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With the aid of symbolic computation, some new types of breathing wave solutions
to a (3+1)-D Jimbo-Miwa equation are obtained by the extended homoclinic test
method. Its homoclinic breather-wave solution, periodic oscillating soliton and
doubly-soliton solution are investigated.
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Introduction

It is well-known that many important phenomena in thermal science and other fields
are described by non-linear PDE. With the rapid development of symbolic computation, studies
on various physical structures of solutions of non-linear evolution equations had attracted much
attention in connection with the important problems that arise in scientific applications. Soliton,
multi-soliton or solitary wave, oscillating soliton and breather wave are new types of non-linear
and localized waves with distinct dynamical and physical characteristics in non-linear systems
[1]. The high amplitude wave produced during the collision between soliton and breather can be
used to elaborate the generation mechanism of rouge wave [2]. Multi-soliton or solitary wave
solutions of non-linear PDE may well describe various phenomena in physics and other fields
[3-6]. Some oscillating solitons may be considered as a kind of non-propagation solitons [7-10].
To find new explicit solutions, some effective methods have been proposed [11-15] and the study
of non-linear localized waves and interaction solutions among them is one of the important hot
topics in recent years.

In this paper, we pay our attention to construct new type periodic oscillating solitons
of a non-integrable (3+1)-D PDE called Jimbo-Miwa equation [16] in its potential form, i. e.:

Hyt — Hy, — 3HxxHy — 3nyHx — Hxxxy =0 (1)

It is known that eq. (1) is non-integrable at any meaning [17]. In [18], by using the
direct method due to Clarkson and Kruskalthe, Mei and his co-author found the symmetry of
eg. (1) and some exact solitary-wave solutions were reported. But, as far as we know, it is
different from the well-known (3+1)-D Jimbo-Miwa equation, no more solutions, especially
breathers, multi-soliton to eq. (1) has been reported. In this paper, applying the method adopted
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in [19], we discover some new solutions, such as homoclinic breather-wave solutions and mul-
tiple periodic-soliton solutions to eq. (1).

New type homoclinic breather wave solutions
for the (3+1)-D

In this section, the homoclinic test technique is applied to study eq. (1). Let's begin
with a Painleve-Backlund transformation:

H = Ho + 2(Ing)x (2)

where ¢ = (x, y, z, t) is an arbitrary function of variables x, y, z, and t to be determined later,
and Ho — an arbitrary seed solution of eq. (1). Substituting eq. (2) into eg. (1), an identical
equation of bi-linear form is yielded:

(D,D; —-D,D, —DD,)p ¢ =0 3)

where the bi-linear operator D is defined:
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Then, by choosing test function ¢ = (X, Y, z, t):

(X, Y,2,t) =exp(-ry) + €S 77, + pexp(r) 4)

where 5i = aix + biy + ciz + dit + r;, (i =1, 2) and aj, b, cj, and d; are constants to be determined
later, ri — the arbitrary constants, and substituting (4) into eq. (3), and equating all the coef-
ficients of exp (1), exp (;71), cosn2 and siny; to zero yields a set of algebraic equations:

4p(4ab, +ac, —byd,) + 2 (4a3h, —a,c, +b,d,) =0
7(3afagh; — a3y +ath, —3a,35b, +a,¢ +a,C, —byd; —byd,) =0
pr(-3a7ab, +a3b, —a’b, +3a,a3b, —a,c, —ac, +b,d; +bd,) =0
r(—a’b, +3aash, +3aayb, —asb, —a,c, +a,c, +bd; —b,d,) =0
pr(-ahy +3ayazhy +3aash, —adb, —ayc; +2,c, +bydy ~byd,) =0

Solving the resulting equations simultaneously, we obtain the following set of alge-
braic equations:
—  Thefirst setis:
a=a a=0 b=0 b,=b ¢=c,=-a’h

T2

Substituting eq. (4) with eq. (5) into eq. (2), gives a periodic breather solitary
wave solution:
sinh[a(x —abz) + r]
cos[b(y — a%z) + a’t] + cosh[a(x — abz) + r]

H,(x,y,z,t)=H, +a
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with r = In/(z/2), where a, b, and z are arbitrary constants.

Solution H,(x,y, z,t) shows a new family of two-wave, breather solitary wave,
which is a solitary wave in x-z direction and meanwhile is a periodic wave in y-z direction
whose amplitude periodically oscillates with the evolution of time, see fig. 1(a).

Taking a =ia, b =ib, and 7= 2 in Hi(x, y, z, t), solution Hi(x, y, z, t) can be rewritten:

sin[a(x + abz)]

H,(x,y,z,t)=H, +a
20 ¥.2,1) =Ho cosh[b(y + a2z) — a®t] + cos[a(x + abz)]

where i2 = -1, and a and b are arbitrary real constants.
Solution Hi(x, y, z, t) shows a periodic soliton structure for eq. (1), see fig. 1(b).

(b)

Figure 1. (a) The spatial structure of breather wave of Hi1 with t = 1, (b) the spatial structure of periodic
soliton of Hz att = 0.

—  The second set is:
di; = —d2 = —a, b1:b2:b, Ci=C=¢C

Then, substituting eq. (4) with eq. (6) into eq. (2), we have another breather type of
solitary wave solution:
. 2 C . 2 C
smh{x —by—a(Za —bjt+ r}—sm[x +by+a[2a —b)t}

cosh[x —by—a(Za2 —E)H I’:|+COS|:X +by+a(2a2 —Ejt}

where X = ax + cz, r = -In(«/2).

Solution represented by Hs is a periodic kink solitary wave, whose amplitude also
periodically oscillates with the evolution of time. It shows elastic interaction between a left
propagation periodic wave and homoclinic wave of different direction, see fig. 2.

Multiple soliton structure for the (3+1)-D

In this section, the extended homoclinic test method is applied to study eq. (1). Mul-
tiple soliton structures for the (3+1)-D eq. (1) are derived.
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Figure 2. The spatial structure of breather wave of Hs

Let's choose the test function:
o(X, Y, Z, t) = exp(-1) + kexpt(1) + mcos(2) + hcosh(zs) (7

where zj = ajx + biy + ¢ciz + dit, = 1, 2, 3).

Substituting eq. (7) into eq. (3) and equating each corresponding coefficients of
exp(-n1), exp(n1), cos(n2), sin(n2), cosh(ys), sinh(yns) to zero, yields an algebraic system of
aj, bj, ¢j, dj, k, m, and h. Solving the algebraic system simultaneously, we obtain the following
set of algebraic equations:

a=a, a,=0 b=0 b,=b ¢,=0 c,=c, d =a’ d2=—%
2 2 2
a, =T, bgz_M, 03221 dgzw
4ac a 12

2 41,2 2
k=1[m2+ﬂj, r:%ale(sazw), A=—“9abb+16° ®)

3a?
where a, b, ¢, m, and h are arbitrary constants.

Inserting eq. (8) into eq. (7) and eq. (2), a periodic breather two-solitary wave solution
of eq. (1) is obtained:

2Jk sinh(ax +cz + %t +r) + h?rsinh(yk)

H,(x,y,z,t)=H, +2a ac
2k cosh(ax + ¢z + a’t + r) + mcos(by — Ft) +hcosh(r,)

where 73 = asx + by + csz + dat, and r=1In \/E

Solution represented by Ha(X, y, z, t) shows a new breather two-solitary wave, which
posses two-solitary wave and meanwhile is a periodic wave whose amplitude periodically os-
cillates with the evolution of time, see fig. 3(a).

Especially, taking b = ib(i? = —1) in Ha(X, Y, z, t), a doubly-soliton structure is derived
which reads:
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2Jk sinh(ax +cz +a%t+r) + ﬂsinh(773)
Hs(x,y,2,t) = H, +2a a

2\/Ecosh(ax +Cz+a’t+r)+mcosh (by + thj + hcosh(z;)

with 3 = asx + bay + csz + dat, and as, bs, ¢3, and ds satisfying the following conditions:

Ib%(4 —3a° rc I,(3a° -
aori b old (:l;c ) S A . 4)
632 4.2 2 2
1:\/(a +Al), AlZQab 16¢ ) kzl m2+Alh
6 b 4 332

where a, b, ¢, m, and h are arbitrary real constants.
Solution Hs(x, y, z, t) shows a multiple kink-solitary wave structure of eq. (1).
Figure 3 shows a kink soliton interacting with a breather structure, see fig. 3(b).

X=ax+cz+at

(@)

Figure 3. (a) The spatial structure of breather two-solitary wave of Ha(x, y, z, t), (b) the spatial structure
of multiple kink-solitary wave of Hs(x, y, z, t)

Conclusion

In this paper, the extended homoclinic test approach is applied to solve a (3+1)-D
Jimbo-Miwa equation, new exact solutions, such as homoclinic breather-wave solutions and
doubly periodic wave soliton solutions are obtained. All the presented solutions show the re-
markable richness of the solution space of the (3+1)-D Jimbo-Miwa eq. (1). It is also shown
that the method is concise and effective, it can be used to treat many other types of non-linear
evolution equations.

Acknowledgment

This work has no any conflict of interest. | would like to express my sincere thanks to
Prof. J.H. He and the referees for their valuable suggestions and comments. And this work was
supported by Key Course Projects of Qujing Normal university under Grant No.
ZDKC2016005.



Li, Z.: Periodic Oscillating Solitons and Homoclinic Breather-Wave ...
2574 THERMAL SCIENCE: Year 2020, Vol. 24, No. 4, pp. 2569-2574

References

[1] Yue, Y.F. etal., Localized Waves and Interaction Solutions to An Extended (3+1)-Dimensional Jimbo-
Miwa Equation, Appl. Math. Lett., 89 (2019), Mar., pp. 70-77

[2] He, J. S., et al, Generating Mechanism for Higher-order Rouge Waves, Phys. Rev. E, 87 (2013), 052914

[3] Wazwaz, A. M., On Multiple Soliton Solutions for Coupled KdV-mKdV Equations, Non-linear Sci. Lett.,
3(2010), 1, pp. 289-296

[4] Wen, X. Y., Xu, X. G., Multiple Soliton Solutions and Fusion Interaction Phenomena for the (2+1)-Di-
mensional Modified Dispersive Water-wave System, Appl. Math. Comput., 219 (2013), 14, pp. 7730-7740

[5] Wu, Y., et al., Homotopy Perturbation Method for Non-Linear Oscillators with Coordinate Dependent
Mass, Results in Physics, 10 (2018), Sept., pp. 270-271

[6] Wazwaz, A. M., Multiple-Soliton Solutions for Extended (3+1)-Dimensional Jimbo-Miwa Equations,
Appl. Math. Lett., 64 (2017), Feb., pp. 21-26

[7] Pang, Q. L., Study on the Behavior of Oscillating Solitons Using the (2+1)-Dimensional Non-linear Sys-
tem, Appl. Math. Comput., 217 (2010), 5, pp. 2015-2023

[8] Li, Z. T., Dai, Z. D., Exact Periodic Cross-kink wave Solutions and Breather Type of Two-solitary Wave
Solutions for the (3+1)-Dimensional Potential-YTSF Equation, Computers and Mathematics with Appli-
cations, 61 (2011), 8, pp. 1939-1945

[9] Yang, J. Y., Ma, W. X., Abundant Lump-Type Solutions of the Jimbo-Miwa Equation in (3+1)-Dimen-
sions, Computers and Mathematics with Applications, 73 (2017), 2, pp. 220-225

[10] Bai, C. L., New Soliton Structures with Nonpropagating Behavior in Three-Dimensional System, Chaos,
Solitons and Fractals, 36 (2008), 2, pp. 253-262

[11] He, J. H., Wu, X. H., Exp-function Method for Non-linear Wave Equations, Chaos, Solitons and Fractals,
30 (2006), 3, pp. 700-708

[12] He, J. H., Homotopy Perturbation Method with Two Expanding Parameters, Indian Journal of Physics,
88 (2014), 2, pp. 193-196

[13] Dai, Z. D., et al, Exact Three-wave Solutions for the KP Equation, Appl. Math. Comput., 216 (2010), 5,
pp. 1599-1604

[14] Chen, Y. X., Sech-type and Gaussian-type Light Bullet Solutions to the Generalized (3+1)-Dimensional
Cubic-Quintic Schrodinger Equation in PT-Symmetric Potentials, Non-linear Dyn., 79 (2015), 1, pp. 427-
436

[15] Lou, S. Y., Lu, J., Special Solutions from Variable Separation Approach: Davey Stewartson Equation, J.
Phys. A:Math. Gen., 29 (1996), 14, pp. 4209-4215

[16] Jimbo, M., Miwa, T., Solitons and Infinite Dimensional Lie Algebras, Publ. Res. Inst. Math. Sci., 19
(1983), 3, pp. 943-1001

[17] Dorrizzi, B., et al., Are All the Equations of the Kadomtsev-Petviashvili Hierarchy Integrable?, J. Math.
Phys., 27 (1986), pp. 2848-2852

[18] Mei, J. Q., Zhang, H. Q., Symmetry Reductions and Explicit Solutions of A (3+1)-Dimensional PDE,
Appl. Math. Comput., 211 (2009), 2, pp. 347-353

[19] Dai, Z. D, et al., Applications of HTA and EHTA to YTSF Equation, Appl. Math. Comput., 207 (2009),
2, pp. 360-364

Paper submitted: April 24, 2019 © 2020 Society of Thermal Engineers of Serbia.
Paper revised: June 29, 2019 Published by the Vinca Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: August 18, 2019 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.


http://www.vin.bg.ac.rs/index.php/en/

