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This paper deals with longitudinal rectangular fin arrays used in plate-fin heat 
exchangers. The temperature distribution and rate of heat transfer were obtained 
using 1-D and 2-D solutions. The ranges of independent parameters within which 
the 1-D solution was within 1% from the 2-D solution were determined. Simple 
analytical solutions were determined for the rate of heat transfer, fin effective-
ness, and augmentation factor. The aspect ratio at which the rate of heat transfer 
reached a maximum was determined, as well as the corresponding effectiveness 
and augmentation factor.
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Introduction

Most energy conversion systems include heat exchangers as essential parts. There 
are several examples in industry, e.g., cooling of electronic packages, heat recovery systems, 
heating and cooling systems, transport, and power-generating systems. One of the most com-
monly used heat exchanger modules is the plate-fin channels. Optimizing the performance of 
these channels would obviously lead to material saving and/or lower energy consumption. The 
focus in this study will be on optimizing the fin performance for maximum rate of heat transfer.

The size of the literature on the performance analysis and optimization of fins is im-
mense. It includes fins with various geometries, cross-sections, boundary conditions, constant 
and variable area, constant and variable properties, with and without heat generation, and differ-
ent modes of heat dissipation. This study deals with longitudinal fins with uniform rectangular 
cross-sections.

For single detached fins, reviews of several research efforts on the performance and 
optimization of fins can be found in Kern and Kraus [1], Kraus et al. [2], Razelos [3], and 
Nagarani et al. [4]. The optimization analyses in these works considered primarily the boundary 
conditions of adiabatic tip and convective tip. The case of fins with a prescribed tip temperature 
was investigated by Soliman and Elazhary [5] and Marchildon and Soliman [6]. The vast ma-
jority of the work in [1-6] employed 1-D analysis. 

More recently, the case of fin arrays attached at the base to a wall was considered. 
Alarcon et al. [7] studied the optimization of a longitudinal rectangular fin-wall assembly with 
a fixed volume using a 1-D analysis. Restrictions were introduced, such as a fixed fin pitch, wall 
thickness greater than fin thickness, and fin aspect ratio limited to a specific range. Kuo et al. 
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[8] considered the geometry of a longitudinal fin assembly attached to a plate (simulating a heat 
sink). The fin cross-section was either square, rectangular, equilateral triangle, or cylindrical. 
The number of fins and the volume of each fin were fixed, and the objective of the study was to 
find the optimal length and cross-sectional area of the fins that produced maximum heat transfer 
rate from the fins and plate combined for each cross-sectional shape. Franco [9] used a similar 
geometry as the one used in [8] with simple convection applied on the unfinned surface and 1-D 
heat transfer in the fins. The input parameters to the optimization problem were: the height and 
width of the base surface, the interfin spacing, the base temperature, the fluid temperature, and 
the total volume of the base and fins. With these input data, an algorithm was used to determine 
the number of fins, the fin thickness and the fin height that produces maximum heat dissipation. 
Kundu and Das [10] considered fin arrays attached to a plate with four geometries (longitudinal 
rectangular, annular rectangular, longitudinal trapezoidal, and annular trapezoidal). They em-
ployed 1-D analysis and reported results for fin efficiency and fin effectiveness. In their optimi-
zation problem, the total volume and the total height of the assembly, the interfin spacing and 
the wall thickness were assumed constant, and the optimum fin dimensions for maximum heat 
transfer were determined. Kang [11] considered the case of a single pin fin attached to a base 
with variable thickness. The optimum heat loss, the corresponding optimum fin effectiveness, 
fin length, and fin diameter were presented as functions of the base thickness and fin volume. 
It was found that the optimum heat loss, the corresponding optimum fin effectiveness, and the 
optimum fin length decrease with an increase in the fin base thickness. Also, an increase in the 
fin volume resulted in an increase in the optimum heat loss, but a decrease in the corresponding 
optimum effectiveness. Lin and Chen [12] reported 1-D analysis of vertical plate fins attached 
to an isothermal base with adiabatic fin tips. Different heat transfer coefficients were assumed 
on the base surface and the fin surface. For fixed fin length, fin thickness, and total base height, 
they solved for the fin spacing that gives maximum heat dissipation. Luna-Abad et al. [13] 
considered fin-wall assemblies with longitudinal rectangular fins and constant temperature on 
the unfinned side of the wall. The geometry was simplified by assuming fixed wall dimensions 
(height, width, and thickness). The input parameters for the design were the fin volume, ratio 
of convection coefficient to thermal conductivity, and ratio of convection coefficients on the fin 
and the wall between the fins. The relative-inverse-admittance procedure was used to optimize 
the fin thickness for maximum heat dissipation.

Although there has been a large volume of articles on the performance and optimiza-
tion of single fins and fin-wall assemblies, very few studies were reported on the analysis of fins 
attached to two plates, as in plate-fin heat exchangers. Yang et al. [14] investigated a plate-fin 
module with offset strip fin and plain fin in laminar flow using a CFD (FLUENT) code. The 
cover plate had a fixed thickness of 1 mm. They noted that the offset strip fin performed better 
at low Reynolds numbers, while the plain fin was better at higher Reynolds numbers. Wen  
et al. [15] used the same fin geometries in [14] and the same flow condition (laminar). The 
main focus was on the optimization method and they concluded that using a combined Kriging 
response surface and multi-objective genetic algorithm in optimizing the fin design was faster 
to converge and more cost effective than other existing methods.

The objective of the present study is to investigate the performance of a plate-fin 
module and to optimize the fin design for maximum rate of heat transfer. The focus here will 
be on developing simple solutions that are easy to use and hopefully provide some guidance for 
the design engineer. 
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Physical model and mathematical formulation

The geometry under consideration, consisting of two parallel plates with an array 
of rectangular fins attached to the plates, is shown in fig. 1(a). Due to symmetry, the compu-
tational domain reduces to the module shown in fig. 1(b). In this module, the plates have a 
height, H, and thickness, W. The half fin in the module has a length, L, and a thickness, t. It is 
assumed that the geometry is 2-D, i.e., the dimension normal to the x-y plane is much larger 
than all other dimensions. The outer surfaces of the plates are maintained at temperatures T1 
and T2, and it is assumed that T1 ≥ T2. The surfaces at 0 ≤ x ≤ (L + 2W) and y = 0, 0 ≤ x ≤ W and  
y = H, (L + W) ≤ x ≤ (L + 2W) and y = H are adiabatic due to symmetry. All the other (inter-
nal) surfaces are exposed to convection with a fluid at a temperature T∞ where T∞ < T2 ≤ T1, and a heat transfer coefficient, h. The objective of this study is to determine the geometrical 
parameters that would result in maximum heat dissipation by the module (i.e., maximum heat 
convection the fluid).

The present analysis was conducted under the following assumptions:
–– Steady-state heat transfer with uniform thermal properties.
–– The fin is made from the same material of the wall in order to decrease the number of inde-

pendent variables.
–– Constant heat transfer coefficient.

Two different formulations were applied using one- and 2-D approaches. A compar-
ison was conducted between the two solutions in order to determine the range over which the 
1-D solution is within 1% from the more accurate 2-D solution.

T1
T2

(a) (b)

T1

T2

y

x
t

L

h T, ∞

W W H

 Figure 1. Geometry and co-ordinate system

The 2-D formulation

The applicable energy equation for heat conduction throughout the domain:
2 2

2 2 0T T
x y

∂ ∂
+ =

∂ ∂
(1)

subject to the boundary conditions stated previously for all surfaces. The following dimension-
less groups were introduced:

c

c c

, , , and Bi
hLt W H

L L L k
α β γ= = = = (2)

where Lc is a characteristic length given by Lc = (Lt)1/2. For a given value of h/k, we can deter-
mine the value of Lc from Bi, the value of H from γ, the value of W from β, and the values of 
L and t from α (L = Lc/α1/2 and t = Lcα1/2). Therefore, the geometry is completely defined by the 
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four independent parameters in eq. (2). Other parameters that will be used in the analysis are: 
the excess temperature, θ, is given:

T Tθ ∞= − (3a)
with the excess temperatures at the outer surfaces of the plates, θ1 = T1 – T∞ and  
θ2 = T2 – T∞, and the dimensionless rate of heat transfer, Q:

( )1 1

q qQ
k T T kθ∞

= =
− (3b)

With a known value of θ2/θ1, an arbitrary value of θ1 can be assumed from which θ2 
can be obtained and the rate of heat transfer, q, can be calculated from the temperature profile 
obtained from the solution of eq. (1). This value of q would be proportional to θ1 and therefore, 
Q in eq. (3b) is dependent only on θ2/θ1, but independent of θ1. Thus, the geometry and the di-
mensionless rate of heat transfer are dependent on α, β, γ, Bi, and θ2/θ1. 

Constraints were applied on the values of α, β, and γ in order to avoid unreasonable 
or impossible dimensions (such as negative values). First, the aspect ratio, α, was limited to the 
practical range 0.02 ≤ α ≤ 0.2. Next, the wall thickness was assumed to be at least equal to the 
fin thickness, i.e., W ≥ 2t for rigidity. Finally, in order to ensure adequate inter-fin spacing for 
proper cooling, the constraint H ≥ 3t was imposed (i.e., the inter-fin spacing is at least equal to 
a full fin thickness). These constraints result in the relations:

c

2W W W
L tLt

β α α= = = ≥ (4a)

and

c

3H H H
L tLt

γ α α= = = ≥ (5)

A numerical finite control volume method was used in generating the solutions. Each 
wall was divided into Nx1 subdivisions in the x-direction and the fin was divided into Nx2 subdi-
visions in the x-direction. The fin and the finned parts of the walls were divided into Ny1 subdi-
visions in the y-direction and the un-finned parts of the walls were divided into Ny2 subdivisions 
in the y-direction. The total number of control volumes in the computational domain is N.

Mesh independence tests were conducted to determine the appropriate values of Nx1, 
Nx2, Ny1, and Ny2. A sample of these results is shown in tab. 1. This sample corresponds to  
Bi = 0.01 and 1, α = 0.02 and 0.2, and θ2/θ1 = 0.5 and 1, while values of β and γ were set to β = 
1 and γ = 4. These values insure that β ≥ 2(α)1/2 and γ ≥ 3(α)1/2. 

It can be seen from tab. 1 that a mesh with 769 control volumes can produce results 
with at least three-significant-figures accuracy. More tests were conducted with other values of 
β and γ, and it was found that while β and γ have a significant influence on Q2D, a mesh with 769 
control volumes is still adequate for good accuracy. 

The 1-D solution 

An approximate solution based on 1-D conduction was formulated. The heat flow 
rates qa, qb, qc, and qd, shown in fig. 2, travel in the x-direction. Since the surfaces at y = 0 and 
y = H are adiabatic, then the total rate of heat transfer into the fluid per unit depth, q1D, will be 
the sum of these four heat rates, i.e.:

1D a b c dq q q q q= + + + (5)
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Table 1. Sample of mesh-independence results
Bi θ2/θ1 α Nx1 Nx2 Ny1 Ny2 N Q2-D

0.01

1
0.02

6 6 6 6 157 0.129717
12 15 6 12 487 0.128714
15 30 6 15 769 0.128535

0.2
6 6 6 6 157 0.092064
12 15 6 12 487 0.092043
15 30 6 15 769 0.092040 

0.5

0.02
6 6 6 6 157 0.097288
12 15 6 12 487 0.096535
15 30 6 15 769 0.096401

0.2
6 6 6 6 157 0.069048
12 15 6 12 487 0.069032
15 30 6 15 769 0.069030

1

1

0.02

6 6 6 6 157 4.221645
12 15 6 12 487 4.119038
15 30 6 15 769 4.099523
15 60 6 15 949 4.093916

0.2
6 6 6 6 157 4.079226
12 15 6 12 487 4.064639
15 30 6 15 769 4.062496

0.5

0.02

6 6 6 6 157 3.166234
12 15 6 12 487 3.089278
15 30 6 15 769 3.074642
15 60 6 15 949 3.070437

0.2
6 6 6 6 157 3.059419
12 15 6 12 487 3.048479
15 30 6 15 769 3.046872

Figure 2. Schematic of the 1-D model

These four heat flow rates can be formulated:

( ) ( )

1
a 1

T Tq
W

k H t h H t

∞−
=

+
− −

(6a)
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( ) ( )

2
b 1

T Tq
W

k H t h H t

∞−
=

+
− −

(6b)

1 1
c

T Tq
W
kt

′−
=

(6c)

2 2
d

T Tq
W
kt

′−
=

(6d)

These are four equations in six unknowns and two more relations are required. The 
temperature distribution in the half fin with prescribed temperatures T ′1 and T ′2 at the base and 
tip, respectively, is given [16]:

( ) ( ) ( )2 1sinh sinh
sinh

T T mx T T m L x
T T

mL
∞ ∞

∞

′ ′ ′ ′− + − −
− = (7)

where x′ = x – W and m = (h/kt)1/2. The two additional relations can be obtained by imposing 
continuity of heat flux in the fin at the base and the tip:

c d
0

d dand
d dx x L

T Tkt q kt q
x x′ ′= =

   − = =   ′ ′   
(8)

Combining eqs. (6a) and (6b), and introducing the parameters defined in eqs. (2), (3a), 
and (3b) we get (after algebraic manipulation):

( )2

1
a b

1

1
Bi

Q Q

θ γ α
θ

β

 
+ − 

 + =
+

(9)

From eqs. (6c) and (6d), we get: 

( ) ( )1 2 1 2
c dq q

W
kt

θ θ θ θ′ ′+ − +
+ = (10a)

and combining eqs. (7) and (8) gives:

( )( )1 2
c d

cosh 1
sinh

hkt mL
q q

mL
θ θ′ ′− +

+ = (10b)

Equating (10a) and (10b), a formula for (θ′1 + θ′2) was obtained and upon substituting 
in either eq. (10a) or eq. (10b), we get:

( )( )

( )
1 2

c d

cosh 1

cosh 1 sinh

hkt mL
q q

Whkt mL mL
kt

θ θ+ −
+ =

  − +  

(11)
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Equation (11) can be expressed in the dimensionless form:

( )
( )

2

1
c d 1 4 1 2 1 2 3 4

1 2 3 4

1

Bi sinh Bi

cosh Bi 1

Q Q

θ α
θ

α α
β

α

− −

−

 
+ 

 + =

+
−

(12)

Finally, the total rate of heat dissipation into the fluid per unit depth, Q1-D, would be 
the sum of (Qa + Qb) from eq. (9) and (Qc + Qd) from eq. (12). It can be seen from this derivation 
that Q1-D is a function of α, β, γ, Bi, and θ2/θ1, similar to the 2-D case. 

Results and discussion 

Validity of the 1-D solution 

The deviation between the 1- and 2-D results was found to increase as Bi  
and/or θ2/θ1 increase. Therefore, the comparison was carried out at the upper values of Bi = 1 
and θ2/θ1 = 1. Results were generated for 0.02 ≤ α ≤ 0.2 and various values of β and γ, as shown 
in figs. 3 and 4. The deviation between the two solutions was defined:

2-D 1-D

2-D

100%Q QE
Q
−

= × (13)

These figures show that for γ = 3, the deviation is less than 1% for a wide range of 
β and for β = 1, the deviation is less than 1% as long as γ ≥ 3. Therefore, it is fair to conclude 
that reasonably accurate results can be generated from the 1-D solution as long as β ≥ 1 and  
γ ≥ 3. Substituting β = 1 and γ = 3 into eqs. (4a) and (4b) for the range 0.02 ≤ α ≤ 0.2, we get 
the following constraints on the plate thickness and the inter-fin spacing: 2.24 ≤ W/t ≤ 7.1 and 
6.7 ≤ H/t ≤ 21.3.
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Figure 3. Deviation between 1-D and 2-D 
solutions at γ = 3 and various β

Figure 4. Deviation between 1-D and 2-D 
solutions at β = 1 and various γ

These constraints cover a wide range of practical applications, therefore, the 1-D solu-
tion will be used in generating the present results within the aforementioned constraints.
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Fin effectiveness

The effectiveness is defined as the ratio of the rate of heat transfer dissipated by the 
fin to the rate of heat transfer through the contact areas between the fin and the two plates if 
the fin was not present. The dimensionless rate of heat transfer from the fin surface is equal to  (Qc + Qd) given by eq. (12), while the rate of heat transfer from the contact areas between the 
fin and the two plates when the fin is not present:

( ) ( )1 2
w 1

T T T T
q

W
kt ht

∞ ∞− + −
=

+
(14)

Introducing the dimensionless parameters defined by eqs. (2), (3a), and (3b), we get:

2

1w
w

1

1

1
Bi

q
Q

k

θα
θ

θ β

 
+ 

 = =
+

(15)

Therefore, the fin effectiveness can be expressed:

( )
( )

c d
1 4 1 2 1 2 3 4

w

1 2 3 4

1
Bi

Bi sinh Bi

cosh Bi 1

Q Q
Q

β
ε

α α
β

α

− −

−

++
= =

+
−

(16)

Equation (16) shows that ε is a function of α, β, and Bi, but independent of γ and  
θ2/θ1. Figure 5 shows results for ε as a function of α at Bi = 0.05 and various values of β. It can 
be seen that ε decreases with an increase in α or β. The decrease in ε as the aspect ratio increases 
is consistent with the behaviour of single detached fins and also consistent with the results of 
Kundu and Das [10]. As well, an increase in β at the same Bi corresponds to an increase in wall 
thickness and the trend of decreasing ε with increasing β is consistent with Kang [11]. On the 
other hand, if β goes to zero, the fin becomes a detached fin with temperature T1 at the base and 
T2 at the tip. For this limiting case, eq. (16) reduces to:

( )
( )

1 2 1 4 1 2 3 4

1 2 3 4

Bi cosh Bi 1

sinh Bi

α α
ε

α

− − −

−

 − = (17)

This equation is identical to the result obtained by Marchildon and Soliman [6] for 
the effectiveness of a single detached fin with a rectangular cross-section and a prescribed tip 
temperature. 

Figure 6 shows the effect of Bi on ε at β = 0.2. The figure shows that ε decreases as 
Biot number increases. This trend is consistent with the findings of Kundu and Das [10] and 
Kang [11]. 

Augmentation factor

The augmentation factor, ψ, is defined as the ratio of the rate of heat transfer trans-
ferred to the fluid from the walls and the fins to that which would be transferred from the walls 
if the fins were not present. The total rate of heat transfer in the presence of the fin is q1-D, and 
the total rate of heat transfer in the absence of the fin can be expressed:
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( ) ( )1 2
u 1

T T T T
q

W
kH hH

∞ ∞− + −
=

+
(18)

which can be reduced to the following dimensionless form:

2

1u
u

1

1

1
Bi

q
Q

k

θγ
θ

θ β

 
+ 

 = =
+

(19)

and therefore

( )
( )

1 D
1 4 1 2 1 2 3 4

u

1 2 3 4

1
Bi1 1

Bi sinh Bi

cosh Bi 1

Q
Q

βαψ
γ α α

β
α

−
− −

−

 
 + 

= = + − 
 + − 

(20)

Substituting from eq. (16), eq. (20) simplifies to:

( )1
1

α ε
ψ

γ
−

= + (21)

Equations (20) and (21) indicate that ψ is dependent on α, β, γ, and Bi, but independent 
of θ2/θ1. For the fixed values Bi = 0.1 and γ = 4, fig. 7 shows the variation of ψ with α and β. 
These results show that ψ initially increases with α, reaches a maximum, and then decreases 
with a further increase in α. Since Bi and γ are kept constant, then each constant β curve in fig. 
7 corresponds to a fixed value of Qu and the optimum points correspond to maximum Q1-D. It 
can also be seen that ψ decreases as the wall thickness (indicated by β) increases. As well, the 
fin aspect ratio corresponding to maximum heat dissipation, αmax, increases as the wall thickness 
increases. This trend is consistent with the findings of Kang [11].

The effects of α and Bi on ψ are demonstrated in fig. 8 for β = 0.2 and γ = 3. Again, 
since the results correspond to fixed values of β and γ, therefore, each constant Biot number line 
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Figure 5. Variation of ε with α and β at Bi = 0.05 Figure 6. Variation of ε with α and Bi at β = 0.2
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corresponds to a constant value of Qu and the point where ψ reaches a maximum is also the lo-
cation of maximum Q1-D. Figure 8 shows that ψ decreases as Biot number increases, consistent 
with the decrease in ε with the increase in Biot number seen in fig. 6. Also, fig. 8 shows that αmax 

increases as Biot number increases, and for Bi = 0.01, β = 0.2, and γ = 3, no optimum was found 
within the range 0.02 ≤ α ≤ 0.2.

Finally, the effect of γ on the parameter ψ is illustrated in fig. 9 for Bi = 0.05. This 
figure shows that as γ increases, i.e., as the separating distance between the fins increases, ψ 
decreases since the fin is more effective than the bare wall in dissipating heat. An interesting 
feature of fig. 9 is that the value of αmax does not seem to be affected by the value of γ. Examin-
ing eq. (20), we can see that if we equate ∂ψ/∂α to zero, the parameter γ will cancel out and the 
value of αmax will end up to be a function of β and Biot number only.

Bi = 0.05β = 0.2
Bi = 0.5

γ = 3

α
0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
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ψ

β = 2
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β = 2

γ = 8

0.14
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0.04

0.02

0.00

αmax

Bi = 0.2

Bi = 0.05

Bi = 0.02

Bi = 0.01

0.2 0.6 1.0 1.4 1.8 2.2 2.6 3.0
β

Figure 9. Variation of ψ with β and γ for Bi = 0.05 Figure 10. Optimum aspect ratio

It is worthwhile to note that, for the limiting conditions W = 0 and H = t (resulting 
in β = 0 and γ = α1/2), the geometry in fig. 1(b) reduces to that of a single detached fin and the 
physical meaning of ψ reduces to that of ε. Substituting these limiting conditions in eq. (21), the 
result does confirm the physical expectation. 
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Figure 7. Variation of ψ with α and β  
for Bi = 0.1 and γ = 4

Figure 8. Variation of ψ with α and Bi  
for β = 0.2 and γ = 3
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Optimum dimensions

The results in figs. 7-9 indicate that there is an optimum value of α at which the rate 
of heat dissipation is maximum and that this optimum aspect ratio is dependent on β and Biot 
number. The form of this dependence can be determined by differentiating ψ in eq. (20) and 
equating the result to zero. The resulting expression is shown graphically in fig. 10. As expect-
ed, values of αmax can be seen to increase as β and/or Biot number increase. 

The optimum fin effectiveness, εmax, that corresponds to the optimum aspect ratio was 
calculated from eq. (17) and the results are shown in fig. 11. Again, εmax can be seen to decrease with 
an increase in either Biot number or β, consistent with earlier results. Finally, ψmax for the optimum 
fins is shown in fig. 12 for γ = 3 and various Biot number, and in fig. 13 for Bi = 0.05 and various γ. 

In a typical design procedure, the value of W, see fig.1(b), is selected based on rigidity 
and stability considerations. In all the results presented previously, the rate of heat transfer from 
the fin is higher than that from the part of the walls to which the fin is attached (i.e., ε > 1). There-
fore, optimizing the total rate of heat transfer, Q1-D, would require a large number of fins with small 
interfin spacing. This of course would result in excessive pressure drop and poor thermal behavior. 
Therefore, the interfin spacing is normally determined from manufacturing and thermal-hydraulic 
considerations. In this study, it will be assumed that both W and H are specified, and the optimum 
fin that can provide a certain heat duty is to be determined. Figures 10-13 and the corresponding 
equations can be used in performing this task, as shown in the next example.

Bi = 0.01

Bi = 0.02

Bi = 0.05

Bi = 0.2

Bi = 0.5

ψmaxεmax

15
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0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0

β β
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0

1.65
1.60
1.55
1.50
1.45
1.40
1.35
1.30
1.25
1.20
1.15
1.10
1.05
1.00

Bi = 0.01

Bi = 0.02

Bi = 0.05

Bi = 0.2

γ = 3

Figure 11. Optimum effectiveness Fig. 12. Optimum augmentation factor for γ = 3

Example

Consider the geometry in fig. 1(b) with  
T1 = 120 °C, T2 = 70 °C, T∞ = 20 °C, k = 50 W/
mK, h = 100 W/m2K, W = 3 mm, and H = 10 cm. 
It is desired to select optimum fins such that the 
rate of heat dissipation from the fin and plate sur-
faces is 30% higher than that of the bare plates.

Solution 

The given requirements imply a value of 
ψmax = 1.3. It is now required to determine val-
ues of L and t that satisfy this condition. An iter-
ative procedure is required: Figure 13. Values of ψmax for Bi = 0.05
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γ = 9

β

ψmax

0.2 0.6 1.0 1.4 1.8 2.2 2.6 3.0

1.50

1.45

1.40

1.35

1.30

1.25

1.20

1.15

1.10

1.05

1.00



Wu, W., et al.: Performance Analysis and Optimization of Rectangular Fin ... 
3490	 THERMAL SCIENCE: Year 2021, Vol. 25, No. 5A, pp. 3479-3491

–– Assume a value for the fin volume per unit depth, Lt.
–– Calculate values of Bi, β, and γ using eq. (2).
–– Determine αmax by formulating the equation ∂ψ/∂α = 0 and doing a root search for the opti-

mum aspect ratio.
–– Calculate ε and ψ from eqs. (16) and (20), respectively. Compare this value of ψ with the 

required value and repeat the aforementioned procedure if the deviation is unacceptable.
This procedure is illustrated in tab. 2.

Table 2. Solution procedure

Iteration No. Lt [m3m–1] Bi β γ θ2/θ1 αmax Q1-D Qu ψ ε

0 0.0003 0.0346 0.231 5.77 0.5 0.0263 0.3807 0.2976 1.279 10.94

1 0.0004 0.04 0.2 5 0.5 0.0283 0.3889 0.2976 1.307 10.12

2 0.000375 0.0387 0.207 5.17 0.5 0.0278 0.3871 0.2976 1.300 10.31

Finally, the optimum dimensions are: Lmax = 11.6 cm and tmax = 3.22 cm

Conclusions

The performance of an array of longitudinal rectangular fins attached to two plates 
at the base and tip (simulating a channel in a plate-fin heat exchanger) was investigated. Di-
mensionless groups were defined for the geometry and flow parameters. A mesh-independent 
2-D solution for the rate of heat transfer was obtained and compared with an approximate 1-D 
solution. With the value of Biot number limited to Bi ≤ 1, the range of parameters over which 
the deviation between the two solutions was less than 1% was defined. Results for the fin effec-
tiveness and augmentation factor based on the 1-D solution are presented and discussed and the 
optimum fin dimensions at which the rate of heat transfer reaches a maximum were obtained. 
The following conclusions can be made from the present results:

yy The fin effectiveness was found to depend significantly on the plate thickness and therefore, 
results from single-detached fins would be inapplicable. The effectiveness was found to 
decrease as the plate thickness increased. As well, the effectiveness decreased as the aspect 
ratio increased, consistent with the behaviour of single detached fins. 

yy The fin effectiveness was found to decrease as the fin volume increased; a trend that is con-
sistent with earlier findings by Kundu and Das [10] and Kang [11].

yy The augmentation factor, ψ, was found to initially increase with the aspect ratio, α, reaches a 
maximum, and then decreases with a further increase in α. This optimum point corresponds 
to a maximum rate of heat transfer. The augmentation factor decreased as the wall thickness 
increased. As well, the fin aspect ratio corresponding to maximum heat dissipation, αmax, 
increased as the wall thickness increased. This trend is consistent with the findings of Kang 
[11].

yy The value of ψ decreased as the fin volume increased, consistent with the decrease in ε with 
the increase in fin volume. Also, αmax increased as the fin volume increased; however, αmax 
was not affected by the inter-fin spacing.
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Bi	 – Biot number
H	 – height of the computational domain, [m]
h	 – convective heat transfer coefficient,  

[Wm–2K–1]
k	 – thermal conductivity, [Wm–1K–1] 
L	 – fin length, [m]
Lc	 – characteristic length, [m]
m	 – fin parameter, [ = (h/kt)1/2] 
N	 – total number of control volumes
q	 – rate of heat transfer per unit depth, [Wm–1]
Q	 – dimensionless rate of heat transfer
T	 – temperature, [K]
t	 – fin half thickness, [m]
W	 – plate thickness, [m]
x, y	– co-ordinate system, [m]

Greek symbols

α	 – aspect ratio
β	 – dimensionless wall thickness
γ	 – dimensionless domain height
ε	 – fin effectiveness
θ	 – excess temperature, [K]
ψ	 – augmentation factor

Subscripts

1, 2	 – at the outer surfaces of the walls
1-D	 – 1-D value
2-D	 – 2-D value
a, b, c, d 	– components of heat transfer, see fig. 2
max – optimum value
u	 – without the fin
w	 – at the contact area between fin and plates
∞	 – fluid


