Mallawi, F. O. M., et al.: Impact of Double-Diffusion and Slip of Second Order on ...
THERMAL SCIENCE: Year 2021, Vol. 25, No. 5B, pp. 3729-3740 3729

IMPACT OF DOUBLE-DIFFUSION AND SECOND ORDER SLIP
ON CONVECTION OF CHEMICALLY REACTING OLDROYD-B
LIQUID WITH CATTANEO-CHRISTOV DUAL FLUX

by

Fouad Othman M. MALLAWI®, Sheniyappan ESWARAMOORTHI®,
Marimuthu BHUVANESWARI<, and Sivanandam SIVASANKARAN ¢

aDepartment of Mathematics, King Abdulaziz University, Jeddah, Saudi Arabia
b Department of Mathematics, Dr. N.G.P. Arts and Science College, Coimbatore, Tamilnadu, India
¢Department of Mathematics, Kongunadu Polytechnic College, D.Gudalur, Dindigul,
Tamilnadu, India

Original scientific paper
https://doi.org/10.2298/TSCI191003214M

This article express the outcomes of mixed convective flow of a chemically reacting
Oldroyd-B liquid with Cattaneo-Christov double flux under the consequence of
second order slip, heat absorption/heat generation and Newtonian cooling/Newto-

nian heating. The governing PDE are converted into ODE using suitable variables.

The homotopy analysis method is employed to solve these resultant equations. The
outcomes of diverse physical parameters, like, relaxation time, retardation time,

Richardson number, buoyancy ratio, Prandtl number, radiation, heat absorption/
generation, Schmidt number, chemical reaction, suction/injection, slip and Newto-

nian heating are discussed.
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Introduction

The non-Newtonian liquids play a vital role in industry, engineering, pharmaceuticals,
etc. Example of such liquids are shampoos, sugar solutions, polymeric liquids, blood, inks and
it cannot illustrated as a linear constitutive model. Many liquid models were developed to ex-
hibit the features of non-Newtonian liquids. Usually non-Newtonian liquids can be segregated
as liquids of rate, differential and integral types. Among these classification, rate type liquids
were considered for memory and elastic effects. One of the simplest rate type of liquid is Old-
royd-B liquid (OBL) and this liquid predicts the retardation and relaxation time characteristics.
This liquid was initiated by Oldroyd [1] in 1950. It is useful in chemical and process industry
when they encounter both the elastic and memory effects exhibited by most biological and poly-
mers liquids. Rajagopal and Bhatnagar [2] derived the exact solution of simple OBL. Analytical
solution of 3-D OBL with Soret and Dufour effects were derived by Farooq et al. [3]. Several
studies about OBL flow are found in under different conditions are Fetecau et al. [4], Liu et al.
[5], Jamil et al. [6], and Motsa and Ansari [7].

Heat transfer mechanism is a natural phenomenon and it occurs due to variations of
temperature within the same object or between bodies and this is very useful in many industrial
processes, like, cooling of nuclear reactor, power generation, electronic devices cooling and
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magnetic drugs targeting. Fourier [8] initiated Fouriers law of heat conduction and there is
no material satisfy this law. Then, Cattanco [9] made some modification by including a relax-
ation time parameter for heat flux in order to avoid the paradox of heat conduction. After that,
Christov [10] improved the Cattaneo model by introducing the thermal relaxation time with
Oldroyds upper-convected derivatives to reach the material invariant formulation. The outcome
of upper-convected Maxwell fluid with Cattaneo-Christov (CC) model with heat generation
was investigated by Asmadi et al. [11]. They noticed that the lower amount of heat transfer
gradient gets in the presence of thermal relaxation time parameter. The CC heat flux model was
successfully used in OBL by Mustafa [12], in Maxwell nanofluid by Sui ez a/. [13], in nanofluid
by Dogonchi and Ganji [14], in second grade fluid by Mallawi et al. [15], and in Maxwell fluid
by Khan et al. [16].

The transfer of energy from the surface is proportional to the temperature local surface
is treated as Newtonian heating (NH). The NH has significant applications in engine cooling,
thermal energy storage, nuclear turbines, heat exchanger, petroleum industry, solar radiation,
etc. The NH of a MHD OBL flow was investigated by Mehmood et al. [17]. They found that
the energy enhances with enhancing the NH parameter. Few significant important studies in
this area are found in [18-20]. No-slip boundary conditions are not sufficient in micro-electro
mechanical systems. Because there is no relative motion between the surface and liquid imme-
diately in contact with the surface. But slip flow model exhibits the relation between the veloc-
ity of the surface and velocity gradient normal to the surface. The flow of chemically reactive
nanofluid with radiation and second order slip was portrayed by Zhu et al. [21]. They found
the fluid temperature rises with the presence of second order velocity slip and the reverse trend
was obtained with first order velocity slip case. Velocity slip of a Oldroyd-B nanoliquid-flow
over a permeable stretching sheet with heat generation (HG) absorption was examined by Das
et al. [22]. They showed that the heat transfer gradient declines when raising the velocity slip
parameter. Slip flow of a MHD Jeffrey nanofluid-flow with radiation and triple stratification
was pedantically solved by Jagan et al. [23]. They proved that the fluid velocity reduces when
rising the velocity slip parameter.

From the aforementioned literature studies indicate that, chemically reacting flu-
id-flow of an OBL with Cattaneo-Christov double flux (CCDF) flux and second order velocity
slip has not studied yet. This analysis carried out the impact of second order velocity slip and
Newtonian heating on OBL over a stretchy plate with HG/heat absorption (HA), chemical reac-
tion and CCDF.

Mathematical formulation

We consider the 2-D flow of an OBL towards a stretchy plate. Let U, = A% be the plate
velocity, 4 > 0 is the constant. The surface of the plate is adopted with partial slip condition.
The plate is kept at unvarying temperature Tu and concentration C, which is higher than the free
stream temperature 7', and concentration C,. The heat transfer phenomenon is calculated in the
presence of Newtonian cooling (NC)/NH. It is assumed that the liquid is a gray, absorbing and
emitting. The Rosseland diffusion model is employed for thermal radiation. Thermal and solutal
buoyancy effects are taken into account. Time independent destructive and constructive chemi-
cal reactions are considered here, [24-27]. The CCDF model was incorporated for analyzing the
variations of mass and hear transfer. In addition, the energy equation is modeled with HA/HG.
The governing boundary-layer equations under CCDF are given:

6u) N 0qu _0 0
ox oy




Mallawi, F. O. M., et al.: Impact of Double-Diffusion and Slip of Second Order on ...
THERMAL SCIENCE: Year 2021, Vol. 25, No. 5B, pp. 3729-3740 3731

A ~ 2 A ~ 2A
ﬁ1%+ﬁ261}+/11 ”128 Y0l ou + 20,1, aAulA =
oy ox? P2 oxoy
:g“(ﬁT[T 7, |+ C[c-cw])
Y % Vil o', Vi, oy &%y ony &%, oy @)
° pox o @t ox
AAA“AA Az‘ﬂl*]‘ﬂsz” o
ula—T+ula—T+l3Qi:aaAf+a ba — 854_ 0 (T T) ?3)
oy oy 3kk Oy pCp
. 0C . 0C 4n A 0°C
by —+i, —+A*Q, D——k c-C, 4
1 o% 2 ay B 5)/ 1|: :| ( )

where (i, i) are the velocity components in (X, y) co-ordinates, v — the kinematic viscosity,
(4, /12) the relaxation and retardation time parameters, g — the acceleration due to gravity, (57,
S¢) — the coefficients of thermal and concentration expansions, (13, )4) — the relaxation time of
heat and mass fluxes, a — the thermal diffusivity, p — the density, C, — the specific heat capacity,
o — the Stefan Boltzmann constant, & — the thermal conductivity, k the mean absorption co-
efficient, O — the heat absorption/generation coefficient, Dy — the mass diffusivity, and k; — the
chemical reaction rate.
The relaxation time of heat and mass fluxes are:
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Now, the following dimensionless variables are introduced:
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with the conditions
F(0)=F,, F'(0)=1+AF"(0)+A,F"(0)

©'(0)=-N;[1+0(0)], ®(0)=1, F'(0)=0, O(x0)=0, ®(0)=0 (10)

where o = ilA is the relaxation time constant, a, = ;IZA — the retardation time constant,
= Gr,/Re? — the Richardson number, Gr, = [g8+(T, — T .)X*]/v? —the thermal buoyancy parameter,
Re = Ax* /v — the Reynolds number, N = Gr’/Gr, = [gf¢ (C,,— CVIgpi(T, — T.)] - the ratio of
concentration thermal buoyancy, Gr,=[gf¢ (C Cm)x*]/ v?] —the concentration buoyancy param-
eter, Pr = v/a — the Prandtl number, R = (40°T, )/kk — the thermal radiation parameter, /7= ;4
— the non-dimensional thermal relaxation time parameter, Hg = Q/pC,4 — the heat generation/
absorption parameter, Sc = v/Djy — the Schmidt number, /2 = 4,4 — the non-dimensional solutal
relaxation time parameter, Cr = ki/A — the chemical reaction parameter, A, = L,(4/v)"*— the first
order slip parameter, A, = L,(A/v)">~ the second order slip parameter, and Ny = h (v/A)"?— the
conjugate parameter.
The non-dimensional form of the skin friction coefficient, local Nusselt and Sherwood
numbers:
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The homotopy analysis method solutions

The obtained egs. (7)-(9) with boundary conditions (10) are solved using homotopy
analysis method (HAM). We assume the initial approximations:
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with the conditions
Ly [E +Eyexp(n)+ E3exp(—77)J =0
Lo [E4exp (7)+ Esexp(— ] 0, Ly [EG exp(n7)+ Eqexp(— ] 0
where E; (k=1-7) are arbitrary constants. After substituting the M™ order HAM equations, we get
Fy (1) = Fiy (1) + Gy + C, exp() + Cs exp(—17)
© ), (17) = O (17) + Cy exp(17) + Cs exp(—77)
Dy (7) = @i (1) + Cg exp(7) + C; exp(—1)

where F(n), ©,(n), and ®;(y) are the particular solutions. In general, the HAM solutions
have auxiliary parameter, namely /%y, heo, and /g which control the solution convergence, Bhu-
vaneswari et al. [28]. Figure 1 shows the range values of /i, he, and A and the ranges are —1.6 <
hp<-0.3,-2<he<0.0,-1.7 < he<-0.2. We choose hr = hg = hy =—1 for the present calcula-
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25b
tion with 15" order of approximations. 23200 s A0 105 ,,8‘29, h,

Table 1 shows the numerical value of
—f"(0) for distinct values of o, with
o, = 0 compared with Abel et al. [29]
and Wagas et al. [30] and we proved that
our results are in excellent agreement.

Figure 1. The A curves of F"'(0), ®'(0), and ®'(0) with
a,=0.1,2,=0.1, Ri=05,N=0.2, Pr=1.5, R =0.3,
I'r=0.1,Hg=-0.3,S¢=1.0,I'c=0.2, Cr =1.0,
F,=02,p,=0.1,4,=0.2and N;= 0.1

Results and discussion

The outcomes of physical parameters, like, a,, on, R, I'r, Hg, I'c, Cr F,, Ay, Ay, and Ny,
for fixed values of Richardson number (Ri = 0.5), buoyancy ratio parameter (N = 0.2), Prandtl
number (Pr = 1.5), and Schmidt number (Sc = 1.0) are described in this section. Figures 2(a)
and 2(b) give the impact of a, and a, for velocity profile. It is found that the stream speed be-
comes smaller when increasing the values of a;. Physically, larger values of a; reveals to higher
relaxation time component which against the liquid speed. This causes to suppress the liquid
speed and thinner the associated boundary-layer thickness. On the contrary, the higher values of
a0, lead to enhance the liquid speed. The variations of R on heat absorbing and generating liquid
with NH and cooling cases are illustrated in figs. 3(a) and 3(b). It is seen that the temperature
grows for NH case and it diminishes for NC case. Physically, bigger thermal conjugate param-
eter is strengthening the heat transfer coefficient, which transfer more amount of energy from
hotter place to cooler place. This means that increase the liquid temperature and thicken thermal
boundary-layer thickness. On the contrary, negative values of N; reduce the heat transfer coef-
ficient and there by decreasing the liquid temperature. In addition, the thermal boundary-layer
thickness is higher in heat generating liquid compared to the heat absorbing liquid. Because, the
positive values of Hg (heat generation) is to increase the liquid thermal state and transfer more
heat between liquid particles. This implies to enrich the thickness of thermal boundary-layer.

1.2 1.2 T
F'(n) 10 Second order slip JFm oL Second order slip
— — — First order slip \ — — — Firstorder slip
08 F B 0.8 [
06 a,=00,03,05 ] 06 %=00,01,03
0.4 1 04
0.2 B 0.2
0.0
00 0 2 3

4
n (b)

Figure 2. Impact of a; (a) and a, (b) on velocity profile
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Figure 3. Impact of R on temperature profile for Hg =-0.3 (a) and Hg = 0.3 (b)

On the other hand, the negative values of Ha (heat absorption) is to create the opposite behavior
and causes to reduction of thermal boundary-layer thickness.

Figures 4(a) and 4(b) portray the impact of /7 on temperature profile with and without
thermal radiation for NH and cooling cases. It is observed that the liquid temperature and its
corresponding boundary-layer thickness are suppressed by enhancing the thermal relaxation
time parameter in NH case. The quite opposite behavior is obtained in NC case. In addition, the
thermal boundary-layer thickness is high in the presence of radiation compared to the absence
of radiation. Physically, higher amount of thermal radiation leads to increase the energy trans-
port between particles and thereby increasing the thermal boundary-layer thickness. The effects
of Hg on temperature profile for NH and cooling cases in the presence/absence of radiation are
illustrated in figs. 5(a) and 5(b). It is found that the liquid temperature is an enhancing function
of HG/HA parameter in NH case and the opposite trend is obtained in NC case. Also, the thicker

boundary-layer gets at R = 0.3.
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Figure 4. Impact of /"7 on temperature profile for R =0 (a) and R = 0.3 (b)
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Figure 5. Impact of Hg on temperature profile for R =0 (a) and R = 0.3 (b)



Mallawi, F. O. M., et al.: Impact of Double-Diffusion and Slip of Second Order on ...
THERMAL SCIENCE: Year 2021, Vol. 25, No. 5B, pp. 3729-3740 3735

Figures 6(a) and 6(b) explain the variations of /- in concentration profile for different
types of chemical reactions and boundary conditions. It is seen that the liquid concentration
and its associated boundary-layer thickness are suppressed when raising the concentration re-
laxation time for both boundary conditions. In generative chemical reaction, the liquid concen-
tration overshoots near the surface and it starts to decay and finally tends to minimum (zero)
value at # — oo, The effects of Cr on concentration profile for different boundary conditions
with Fourier and non-Fourier mass fluxes are presented in figs. 7(a) and 7 (b). It is seen that
the solutal boundary-layer thickness gets decay for enhancing the chemical reaction parameter.
Also, we observed that boundary-layer gets thicken for non-Fourier case than the Fourier case.
In addition, the decreasing rate is high in generative chemical reaction case compared to the
destructive chemical reaction case.

10 1

S
100 | RN o
[0) Y/ Second order sli
w 08 [ Second order slip 1 om y NN\ P
. 80 | \\\\ — — — First order slip g
_ _ _ _First order slip I N\
06 - 4 60 | 1 \\\\ r.=0.0,0.2,04,0.6 ]
! MK
041 r.=00,0.2,04,06 40 /\\ 1
02 b L ]
20 \\\\
0.0 ., | / , | 1 0L . ! —
0.0 0.5 1.0 15 2.0 25 0 5 10 15
(a) n (b) n
Figure 6. Impact of I'c on concentration profile for Cr =1 (a) and Cr =-1 (b)
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Figure 7. Impact of Cr on concentration profile for I'c= 0.0 (a) and I'c= 0.2 (b)

Figures 8(a) and (b) exhibit the comparative view of local Nusselt number for various
values of Iy and Hg with NH, cooling, second order slip and first order slip parameters. It is
found that the heat transfer gradient rises with raising the values of /'y and opposite behavior
can be found for large values of Hg. The local Nusselt number is an enhancing function of
thermal radiation parameter and the reverse trend is witnessed for higher values of Hg, figs.
9(a) and 9(b). In addition, the higher depression rate of heat transfer gradient is found when the
larger heat transfer gradient is obtained in NH case compared to the cooling case. The similar
trend is obtained for both second order slip and first order slip. The impact of /- and Cr with
heat generating, absorbing, second order slip and first order slip parameter is shown in figs.
10(a) and 10(b). We proved from this figures that, the mass transfer gradient enhances for larger
values of I~ and Cr for all cases. The increasing rate of mass transfer is high in Fourier case
compared to the non-Fourier case. It also observed that the mass transfer rate gets maximum in
generative chemical reaction case.
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Hg 15 Hg 15 0.0

Figure 9. Variations of Nu/(Re)'” for different values of Hg and R for second order slip (a)
and first order slip (b) with NH (upper profile) and NC (lower profile)
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Figure 10. Variations of Sh/(Re)" for different values of Cr and I'; for heat generating (a)

and heat absorption (b) with second order slip (lower profile) and first order slip
(upper profile)

The increment/decrement of skin friction coefficient for distinct values of Hg, A, A,,
Nris provided in figs. 11(a)-11(b). It is noted that the rate of skin friction coefficient decreases
with respect to Hg, A,,and A, for NH case, fig. 11(a). Higher amount of decreasing rate (189%)
is observed for heat generating liquid with first order slip condition and NH case when F,, =—-0.2.
In NC case, we gained opposite trend, i.e., higher amount of increment (2%) is attained at
F,,=-0.2. Skin friction coefficient vanishes at F,,= 0.0 for heat generating liquid with first order
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Figure 11. Variation percentage of skin friction coefficient for various values of F,

with HA/HG for NH (a) and NC (b)
slip and NC. Figures 12(a)-12(d) demonstrate the consequence of local Nusselt number with
respect to /7 and R with SSHG, FSHG, SSHA, and FSHA for NH and NC cases. It is noticed
that rate of change of local Nusselt number enhances when the values of /7 is rising, figs. 12(a)
and 12(b). Also found that the higher amount of increment (17.4%) is obtained in NC case with
SSHG at I'r= 0.4. From figs. 12(c) and 12(d), the local Nusselt number gets enhancement for
HA case and it decays in the HG case. In addition, the decreasing percentage is close to zero
when R — 1. At R = 0.3, we obtained lager decrement (21.7%) in NC. The variation of local
Sherwood number for different values of /- and Cr with SSHG, FSHG, SSHA, and FSHA for
NH and NC cases is provided in figs. 13(a) and 13(d). It is seen that the mass transfer gradient
is an escalating function of /' cand Cr for all cases. From these figures, higher amount of mass
transfer rate is observed in the presence of destructive chemical reaction. It is also observed that
mass transfer rate declines when increasing the chemical reaction parameter for all the cases
considered. The second order slip provides higher mass transfer rate for all vales of /' cand both
cases of NH and NC.
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1l SSHA 3H FSHA
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" " ] 720 |
(c) E R=0.3 R=0.5 R=0.8 R=1.0 (d) R=0.5 R=0.8 R=1.0

Figure 12. Variation percentage of local Nusselt number for various values of I'; (a) and (b) and
R (¢) and (d) with HA/HG for NH (a) and (c) and NC (b) and (d)
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Figure 13. Variation percentage of local Sherwood number for various values of I'¢ (a) and (b)
and Cr (c¢) and (d) with HA/HG for NH (a) and (c) and NC (b) and (d)
Conclusions

The purpose of this research paper is to investigate the outcomes of combined con-
vective flow of a chemically reacting OBL with CCDF in the presence of second order slip,
HA/HG and NH/NC. After our investigations, we found that he stream speed reduces with
enhancing the velocity relaxation time parameter and it increases when raising the velocity
retrardation time parameter. The thicker thermal boundary-layer is obtained in the presence
of NH parameter and quite opposite trend is obtained in NC parameter. The decreasing rate of
solutal boundary-layer thickness is high in generative chemical reaction case compared to the
destructive chemical reaction case. The larger amount of heat transfer gradient is obtained in
NH case compared to the NC case. The increasing rate of mass transfer is high in Fourier case
compared to the non-Fourier case.

Nomenclature
A — positive constant k — thermal conductivity, [Wm K]
Br  —heat transfer spalding number k" —mean absorption coefficient
— fluid concentration [kgm] ky — chemical reaction rate
C,  —skin friction coefficient Ny —Newtonian heating parameter
C,  —specific heat [Jkg 'K™'] Pr  —Prandtl number
C,  —wall concentration (0] — heat generation/absorption coefficient
C,  — free stream concentration R — radiation parameter
Dy — mass diffusivity Re, — Reynolds number
g — acceleration due to gravity Ri - Richardson number
F,  —suction/injection parameter Sc — Schmidt number
F" —non-dimensional velocity T — fluid temp
Gr;, - concentration buoyancy number T,  —wall tempe
Gr, - thermal buoyancy number uand v — velocity components, [ms™']

Hg  —heat generation/absorption parameter xand y — direction co-ordinates, [m]
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Greek symbols I''  —thermal relaxation parameter
4 — thermal diffusivity, [m’s'] n — dinensional variable
o — relaxation time constant (S} —non-dimensional temperature
a,  —retardation time constant z — relaxation time of heat flux
B¢ — coefficient of concentration expansion, % — relaxation time of mass flux
[ke 'm’] 1% — kinematic viscosity, [m?s™]
B¢ —coefficient of thermal expansion, [K'] P — fluid density, [kgm™]
I.  —mass relaxation parameter o — Stefan Boltzmann constant, [Wm2K]
0] —non-dimensional concentration
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