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The creation of new materials based on nanotechnology is an important direction
of modern materials science development. Materials obtained by using nanotech-
nology can possess unique physicomechanical and thermophysical properties, al-
lowing to use them effectively in structures exposed to high-intensity thermome-
chanical effects. An important step of the creation and usage of new materials is
the construction of mathematical models to describe the behavior of these mate-
rials in a wide range of changes in external influences. One of the possible mod-
els for describing the process of thermal conductivity in structurally sensitive ma-
terials is proposed in this paper. The model is based on the laws of rational
thermodynamics of irreversible processes and models of a continuous medium
with internal state parameters. A qualitative study of the constructed model is
carried out. A difference scheme is constructed in order to find the solution of the
non-stationary heat conduction problem with allowance for the spatial non-
locality effect. The analysis of the solutions is carried out.
Keywords: non-local effects, curved plate, thermomechanics,

non-local deformation, heat conduction, intrinsic state parameter,
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Introduction

The development of technology constantly introduces new, higher requirements for
existing structural and functional materials. It stimulates the creation of new materials.

Today, properties improvement of such materials is associated with the synthesis of
materials from structures that have limited value of properties (for example, extremely strong,
refractory, thermostable, etc.) Such materials constitute a new class of structural and function-
al material.

These materials are obtained, mainly, by powder metallurgy, crystallization from an
amorphous state, and intense plastic deformation. Features of the structure of such materials
(grain size, a significant fraction of the interfaces, porosity, and other structural defects) are
determined by the methods of their production and have a significant effect on their physi-
comechanical and thermophysical properties, which differ significantly from the properties of
analogues with coarse-grained or amorphous structure [1-8].
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To date, nano- and sub micro-crystalline structures in the course of intense plastic
deformation have been obtained in aluminum, iron, magnesium, tungsten, nickel, titanium,
and their alloys [4-9].

Thus, structural and functional materials with micro- and nanostructures have high
operational characteristics: strength at a sufficiently high level of plasticity, firmness, high
heat capacity, low thermal conductivity, etc. Such features make it possible to create funda-
mentally new designs, devices and instruments with parameters unattainable with the use of
traditional materials.

The development of methods for obtaining bulk (solid) billets with uniform structure
along the workpiece cross-section, without pores, micro-cracks and other structural defects is
an urgent task, the solution of which will allow expanding the use of micro- and nanostruc-
tured materials of constructional purpose [4-6].

However, there is a significant gap between the technologies which can create new
materials and the possibilities of theoretical prediction of their physical and mechanical prop-
erties. Especially it concerns the influence of the local structure of the environment on its
macro properties.

The methodology of the continuum does not apply to materials with micro- and
nanostructures in pure form. Nevertheless, it is permissible to extend the methods of continu-
um mechanics that deal with the study of the mechanical behavior of materials at the macro-
level to the micro-level. They proved to be very effective [9]. Such propagation of the meth-
ods of continuum mechanics is called the method of continuous approximation, and the field
of science in which the behavior of materials with micro- and nanostructures is studied using
continuous approximation methods is called general mechanics of a continuous medium [9].
The key point in this method is the establishment of a link between the characteristics of the
micro (nano) level and the macro-level. Mathematical models of the behavior of such materi-
als must take into account two existing opposing concepts for describing the structure of any
solid body — the concept of continuity and discreteness.

In [10-14], thermoelasticity models were introduced using effective variables of
temperature and deformation. Based on these models, the temperature and stress fields in a
flat layer were analyzed at high-intensity surface heating. In this paper, to obtain the heat
equation, we used the approach proposed by Eringen [15]. The approach uses the influence
function to describe the effect of non-locality in space, which is reflected in the gradients of
the target values.

Mathematical model

To describe the process of transient heat conduction, let us use the model of a medi-
um with internal state parameters. The choice of this approach is explained by the fact that
this model allows us to relate the macroscopic behavior of bodies to processes occurring at the
molecular and sub molecular levels.

Without taking into account the coupling of the temperature and deformation fields
the local formulation of the first law of thermodynamics has the form [16]:

pTh=-0q,/ox +q, +& (1)

where (") = 6()/ét and q; are the projections of the vector of heat flux density on the axis
Ox; of a rectangular co-ordinate system, i =1, 2, 3.

In the case when the characteristic time for changing the external load plays a signif-
icant role when developing a thermomechanical model, it is necessary to take into account the
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velocity effects both in describing the deformation and in illustrating the process of heat prop-
agation. If the characteristic time of the change in the external load is close in magnitude to
the transition time of the thermodynamic system into the new state, then it becomes necessary
to consider the change in the internal structural parameters. To consider the local non-
equilibrium processes of heat accumulation we introduce the scalar internal state parameter,
sometimes called the thermodynamic temperature. The kinetic equation describing the time
variation in the linear approximation can take the form [11, 16]:

Uk +fr =K )

where K are the functions that determine the equilibrium values of the internal state parame-
ters (of the thermodynamic temperature). Since the thermodynamic temperature, in general,
determines the spectrum of frequencies and amplitudes of atomic vibrations on the free sur-
faces of micro- and nanostructured elements, the coefficient depends on the ratio of the free
surface areas and the total area of the element for any small volume element.

Let us define the volume density of free energy in the form of Taylor expansion in a
neighborhood of the initial values of the arguments (at the temperature T = T, of the natural
state). Then, for a neighborhood of a point with a radius-vector, x, belonging to the domain,
V, occupied by an element of the micro- or nanostructure, we have [16]:

pA(T,x)=pB (T)+pB,(T,«) (3)

where A(To,To) =0, Bl(TO) =0, B?_(To,To) =0.

In virtue of eq. (3) and relation h=—-0A/dT [16], where A is the mass density of free
energy, which is a sufficient condition for the validity of the Clausius-Duhame inequality [11,
16], the energy conservation law (2) can be written in the form:

oCT + pc' K =—00; /ox, +q, +J, 1=12,3 4)

where ¢=-T(d?B,/dT?+68°B,/8T?)and ¢’ =-T&?B, /(6Tox) are the specific mass heat
capacities that determine the change in free energy proportionally T and &, respectively. The
energy dissipation is usually neglected, and we assume that & =0 [16].

To obtain the energy conservation law (4) in the form of the heat conduction equa-
tion, it is necessary to specify the expression for the equilibrium value of the state parameter
i . Suppose, that k=T (x,t), that does not contradict with the basic principles of rational
thermodynamics of irreversible processes [16].

The relations for the projections of the heat flux density vector, g;, concerning spa-
tial non-locality are written:

o =4 P 0T (1) /0x; = A7 p, [ (| X' =X )T (X', )0 lx; )

Here ﬂﬁ}” are the heat conduction tensor components; (| x'—x|) is the influence
function determining spatial non-locality; V is the volume of the non-locality zone, and also:

[olx =xDdx =1 (6)

P, P, €[0,1] are the influence portions of spatial local and non-local effects, p; + p, = 1. The
influence function is used in the models offered by Eringen [15] to solve problems in the the-
ory of elasticity and based on the idea that long-range forces that are responsible for non-local
deformation of the material at a given point in space are validly described using the distance
function ¢(] x'—x|), decreasing with growth|x"—x|.
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Having solved the eq. (2) with respect to x with the initial conditions k= Ty at t = 0,
the energy conservation law (4) with provision for the representation (5), can be written in the
form of the heat conduction equation:

rt ’ r
pC J‘exp _t_t Mdt':

C—+
t o | o @
B
oT (x,t oT(x',t
= p1 |ET) g"‘ pz T)I¢7(| =X|) ( )dX +0v

aXJ’ J

The eq. (7) is fundamentally different from the known one, the former allows us to
consider the heat conduction process at the macro-level, in view of the delay in heat accumu-
lation, as well as the spatial nonlocality effect.

One-dimensional model

There are comparatively few studies where models of the behavior of a non-local
medium are developed with regard to the specific characteristics of the structure. In the pre-
sent paper, we consider the surface heating problem for a bar in the 1-D setting without taking
into account the relation between the temperature and stress fields. Under the assumption that
the temperature depends only on time and the co-ordinate directed along the normal inside the
body, we write the heat equation as [11, 16]:

or aq
c—=-—, xe(O,L), t>0 8
e T ©O,L) 8)
where pis a density, ¢ — the heat capacity, and q — the heat flux.
The equation for the heat flux (5) in the one-dimensional case:

X+a

400 =-p T—pzzjq)qx XD ©)

where a is a radius of the non-locality influence zone filled by the continuum conceived as an
aggregate of material particles, linked one another by cohesive bonds (between adjacent parti-
cles) and long-range forces.

The influence function is chosen as follows, fig.1, [15, 17, 18]:

[x'=x|

o(X-x)=—e *, |x¥-xl<a (10)
2a

AL
== ———— e -

X

—a [S - P —a—t

Figure 1. The bar and the influence function

Substituting expression (9) into the eqg. (8) we obtain the heat equation, taking into
account the non-local effects:
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oT o°T oF aT

C—=pPA—F5+pP,A— X'=x|)—dx’, xe(0,L), t>0 11

por = Pt P JolX XD ©.u (12)

The boundary conditions for the eq. (11) are written in the form:

=0 (t) (12)

x=0

oT g oT
—-pA——-p, A X' —x|)—dx’
PA—= P, j o v

=q, () (13)
x=L
where q,(t), ,(t)— the given heat fluxes at the left and right ends of the bar, respectively.
The initial condition is:

oT i oT
A—+p,A X' = x|)=—dx’
PA— P, L[:oq D>

T(x,0) =T, = constant (14)

Numerical solution

For the numerical solution of the boundary value problem (11)-(14), a discrete ana-
log was constructed using the integro-interpolation method [19-21].
On the uniform grid, the resulting difference approximation has the form:

'|'ij+1 _Tij o - X+a . 0 ron . %

pet——th=—pa (" = p,| [ o(x~xDa" (x)dx (15)
The expression for the heat flux at the left boundary of the bar has thei form:
T WOt oT h T, -1
plq(o) - pzj. ¢’(| X |)—,dX = _pl__ p2 A CsQ(O) +202/’LZ—1 -
X oX 2 h
° (16)
h T+ T+
-p, Ecﬁ% =0 ()

where ¢; is the value of the non-locality influence function at the point x;. In connection with
the symmetry of the function ¢(] x'—x|) , the value of the parameter j €{1,2,3}.

Similarly, we arrive at the approximation of the boundary condition on the right
boundary of the bar. It should be noted that setting the heat flux in the form (16) leads to the
influence of boundary conditions of the second kind not only on the outermost cells, but also
on adjacent to them, falling into the segment of the influence of non-locality.

The resulting difference problem leads to a system of linear algebraic equations with
a band matrix whose tape width is one more than the number of cells that fall in the segment
of the non-locality effect (for the case 2a = 4h, the matrix is five-diagonal, 2a = 6h is a seven-
diagonal matrix, etc.). The solution of the resulting system of equations can be obtained by
any known method.

Analysis of the results
To find a numerical solution, we introduce dimensionless parameters and variables:

T, T-T, _. t
P R S Nl Y TS LI SN 20
o t T Apc At,

Calculation for the surface heating when a high-intensity heat flux is given on the
left boundary and has the form:
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Figure 2. Influence of non-locality parameters on Figure 3. Graphs of the function of
the temperature distribution in the bar high-intensity heat flux at various parameters, m

Figure 2 shows the temperature distribution in the bar of length L = 10 at the time
t =2fora=1=10h, h=0.1, m=2 for various values of the parameter p;. Obviously, with an
increase in the share of accounting for nonlocal effects, the temperature at the boundary
increases.

Let us consider the effect of the heat flow intensity at different times on the
temperature distribution in the bar of length L = 5 with parameters 2 =0.2, p, =0.5.

The graphs presented in figs. 3-5 show the temperature distribution in the bar at the
instants corresponding to different stages of high-intensity heating. The time moments
t =05, t =1 t =25 correspond to the initial stage, the peak and the final stages of heating,
respectively. The graphs show that the solution corresponds to the given boundary conditions.

0.7 |
o & i
06 % 020
05] % o
Py e m=2 015k e m=2
0.4 -.':I"" m=8 ti m=8
0.3} m=16 0.10 - m=16
0.2/ b
| 0.05] %
0.1} [% Y
00 o :-:;:__4.-.-,.1,“?_“ 0.00p5 N )
2 4 6 8 , 10 : 2 4 6 8 , 10
Figure 4. Comparison of the results of calculation Figure 5. Comparison of the results of
of the intensity at various parameters m at calculation of the intensity at
the time t =0.5 various parameters m at time t =2.5

Results for curvilinear shell

Consider a curvilinear plate of thickness L, mean curvature x = (1/R; + 1/Ry)/2,
where Ry, R, — are the principal radii of curvature of the plate surface. The plate is exposed to
an external high-intensity pulse. We assume that the thickness of the plate is small in
comparison with the radii of curvature, and the external load acts along the normal to the
boundary surface. These assumptions make it possible to assume that the temperature field
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depends only on time and the co-ordinate x directed along the normal to the interior of the
plate [18].
The equation of thermal conductivity, in this case, has the form:
pcT = _a_ 2xq (18)
OX
Consider boundary and initial conditions for eq. (18) in the form (12)-(14). Then the

solution can be obtained analogously to the case x= 0.
To find a numerical solution, we introduce dimensionless parameters and variables:

z=x\Jt,A/ pc, t_:tl, 6=T_;*T°, T*:At{,“ﬂbt—;c, J (t) = Mt"exp(-—mt)
m _ =
M :(m—l)!' K:m/toﬂ/pc, a:aafpc/ﬂt0

Calculation of the temperature field is feasible for a plate thickness L =10 at m=8.
Figures 6 show the temperature distributions for different values of the share of influence of
local effects p; and the values of curvature x. It is seen that the more the influence of
nonlocal effects is taken into account (i. e., the smaller the value p,), the lower the tempe-

rature.
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Figure 6. Temperature distributions for various p; andx : (a) t =2 (b) T =5

Conclusions

The proposed model of thermal conductivity in structurally sensitive materials
makes it possible to take into account the spatial non-locality of the medium. The influence of
the non-locality and curvature parameters of the plate on the temperature distribution is ana-
lyzed. The proposed model of thermal conductivity can be used later in the study of tempera-
ture stresses that arise in structural elements under intense thermal action. The value of this
model is the ability to predict the properties of new promising materials. It creates the basis
for constructing thermodynamic models of the behavior of new structural and functional ma-
terials.
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Nomenclature
A — mass density of free energy, [Jkg™] tr — relaxation time of the internal state
c — volumetric heat generation parameter, [s]

density, [Jkg*K™] v — scope of influence, [m%]
h — mass entropy density, [JK™] X — space co-ordinate, [m]
pu.p> — parameters of the contribution of the

local and non-local component, [-] Greek Symbols
q — heat flux vector, [Wm?] ) — dissipation function, [Wm™]
q —1-D heat flow, [Wm?] K — mean curvature, [m™]
Qv — volume density of internal heat sources P — material density, [kgm];

(sinks) power, [Wm™] )
T — temperature, [K] Superscripts
t —time, [s] | — local vector

nl — non-local vector

References

[1] Andrievskiy, R. A., Nanomaterials: The Concept and Modern Problems, G. Ros. chem. J. Society for
them. D.I. Mendeleyev, XLVI (2002), 5, pp. 50-56

[2] Roduner, E., Size Matters: Why Nanomaterials are Different. J. Chem Soc Rev., 35 (2006), 7, pp. 83-92

[3] Andrievskii, R. A., Ragulya, A. V., Nanostructural Materials, Akademiya, Moscow, 2005

[4] Gusev, A. N., Nanomaterials, Nanostructures and Nanotechnologies, Fizmatlit, Moscow, 2005

[5] Gusev, A. N., Rempel, A. A., Nanocrystalline Materials, Fizmatlit, Moscow, Russia, 2001

[6] Rusanov, A. I., A Wonderful World of Nanostructures, Journal of General Chemistry, 72 (2002), 4, pp. 532-
549

[7]1 Suzdalev, I. P., Nanotechnology Physics and Chemistry of Nanoclusters, Komkniga, Moscow, 2005

[8] Kunin, I. A, Elastic Media with Microstructure 1, Springer, Berlin, Germany,1982

[9] Golovin, N. N., Kuvyrkin, G. N., Mathematical Models of Carbon-Carbon Composite Deformation,
Mechanics of Solids, 51 (2016), 5, pp. 596-605

[10] Zarubin, V. S., et al., Mathematical Model of a Nonlocal Medium with Internal State Parameters,
Journal of Engineering Physics and Thermophysics, 86 (2013), 4, pp. 768-773

[11] Kuvyrkin, G. N. , Savelieva, I. Yu., Thermomechanical Model of of Nonlocal Deformation of a Solid,
Mechanics of Solids, 51 (2016), 3, pp. 256-262

[12] Savelieva, I. Yu., Influence of Medium Nonlocality on Distribution of Temperature and Stresses in
Elastic Body under Pulsed Heating, Mechanics of Solids, 53 (2018), 3, pp. 277-283

[13] Zarubin, V. S ., et al, Mathematical Model of Thermostatic Coating with Thermoelectric Modules,
Journal of Engineering Physics and Thermophysics, 88 (2015), 6, pp. 1328-1335

[14] Kuvyrkin, G. N. et al., Mathematical Model of the Heat Transfer Process Taking into Account the
Consequences of Nonlocality in Structurally Sensitive Materials, Journal of Physics: Conference Series,
991 (2018), 1, 012050

[15] Eringen, A. C., Nonlocal Continuum Field Theories, New York-Berlin-Heidelberg, Springer-Verlag,
Germany, 2002

[16] Zarubin, V. S., Kuvyrkin, G. N., Mathematical Models of Continuum Mechanics and Electrodynamics,
Izdat. MGTU im. Baumana, Moscow, 2008

[17] Pisano, A. A., Fuschi, P., Closed Form Solution for a Nonlocal Elastic Bar in Tension, International
Journal of Solids and Structures, 40 (2013), 1, pp. 13-23

[18] Polizzotto, C., Nonlocal Elasticity and Related Variational Principles, International Journal of Solids
and Structures, 38 (2001), 42-43, pp. 7359-7380

[19] Kalitkin, N. N., Numerical Methods, Nauka, Moscow, 1978

[20] Galanin, M. P., Savenkov, E. B., Metody Chislennogo Analiza Matematicheskikh Modeley. (Numerical
Analysis of Mathematical Models — in Russian), MGTU im. N. E. Baumana., Moscow, 2010

[21] Samarskiy, A. A., Teoriya Raznostnykh Skhem (Difference scheme theory — in Russian), Nauka,
Moscow, 1977

Paper submitted: January 18, 2019 © 2019 Society of Thermal Engineers of Serbia.
Paper revised: February 2, 2019 Published by the Vinca Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: April 11,2019 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.


http://www.vin.bg.ac.rs/index.php/en/

