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This paper proposes a new method to solve local fractional differential equation.
The method divides the studied equation into a system, where the initial solution
is obtained from a residual equation. The new method is therefore named as the
fractional residual method. Examples are given to elucidate its efficiency and
reliability.
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Introduction

Fractal calculus and fractional calculus have seen remarkable development due to
their exact description of non-differentiable problems. There are many definitions of the frac-
tional differential derivative in open literature, for example, the Caputo derivative, the Rie-
mann-Liouville derivative, the Grunwald-Letnikov derivative, He’s fractional derivative, and
fractal derivative [1-10]. This paper will adopt the local fractional derivative [11, 12], which
could describe the non-differential functions defined on Cantor sets.

Preliminaries of local fractional calculus

In this section, we introduce some mathematical preliminaries of the local fractional
calculus in a fractal space for our subsequent development [11].

Definition 1. Suppose that there is [11]:

lu(t) —u(ty)| < &* (1)

with |t —t0| <0, fore, 6 >0andg, s R, then u(t) is called local fractional continuous at t = to
and it is denoted by limu(t) = u(t,).
t>t,

Definition 2. Suppose that the function u(t) is satisfied the condition (1) fort e (a,b),
it is called local fractional continuous on the interval (a, b), denoted by:

ut)eC,(ab) @)

Definition 3. In fractal space, let u(t) e C,(a,b), the local fractional derivative of u(t)
of order a att = to is given by [11]:

* Author’s e-mail: tomjohn1007@126.com
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_du(t)

Dt(a)u(to) —y@ (t,) = m A”[u(t) —u(ty)]

— _. = 3
dt* [ B (t-ty)* )

where A“Tu(t) —u(ty)] = T(L+ @) Afu(t) —u(ty)].

Definition 4. [11] Let the function u(t) satisfied the condition (2), the local fractional
integral of u(t) of order « in the interval [a, b] is defined by:
j=N-1

lim > u(t;)(At;)” (4)

[(1+a)at-0 15

1

b u) = rl+a)

b
Jutan” =

where at; =t;,, —t;, At=max{At, Aty At;,..f,and [t;,t;4], j=0,.,N-L1t=a, tn=Db, is a partition
of the interval [a,b].
The fractional residual method

In order to elucidate the basic solution process of the new method, we consider the
following local fractional differential equations on a fractal set:

Lu(x,t) + R(u, x,t) = g(x,t) (5)

where L is a linear differential operator, R — a linear or non-linear operator, and g(x, t) — an in-
homogeneous term.

In order to solve eq. (5), we apply the local fractional reverse operator L-%(-) on both
sides of eq. (5), then we obtain:

u(x,t) =a(x,t) - LR, x,t) — g(x,t)] (6)

where (j(x,t) is derived from the initial conditions.
Supposing uo(x, t) is a function to be determined, we can rewrite eq. (6):

u(x,t) =a(xt) + Luy — L ug + R(u, x,t) — g(x,1)] 7
If we let:
L ug +R(u, x,t) = g(x,1)] =0 (8)

and solve eq. (8), we can determine up(x,t). Then substituting uo(x,t) into eq. (7), we can get the
exact solution of eq. (5):

u(x,t) =a(x,t) + Ly, 9)

In our new method, it is important to choose ug(x,t) = 0 in the solution process. Be-
cause the main step of this method is to cut eq. (5) into one equation system, so we call this
method as the fractional residual method, it can be easily proved that eq. (9) can be obtained as
the first order approximate solution by the homotopy perturbation method [13-17].

Illustrative examples

In this section, to demonstrate the effectiveness of the method, several non-linear par-
tial differential equations are presented.
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Example 1. Consider the following local fractional differential equations

o*u rl+a) &***u 1
X,t) — X,t)——=0 (10)
8x3”‘( ) 2% 6x3“8t"‘( ) 2%

subject to the initial conditions:

u(0,t) =u*(0,t) =u%“(0,t) =0 (11)
Obviously:
I'(l+a) 8% u
R(u,x,t)=— t
(1. x.1) 2t oot (.t

is a non-linear operator and g(x, t) = —1/2* is an in-homogeneous term.
Applying the inverse operator L1(-) = olx®*)(-) on both sides of eq. (10) and making
use of eq. (11), we obtain:

3a+a
_ (3a) (3a) F(1+ a) 0 u 1
u(x,t) = o1 (Ug) = ol {Uo_ RPN TP (X:t)—z—a (13)
According to egs. (8) and (9), we let:
u(x,t)= o1, (uy) (14)
and
I1+a) 8% *u 1
IS T xt)—— =0 15
0'x |: 0 Zta axgaata( ) Za ( )
By virtue of eq. (15), we let:
r(l+a) 8***u 1
Uy — X,t)——=0 16
0" g aduge Vg 19

Substituting eg. (14) into eq. (16), we can derive:

(a) t a_
Uy —2 U, —t*=0 17
o I'd+a) 0 (7
Solving eqg. (17), we can get:

1 t2

Up = (18)

-—+CE,—
2% I'l+2a)
Substituting eq. (18) into eq. (14), we get the following exact solution of eq. (10):

3a X3a tZa

u(x,t) = -C E, (19
2I'(1+3x) I'Q+3e) " I'(l+2a)
Example 2. Consider the following Korteweg-de Vries -like equation:
u(® +uul® +ul? = E_[2(x—1)*] (20)

subject to the initial conditions:
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u(0,t) =u{? (0,t) =ul? (0,t) = E,, (-t*) (21)

Obviously, | (u)=u*)isa linear operator, N(u,x,t) =u (a)+uu§a) is a non-linear operator
and f(x, t) = E.[2(x — t)]* is an |n -homogeneous term.

Applying the inverse operator L1(-) = olx®%(-) on both sides of eq. (20) and making
use of eq. (21), we obtain:

a

2a
U(X,t)=Ea(—t“){1+ . ]“'le(sa)(uo)‘

Ilta) T'(l+2a)

ol Mo + U +ui? —E 20T} (22)
According to egs. (8) and (9), we let:
WD) =, (49 1+ X+ X, 1,89 (y,) (23)
e T+a) T+2a)| °F 0
and
oL B Uy +u{® +uul® —E [2(x-t)*1}=0 (24)
As we know:
2nzl
E_[2(x—t E_(-2t* X" 25
«[2x-1)“1=E, (- )Zr(1+n) (25)
If we suppose:
nzx
Uy (X,t a, 26
o(X,) = Z ()F(1+na) (26)

where a, (t) are all functions to be determine.
Substituting egs. (23), (25), and (26) into eq. (24), we can deduce:

3a
“Tas 3 ){ao(t)+a0(t)+a0(t)a1(t) E.[2(x—t)"T}x

: {ay () +a](t) + a9 (t)a, (t) + a7 () — 2E, [2(x — ) “IIx* +

+
I'l+4ea)

+ﬁ{az(t>+ag(t>+ao(t)a3(t) +3a,(1)a, (1) — 4E, [2(x - ) “ThS* +

T+ 6a) j 62) {aq(t) +a5(t) + 3, (t)a, (1) + 42, (t)ag (1) +3a7 () ~8E, [2(x— ) “I}x** +

+... (27)
According to eq. (27), we can obtain:
) =at)=a(t)=,...a,t) =E,(-t%) (28)

Substituting eq. (28) into eq. (26) and then substituting the result into eq. (23), we can
obtain the following exact solution of eq. (20):
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u(x,t) = E, (x*)E, (—t") (29)

Example 3. Consider the following fractional differential equation:

ue) _ F(l:a) U+ 20 + 1"(1t;L a) u@ _g (30)
subject to the initial conditions:
t2a
u0,t)=0,u?(0,t)=————, ul9(,t)=0 31
(0,t) X()r(1+2a) w (0,t) (31)

Obviously, L(u)=u$% is a linear operator,

R(u, x,t) :—w

u+2u{® + _F(ltz ) ule)
is a non-linear operator and f(x, t) = 0 is an inhomogeneous term.

Applying the inverse operator L-1(+) = ol{“o1x?%)(-) on both sides of eq. (30), and mak-
ing use of eq. (31), we obtain:

tZa Xa
I'l+2a) T+ a)
o101, ag - LDy 0 T2 g @
According to egs. (8) and (9), we let:
t x* @ | )
u(x,t) = +, 1L\ 1, 33
xH rl+2a)TA+a) o' ¢ 70 (33)
and
o1 1,2 {uo ——F(lt;r LI 2u{) + —F(ltz @) u&i“)} =0 (34)
We let :
0 Xmatna
Uy (X,t) = a 35
o(1) méo ™" 1+ ma)C(L+ na) (35)

where amp, are all constants to be determine.
Substituting egs. (33) and (35) into eq. (34), we can derive:

) X(m+2)a t(n+1)zz £ X(m+4)a t(n+1)a
0= > a -> a +
o TR+ (M+2)a] TR+ (n+Y)a] o ™" TIL+ (m+4)a] [(n+D)a]l L+ (n+D)a]

X(m+4)a t(n+1)a © X(m+2)zx t(n+]_)a

+2 i A + A +
T+ (m+)a] T+ (n+D) ] T+ (m+2)a] [(n+D) a1+ (n+D) ]

m.n=0

m.n=0

3X3at2a
+
2I(L+3a)T(1+ 2c)

(36)
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Comparing with the same coefficient of x™t™ in eq. (36), we can obtain:
ann=0, (n=1),
(D%, m=2k-1 (37)
any =
0, m =2k

Substituting eq. (37) into eq. (35), and then, substituting the result into eq. (33), we
can get the following exact solution of eq. (30):

tZa N
u(x,t) = + o1 o1, BN, =
Irl+2a)Tl+a)

t2a N 0
= + z amyl =
Irl+2a)I'l+a) ML+ (Mm+2)a] T(1+ 2x)
t2a N X(2k+1)a

T T(L+2a) T+ a) r(1+2 )Z( ' T2k + Da]

X(m+2)a t2a

e
= @ 38
r(1+2a)sm”’x 8)

Example 4. Consider the following non-linear gas dynamic like equation:

%% u(x,t) % u(x,t)
2a XZa

+u(x,t) —u(x,t)[1-u(x,t)]=0 (39)

subject to the boundary and initial conditions:
u(t,0)=u(t,n)=0
@ 40
u(x,O):—a Lgi:’o):sina x“ (40)

Applying the inverse operator L1(+) = ol{®%(-) on both sides of eq. (39), and making
use of eq. (40), we obtain:

(24

u(x,t) =sin, x* {1+ }r ,1.69y,

I'l+a)
2a
ARG {u +u(x, t)au—()(t)—u(x,t)[l—u(x,t)]} (41)
According to egs. (8) and (9), we let:
_sin @ ’ (20)
u(x,t) =sin, x {1+1_(1+0[)}+0It Uo (42)

and
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o%%u(x,t
o1 4y + () 25D i - u(x ] | =0 (43)
We suppose:
Up (X, t) = ¥_u, (t)sin,, (Nx)* (44)
n=1

where uy(t) are all constants to be determine.
Substituting egs. (42) and (44) into eq. (43), we can obtain:

> . . t* = .
u(t)sin_ (nx)% —sin_ x* |1+ ~SNsin_ (nx)% o 1,%y (1) +
E n() a( ) a |: 1—‘(1_’_0‘):| E a( ) 0't n()

+u(x,t)[—i(n)2“ sin_, (nx)“ 1,%%u, (t) + isina(nx)“ o1 (1) [=0 (45)
n=1 n=1

Comparing the coefficient of like powers of sin,(nx)* of eq. (45), the following equa-
tions are obtained, respectively:

u,(t)=0,n=2,3... (46)
() -1 mt+ 5 oh =0 (47)

Solving eq. (47), we get:
up (t) = E, (t*) (48)

Substituting egs. (46) and (48) into eq. (43), and then, substituting the result into eq.
(42), we can get the following exact solution of eq. (39):

u(x,t)=E, (t*)sin, (x*) (49)

Conclusions

Fractal calculus has been attracting much attention from various communities, the
fractional order can be determined experimentally by calculating the fractional dimensions of
the studied fractal medium [18, 19].

In this article, we have suggested a new method called the fractional residual method
for solving the local fractional equation. Our method is very simply and straight-forward as
compared with other methods, e. g., the variational iteration method [20, 21]. The test examples
are showed that the suggested method can be regarded as a simple and efficient tool for com-
puting local fractional differential equations.
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