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 

Parallelogram with positive angle 36.532 27.804 29.760 38.228 34.148 42.305 

Parallelogram with negative angle 37.900 24.741 – – 29.577 43.483 
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Figure 8. Comparison streamline between enclosures into (a) rectangular, (b) parallelogram with 
positive angle, and (c) parallelogram with negative angle 

 
Figure 9. Comparison nanoparticle volume fraction between enclosures into  
(a) rectangular, (b) parallelogram with positive angle, and (c) parallelogram with negative angle 
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Conclusions 

In this paper, a comprehensive numerical analysis and control the wall temperature 
fluctuations in a two-phase CuO-water nanofluid under different heat flux by designing the 
transfiguration of the enclosure was investigated. The D2Q9 LB method was used to solve the 
flow and temperature field. Streamlines, isotherms and nanoparticle volume fraction were ex-
hibited for Cases 1-6. Also, we simulated rectangular and parallelogram enclosures with posi-
tive and negative angular adiabatic walls. Finally, the main results summarized: 
 Investigations show that Cases 3 and 4 have approximately uniform temperature profiles 

on the hot wall and that their maximum temperature does not exceed 50 °C. Of course, 
given that Case 3 at all domain but Case 4 within range y/H > 0.7 exhibits quite accepta-
ble behavior. 

 The best choice is a rectangular enclosure with a triangular heat flux on the wall (maxi-
mum 3q″/2). 

 With increasing of cuo nanoparticles to the fluid at all of the enclosers, temperature field 
improved. 

 Simulation of Cases 1, 2, 5, and 6 illustrated that the hot wall of Cases 1 and 2 with posi-
tive angle and Case 6 (y/H > 0.7) with negative angle have uniform temperature profiles 
with Tmax < 50 ºC. 

Nomenclature 

dp – spherical particle diameter of the solid 
fi – particle density distribution function 

eq
if  – equilibrium particle density distribution 

function 
gi – particle energy distribution function 

eqgi  – equilibrium particle energy distribution 
function 

kb – Boltzmann constant 
L – dimensions of channel, [m] 
Ra – Rayleigh number, (= gβΔTL3/να) 
Tc – temperature of the cold wall, [K] 
∆T – temperature difference, [K] 
x, y – coordinates, [m] 

Greek Symbols 

 – thermal diffusivity, [m2s–1] 
 – thermal expansion, [K–1] 
 – density, [kgm–3] 
 – dynamic viscosity, [kgm–1s–1] 
ν – kinematic viscosity, [m2s–1] 
θ  – relaxation time of temperature field 
f – relaxation time of flow field 
Subscripts 

c – cold 
i – direction of lattice link 
f – fluid
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