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Ground temperature is an important physical indicator reflecting the natural 
ecological environment of the Earth's surface. Soil spectrum is a comprehensive 
reflection of soil properties, but there are few studies on the prediction of ground 
temperature based on soil field spectrum using fractional calculus. In this paper, 
the fractional derivative is used to study the correlation between soil spectrum 
and ground temperature from zeroth order to second order, and the characteris-
tic wavelength bands are extracted. Simulations show that the fractional ap-
proach can amplify the difference of the soil field spectral signal. The wavelength 
bands for the 0.01 significance test begin with 0.6th order, while the 1.3th order 
sees 33 wavelength bands. Coefficients of determination of 0.7, 0.8, 0.9, 1.3, 1.4, 
1.5, 1.6, and 1.7-order are all greater than 0.66, indicating that the established 
model of linear stepwise multiple regression gives a better prediction. 
Key words: ground temperature, fractional derivate, soil field spectra signal, 

model evaluation criteria 

Introduction  

Ground temperature is an important physical parameter of the interaction process of 

the Earth air system [1, 2]. It is also an important physical indicator reflecting the natural eco-

logical environment of the Earth's surface. It is widely used in the research of surface radiant 

energy balance, soil moisture estimation, urban heat island effect monitoring, and remote 

sensing drought index [3, 4]. The traditional ground temperature acquisition method mainly 

relies on human measurement, but due to various reasons such as equipment and manpower, 

the measurement range is very limited [5, 6]. However, the characteristics of all-weather, mul-

ti-temporal, and large-scale hyperspectral remote sensing data provide an effective means for 

obtaining ground temperature data [7, 8]. 

Because the soil hyperspectral signal contains more than 2000 bands, there are many 

problems such as huge data volume, numerous collinear bands and serious information re-

dundancy. Therefore, preprocessing of the original spectral signals is an important step in 

spectral modeling. Traditional calculus (including first-order and second-order calculus) is a 

commonly used spectral signal preprocessing method, however, this method only considers 
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the first-order differential derivative or the second-order differential derivative of the spectral 

signal, ignoring the spectral reflectance characteristics of the fractional derivative, resulting in 

low modeling accuracy.  

Due to the memory characteristics of fractional calculus, it can extract sensitive 

wavelength bands useful for predictive models, and it has been used in soil spectral signal 

analysis in recent years. For example, Xia et al. [9] used fractional derivative to study the rela-

tionship between indoor spectra and conductivity, simulation results showed that the fractional 

derivative could extract the detailed information of the soil spectral signal change. Wang et al. 
[10] used the fractional derivative to study the salt content of Ebinur Lake Wetland. The simu-

lations showed that the prediction model based on the fractional 1.5-order random forest was 

optimal to estimate salt content. However, these studies are based on the analysis of indoor 

spectral characteristics. At present, there are little studies on the fractional derivatives used in 

the field spectrum. However, the field spectral acquisition is more consistent with the actual 

environmental conditions of the sampling point, and the satellite-borne hyperspectral remote 

sensing data acquisition is also the field spectrum, so the field spectral value is more explored. 

In this study, the field spectrum and ground temperature of Xinjiang were collected in May 

2017, and the prediction result of ground temperature by hyperspectral remote sensing was 

studied to provide a theoretical reference value for agricultural management.  

Materials and methods 

Spectral characteristics of the ground object 

There are three basic physical processes of the interaction between electromagnetic 

radiation and the Earth's surface, namely reflection, absorption, and transmission, this rela-

tionship can be described: 

 R A T( ) ( ) ( ) ( )E E E E   = + +
 

(1) 

where E(λ) is the incident energy, ER(λ) – the reflection energy, EA(λ) – the absorption energy, 

and ET(λ) – the transmission energy. 

The object's surface thermal radiation is almost equal to zero in the bands of visible 

and near-infrared. The spectrum emitted by the ground objects is mainly based on the reflec-

tion of solar radiant energy. When electromagnetic radiation reaches the interface of two dif-

ferent media, the phenomenon that part or all of the incident energy returns to the original 

medium is called reflection. The characteristics of the reflection can be expressed in terms of 

reflectivity. Reflectivity, ρ, is the ratio of reflection energy to incident energy, it is a function 

of wavelength, also known as the spectral reflectance rate ρ(λ), which is defined:  
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Measurement field spectrum and ground temperature 

The desert soil in Xinjiang’s Fukang was selected as the study area, and the location 

information of 30 sampling points is shown in fig. 1. The field spectrum acquisition time was 

in May 2017. Field Spec® 3Hi-Res spectrometer was used to collect the surface spectrum of 

the sampling point, and the ground temperature of the sampling point was collected by a ther-

mal infrared temperature instrument. In addition, since the field spectrum is disturbed by soil 

moisture, the moisture absorption bands around 1300 nm and 1900 nm need to be removed.  
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Figure 1. Soil sampling points location 

Fractional-order derivate and correlation coefficient 

The definition of Gruennwald-Letnikov fractional derivative [11] is defined: 
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where β is the fractional order, a – the lower limit of the differential, b – the upper limit of the 

differential, h – the sampling interval, and (β r) – a binomial coefficient: 
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where (.)  is a gamma function: 
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Since the sampling interval of the spectrometer is equal to 1, the differential expres-

sion of eq. (3) is: 
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where v is order, n = [(b – a)/h]. 
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In this paper, the Gruenwald-Letnikov fractional derivate values of soil spectrum 

have been calculated out within 0.1 fractional interval between 0.0-order and 2.0-order. 

Model evaluation criteria 

Coefficient of determination, R2, and RMSE are used as criteria for judging the ad-

vantages of the model. The square of the correlation coefficient is equal to the R2. When 0.66 

≤ R2 ≤ 0.80, the model fitting effect is better. When 0.81 ≤ R2 ≤ 0.90, the model fitting result 

is very good. When R2 ≥ 0.90, the model fits extremely excellently. The R2 and RMSE are de-

fined, respectively:  
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where x represents the soil spectral reflectance, y – the ground temperature value of the sam-

pling point, x  – the mean value of the soil spectral reflectance, and y  – the mean value of 

the ground temperature of the sampling point, and ŷ  – the output value of the model. 

Simulation results 

Correlation coefficient between ground  

temperature and original spectra  

According to eqs. (6) and (7), we can calculate the fractional correlation coefficient 

of ground temperature and soil spectral reflectance. Beginning with zeroth order with a frac-

tional order interval of 0.1. The significance test was performed at the 0.01 level. The results 

are shown in fig. 2. Figure 2(a) shows that the correlation coefficients do not pass through the 

0.01 significance level between 0.0-order and 0.5-order. Figures 2(b)-2(f) show that some 

wavelength bands passing through the 0.01 significance level are from the 0.6-order. Figure 

2(b) shows that the wavelength bands of the 0.6-order passing through the 0.01 significance 

level range from 2150 nm to 2350 nm, and the 0.7-order ranges from 980 nm to 1000 nm, and 

from 2100 nm to 2310 nm. Figures 2(c)-2(f) show that the number of wavelength bands pass-

ing through the 0.01 significance level from the 0.8-order to 2.0-order are much more than 

those of 0.6-order and 0.7-order.  

Significance wavelength bands number and  

max correlation coefficient under different  

fractional-order derivate 

Significance bands number and max correlation coefficient under different fraction-

al-order derivatives are given in tab. 1. It can be seen from tab. 1 that there are no wavelength 

bands with a significance test of 0.01 between 0.0-order and 0.5-order, the number of wave-

length bands in 1.3-order is up to 33. The max correlation coefficient between 0.6-order and  
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Figure 2. Correlation coefficient between ground temperature and original spectra; (a) 0.0-order to 
0.5-order, (b) 0.6-order to 0.7-order, (c) 0.8-order to 1.0-order, (d) 1.1-order to 1.3-order, (e) 1.4-order 
to 1.6-order, (f) 1.7-order to 2.0-order, (for color image see journal web site) 

2.0-order is greater than that of 0.5. Table 1 shows that the soil spectrum has a certain correla-

tion with the ground temperature.  

Prediction model of ground temperature under  

different fractional-order derivate  

The wavelength bands greater than 0.5 in tab. 1 are selected as feature bands, and a 

linear model was established by stepwise multiple regression. Eighteen samples are randomly 

selected to model, and the remaining samples are used to verify the reliability of the prediction 

model. The simulation results are shown in tab. 2. It can be seen from tab. 2 that the R2 of 0.7, 



Tian, A.-H., et al.: Fractional Prediction of Ground Temperature Based on … 
2306 THERMAL SCIENCE: Year 2020, Vol. 24, No. 4, pp. 2301-2309 

0.8, 0.9, 1.3, 1.4, 1.5, 1.6, and 1.7-order is greater than 0.66, indicating that the established 

model has a better fitting effect. The fitting results are shown in fig. 3. 

Table 1. Significance bands number and max correlation coefficient 

Order 
Significance 

bands numbers 

Max correlation coefficient 
Order 

Significance 
bands numbers 

Max correlation coefficient 

Value Band Value Band 

0.0 0 0.33499 2396 1.1 25 0.64864 2248 

0.1 0 0.34681 2396 1.2 29 0.64619 2248 

0.2 0 0.36598 2396 1.3 33 0.65334 1226 

0.3 0 0.39391 2396 1.4 29 0.65822 1226 

0.4 0 0.42124 2396 1.5 27 0.64387 1226 

0.5 0 0.45416 2309 1.6 29 0.60892 1226 

0.6 10 0.53663 2186 1.7 24 0.57235 2251 

0.7 17 0.64431 2186 1.8 18 0.60005 2250 

0.8 16 0.62747 2248 1.9 17 0.63334 2250 

0.9 24 0.64456 2248 2.0 17 0.65702 2249 

1.0 32 0.64749 2248     

Table 2. Prediction model of ground temperature 

Order 
Calibration set Verification set 

Order 
Calibration set Verification set 

R2 RMSE R2 RMSE R2 RMSE R2 RMSE 

0.0 –0.098 6.8476 0.000015 7.5468 1.1 0.629 3.9791 0.5867 7.6345 

0.1 0.056 6.3474 0.3511 5.5366 1.2 0.733 3.3780 0.6547 8.0024 

0.2 0.083 6.2565 0.4015 5.0573 1.3 0.754 3.2416 0.684 8.1680 

0.3 0.363 5.2159 0.5201 6.9298 1.4 0.752 3.2560 0.6955 8.1755 

0.4 0.427 4.9448 0.5294 6.4536 1.5 0.727 3.4135 0.6935 8.0795 

0.5 0.474 4.7393 0.5642 5.9654 1.6 0.668 3.7643 0.6834 7.8210 

0.6 0.519 4.5296 0.6361 5.7706 1.7 0.571 4.2812 0.6736 7.3330 

0.7 0.543 4.4158 0.7142 5.9836 1.8 0.452 4.8358 0.6534 6.8502 

0.8 0.480 4.7110 0.7323 6.0964 1.9 0.336 5.3245 0.5945 6.6338 

0.9 0.300 5.4667 0.6963 5.2006 2.0 0.167 5.9647 0.4391 6.1946 

1.0 0.294 5.4901 0.5367 6.1866      

Conclusion  

This paper collected the field spectrum of Xinjiang soil and the ground temperature 

of the sample. The prediction of ground temperature based on soil field spectrum using frac-

tional derivative is studied. The simulation shows that R2 of 0.7, 0.8, 0.9, 1.3, 1.4, 1.5, 1.6,  
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Figure 3. Some fractional order results of prediction model; the horizontal axis is the spectral 
reflectance value of a sampling point, the vertical axis is the salt value; (a) 0.7-order, (b) 0.8-order,  
(c) 0.9-order, (d) 1.3-order, (e) 1.4-order, (f) 1.5-order, (g) 1.6-order, (h) 1.7-order  

and 1.7-order is greater than 0.66, indicating that the established model has a better fitting ef-

fect. It also shows that the soil field spectrum has a certain correlation with the ground tem-

perature, which provides a scientific basis for the quantitative inversion of ground temperature 

in the future. This paper adopts Gruenwald-Letnikov fractional derivative, other fractional de-

rivatives like He’s fractional derivative and fractal derivative [12-26] also work for the pre-

sent study. Variational principles for fractional calculus becomes a hot topic and can be ap-

plied to the present study in future. Wang et al. [21] applied the semi-inverse method [27-30] 

to establish for the first time a variational principle in fractal space, Wang and He [22] sug-

gested a modified Wang’s fractal variational principle considering a fractal time, the fractal 

variational principle provides a good mathematical tool to dynamical prediction of the ground 

temperature.  
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