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In this study, we idetified multidimensional general convex stochastic processes. 
Concordantly, we obtained some important results related stochastic processes. 
Moreover, we derived some Hermite-Hadamard type integral inequalities for these 
stochastic processes.
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Introduction

In the literature, the following inequality is well-known as Hermite-Hadamard type 
integral inequality (HHII) for convex functions (CF) [1]:
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In this context, many researchers studied on HHII for φ-CF, general convex functions 

(GCF) in literature, see [2-8]. For example, in 1999, Youness [2] defined E-convexity such that 
a function F:ℝn→ℝ is said to be E-convex on a set M ⊂ ℝn if there is a map E:ℝn→ℝn such that 
M is an E-convex set:

( ) ( ) ( ) ( ) ( ) ( )1 1F E t E s F E t F E sλ λ λ λ     + − ≤ + −     
for each t,s ∈ M and λ ∈ [0,1]. Using Youness’s definition, Sarikaya et al. [3] showed such that 
a function F:[p,q] ⊂ ℝ→ℝ is called GCF on the real number interval [p,q], if the following 
inequality holds:

( ) ( ) ( ) ( ) ( ) ( )1 1F t s F t F sλϕ λ ϕ λ ϕ λ ϕ     + − ≤ + −     
for all t,s ∈ [p,q], λ ∈ [0,1] and φ:[p,q]→[p,q], φ(p) < φ(q) is a function. Also, Cristescu [8] ob-
tained HHII for GCF:
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Besides, Set et al. [9] established the following GCF on the co-ordinates:
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Let Δ: = [u1, v1] × [u2, v2] ⊆ [0,∞)2; u1 < v1; u2 < v2; φi:[ui, vi] → [ui, vi], i = 1,2 be a 
continuous function. A function F:Δ → ℝ is called GCF on Δ, if the following inequality holds: 

[ ] [ ] [ ]1 1 1 2 2 1 2 2 1 1 2 1 1 2 2 2( ) ( ) ( ) ) ( ) ( ) ( ) ( )(1 ) , (1 ) (  , (1 ) ,F t t s s F t s F t sλϕ λ ϕ λϕ λ ϕ λ ϕ ϕ λ ϕ ϕ+ − + − ≤ + −

for all (t1, s1), (t2, s2) ∈ Δ and λ ∈ [0,1]. If the above inequality is reversed then F is said to be 
φ-concave on Δ. 

Other definition of GCF is defined by Set et al. [9] 
A function F:Δ → ℝ is called co-ordinated φ-convex on Δ, if the following partial 

mappings Fφ2
:[u1, v1] → ℝ, Fφ2

(u):= F(u2, φ2) and Fφ1
:[u2, v2] → ℝ, Fφ1

(v):= F(φ1,v) are defined 
φ-convex for all φ1 ∈ [u1, v1] and φ2 ∈ [u2, φ2]. Then:
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Besides, De la Cal et al. [10] obtained HHII for MCF in 2006. Elahi et al. [11] derived 
HHII for s-MCF. Viloria et al. [12] verified HHII for harmonically MCF.

Correspondingly, ξ:I × Ω→ℝ is called a stochastic process (SP), if t ∈ I ⊂ ℝ is con-
sidered of a time parameter, such that (Ω, ℑ, P) is an arbitrary probability space. There are 
satisfactory evidence on similar results for SP in the literature, belong to Nikodem [13], Shaked 
and Shanthikumar [14], Skowronski [15], Kotrys [16]. 

Nowadays, Set et al. [17] studied on co-ordinated CSP. Moreover, Sarikaya et al. [18] 
investigated φh-CSP. Let us show this definition for h(λ) = λ.

Let us consider a function φ:[u,v]→[u,v], u < v. Then ξ:[u,v] × Ω→ℝ  is called GCSP 
on [u,v] ⊆ [0,∞): 
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for all t,s ∈ [u,v] and λ ∈ [0,1]. If the function φ is continuous increasing, then 
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In 2018, Karahan et al. [19] investigated MCSP. There are well-known definitions 
and some fundamentals about SP in the literature, see [13-19]. Note that, throughout paper the 
symbol (a. e.) means almost everywhere and the stochastic process ξ is mean-square integrable. 

Our claim is to define multidimensional general convex stochastic processes (MGC-
SP) and to obtain some HHII for these processes.

Main results

In this section, we identified MGCSP and proved HHII for these processes. Let be a 
continuous increasing function φi: [ui,vi]→[ui,vi] and for i = 1,2,...,n, n ≥ 2.
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Let us give definition of multidimensional general convexity for SP:
Definition 1: Assume that the function φ:𝔇n→𝔇n is a continuous increasing. Then 

ξ:𝔇n × Ω→ℝ is called MGCSP if:
( )( ) ( ) ( ) ( ) ( )(1 ) , , 1 , , a.e.ξ λ λ λξ λ ξ+ − ⋅ ≤ ⋅ + − ⋅( ) ( ) ( ) ( )ϕ ϕ ϕ ϕt s t s

for all λ ∈ [0,1]. 
Definition 2: ξ:𝔇n × Ω→ℝ is called MGCSP on 𝔇n if the following partial SP 

ξ iφi(ti):[ui,vi]→ℝ are general convex on [ui,vi].

( ) ( )( ) ( )1
1 1( ) : ( ) .), , , a( , , .e

i i

i i n
k k k k i k kt t t t tϕξ ξ ϕ ϕ−
= = +∧ ∧ ⋅=⋅

( )for all , ,  1, 2, ,
i i

i
i it u v i nϕξ ∈ = …  

Lemma 3: Every general CSP ξ:𝔇n × Ω→ℝ is general convex on n-co-ordinates al-
most everywhere, not the other way round.

Proof. Let ξ:𝔇n × Ω→ℝ be a MGCSP. Using the definition of  ξ iφn(tn), we get:
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On the other hand, assume that ξ:[0,1]n × Ω→ℝ:
( ) 1 1 2 2( )( ) (,  : ) ( ) n nt t tξ ϕ ϕ ϕ⋅ = …tϕ

This process is clearly a MGCSP. But for:
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This gives:
( )( ) ( ) ( )( ) (1 ) ( ) , ( ), (1 ) ( ),ξ λ λ λξ λ ξ+ − ⋅ > ⋅ + − ⋅t s t sϕ ϕ ϕ ϕ

for all λ ∈ [0,1], that is, X is not general convex [0,1]n.
Remark 4: If ξ:𝔇n × Ω→ℝ is MGCSP, then ξ iφn(tn):[ui,vi] × Ω→ℝ is GCSP such that:
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Theorem 5: Let ξ:𝔇n × Ω→ℝ be a MGCSP. Then:
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Proof. Using the left hand of eq. (1) by ξ iφn(un)(φi(ui),⋅) = ξ(φ(u),⋅) and ξ iφn(vn)(φi(vi),⋅) = 
ξ(φ(v),⋅) for each i = 1,...,n, then almost everywhere:
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All of sides of the above inequalities by integrating on [φi(ui), φi(vi)]:
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Taking summation from 1 to n, this completes the proof.
Theorem 6: Let ξ:𝔇n × Ω→ℝ be a MGCSP. Then: 
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Proof. Using eq. (1) by ξ φi+1(tn), then almost everywhere:
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All of sides of the above inequality by integrating on [(φi(ui), (φi(vi)]:
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Applying HHII to the left hand of eq. (4) for each i ∈ {1,..., n – 1}:
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and also applying HHII to the right hand of eq. (4):
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for each i ∈ {1,..., n – 1}. After using the inequalities (5) and (6) in eq. (4) and then taking sum-
mation from 1 to n = 1, we have eq. (3).

Remark 7: Using Theorem 6 for n = 1, then the classical HHII for 2-D GCSP.
Theorem 8: Let ξ:𝔇n × Ω→ℝ be a MGCSP. Then: 
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Proof. Using eq. (1), we get the following inequality for ξ nφn(tn) almost everywhere:

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

( )

( ), ( ),1, , d
2 2 

n n
n n n n

n n n n

n n

n nv
n n n nt tn nn

n nt t
n u

u v
t t

ϕ
ϕ ϕ

ϕ ϕ
ϕ

ξ ϕ ξ ϕ
ξ ξ

+

−

⋅ + ⋅ ∆
⋅ ≤ ⋅ ≤   ∆ 

∫ (8)

Also, using the same method in the proof of Theorem 6 by the inequality eq. (8), then 
almost everywhere

( )
( ) ( )

( ) ( )
1

1

2 1
1 1

1 ( ) ( )

1, , , , d d
2 2

n n n n

n n

n n n n

v v
n nn n
k k k n n nt

n n u u

t t t t
ϕ ϕ

ϕ
ϕ ϕ

ξ ϕ ξ
−

−

+ +
− −
= −− −

−

  ∆ ∆
 ∧ ⋅ ≤ ⋅    ∆ ∆  

∫ ∫

( )( )( ) ( ) ( )( )( )
( ) ( )( )( ) ( ) ( ) ( )( )( )

2 2
1 1 1 1 1 1

2 2 2
1 1 1 1 1 1

, ( ), ( ) , , , ( ) ,1
2 , ( ), , , , ,

n n
k k k n n n n k k k n n n n

n n
k k k n n n n k k k n n n n

t u u t v u

t u v t v v

ξ ϕ ϕ ϕ ξ ϕ ϕ ϕ

ξ ϕ ϕ ϕ ξ ϕ ϕ ϕ

− −
= − − = − −

− −
= − − = − −

 ∧ ⋅ + ∧ ⋅ ≤  
+ ∧ ⋅ + ∧ ⋅  

(9)

Integrating eq. (9) on [φn–2(un–2), φn–2(vn–2)]:

( )
2 2

2 2

(
2 1
1 2

)

2 ( )

1  , , , d
2 2

n n

n n

v
n n n
k k k n

n u

t t
ϕ

ϕ

ξ ϕ
− −

− −

+ +
− −
= −−

−

  ∆ ∆
 ∧ ⋅ ≤   ∆   

∫
( ) ( ) ( )

( ) ( )
2 2 1 1

2 2 1 1

1 2
( ) ( ) ( )2

1   , d d d
n n n n n n

n n

n n n n n n

v v v
n

n n n ntn
u u uii n

t t t t
ϕ ϕ ϕ

ϕ
ϕ ϕ ϕ

ξ
− − − −

− − − −

− −
−

= −

≤ ⋅
∆

∫ ∫ ∫∏

2

( 22

( )

)

2

2
1 1 1

2
1 1 1
2
1 1 1
2
1 1

2

1

2

(( ( ), ( ), ( )), )

(( ( ), ( ), ( )), )

(( ( ), ( ), ( )), )

(( ( ), ( ), ( )), )

1 1
2

vn

un n

n

n
k k k n n n n

n
k k k n n n n
n
k k k n n n n
n
k k k n n n n

n u

t u u

t v u

t u v

t v u

ϕ
ξ ϕ ϕ ϕ

ξ ϕ ϕ ϕ

ξ ϕ ϕ ϕ

ξ ϕ ϕ ϕ

− −

−−

−
= −

−
−

−

−

−
−
= −
−
= − −

= − −

 
 
 

≤



∧ ⋅

∧

 
∆ 

+ ∧ ⋅

+ ∧ ⋅

+ ⋅




∫ 2d nt − (10)

Again using the same method in the proof of Theorem 6 by the inequality eq. (10), 
then almost everywhere:

	

( )
( ) ( ) ( )

( ) ( )
2 2 1 1

2 2 1 1

3 2 1
1 1 2

( ) ( ) ( )2

1, , , ,   , d d d
2 2 2

n n n n n n

n n

n n n n n n

v v v
n nn n n
k k k n n n ntn

u u uii n

t t t t t
ϕ ϕ ϕ

ϕ
ϕ ϕ ϕ

ξ ϕ ξ
− − − −

− − − −

+ + +
− − −
= − −

−
= −

  ∆ ∆ ∆
 ∧ ⋅ ≤ ⋅     ∆

≤


∫ ∫ ∫∏
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3
1 2 2 1 1

3
1 2 2 1 1
3
1 2 2 1 1
3
1 2 2 1 1

3

(( ( ), ( ), ( ), ( )), )

(( ( ), ( ), ( ), ( )), )

(( ( ), ( ), ( ), ( )), )

(( ( ), ( ), ( ) ( )1 )
2

,

n
k k k n n n n n n

n
k k k n n n n n n
n
k k k n n n n n n
n
k k k n n n n n n

t u u u

t v u u

t u v u

t v v u

ξ ϕ ϕ ϕ ϕ

ξ ϕ ϕ ϕ ϕ

ξ ϕ ϕ ϕ ϕ

ξ ϕ ϕ ϕ ϕ

−
= − − − −
−
= − − − −
−
= − − − −
−
= − − − −

∧ ⋅

+ ∧ ⋅

+ ∧ ⋅

≤
+ ∧

3
1 2 2 1 1
3
1 2 2 1 1
3
1 2 2 1 1
3
1 2 2 1 1

, )

(( ( ), ( ), ( ), ( )), )

(( ( ), ( ), ( ), ( )), )

(( ( ), ( ), ( ), ( )), )

(( ( ), ( ), ( ), ( ))

n
k k k n n n n n n
n
k k k n n n n n n
n
k k k n n n n n n
n
k k k n n n n n n

t u u v

t v u v

t u v v

t v v v

ξ ϕ ϕ ϕ ϕ

ξ ϕ ϕ ϕ ϕ

ξ ϕ ϕ ϕ ϕ

ξ ϕ ϕ ϕ ϕ

−
= − − − −
−
= − − − −
−
= − − − −
−
= − − − −

⋅

+ ∧ ⋅

+ ∧ ⋅

+ ∧ ⋅

+ ∧ , )

 
 
 
 
 
 
 
 
 
 
 
 

 ⋅




Thus, using inductive method and taking into account ξ nφn(tn)(tn,⋅) := ξ(t1,...,tn,⋅), we get 
eq. (7).

Example 9: Let ξ:𝔇n × Ω→ℝ be a MGCSP. Then:

	

3 3 3 31 1 1 1 2 2 2 2 ( ) ( )( ) ( ) ( ) ( ), , ,
2 2 2

u vu v u v ϕ ϕϕ ϕ ϕ ϕ
ξ
 ++ +  ⋅  
  

	
( )( )

( )( )
3 31 1 2 2

1 1 2 2 3 3

( )( ) ( )

1 2 3 3 2 13
( ) ( ) ( )2

1 , , , d d d
( )

vv v

u u ui i i ii n

t t t t t t
v u

ϕϕ ϕ

ϕ ϕ ϕ

ξ
ϕ ϕ

= −

≤ ⋅
−

∫ ∫ ∫∏

	

1 1 2 2 3 3 1 1 2 2 3 3

1 1 2 2 3 3 1 1 2 2 3 3

1 1 2 2 3 3 1 1 2 2 3 3

1 1 2 2 3 3

3

(( ( ), ( ), ( )), ) (( ( ), ( ), ( )), )
(( ( ), ( ), ( )), ) (( ( ), ( ), ( )), )
(( ( ), ( ), ( )), ) (( ( ), ( ), ( )), )
(( ( ), ( ), ( ))

2
, )

1

u u u v u u
u v u v v u
u u v v u v
u v v

ξ ϕ ϕ ϕ ξ ϕ ϕ ϕ
ξ ϕ ϕ ϕ ξ ϕ ϕ ϕ
ξ ϕ ϕ ϕ ξ ϕ ϕ ϕ
ξ ϕ ϕ ϕ

⋅ + ⋅

+ ⋅ + ⋅

+ ⋅

+

≤
+ ⋅

⋅ + 1 1 2 2 3 3(( ( ), ( ), ( )),

, (a.e.)

)v v vξ ϕ ϕ ϕ

 
 
 
 
 
  ⋅

Indeed, according to Theorem 8 for n = 3, we get:

	 ( ) ( )( ) ( )( )3 3

3
( ) 3 3 1 1 2 2 3 3 1 2 3( ), : ( ), ( ), ( ) , : , , ,t t t t t t t tϕξ ϕ ξ ϕ ϕ ϕ ξ⋅ = ⋅ = ⋅

	 ( ) { }3
03 : : 1, 4 , 1, 2,3, 4i il i iδ= ∈ ≤ = − =δ δ

then

	 ( ) ( ){ } ( ) ( ) ( ) ( ){ }1 23 1,1,1 ;  3 0,1,1 , 1,0,1 ,  1,1,0 ,l l= =

	 ( ) ( ) ( ) ( ){ } ( ) ( ){ }3 43 0,0,1 , 0,1,0 ,  1,0,0 , ;  3 0,0,0l l= =

therefore

	 ( ) ( ) ( )( )( )1 1 2 2 3 3, , ,u u uξ ϕ ϕ ϕ ⋅

	

( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

1 1 2 2 3 3

1 1 2 2 3 3

1,1,1 , ,
,

1,1,1 1,1,1 , ,

u u u

v v v

ϕ ϕ ϕ
ξ

ϕ ϕ ϕ

  
  = ⋅
   + −   

for
	 ( ) ( ) ( ) ( )( )1 1 2 2 3 3, ,u u uϕ ϕ ϕ=uϕ , ( ) ( ) ( ) ( )( )1 1 2 2 3 3, ,v v vϕ ϕ ϕ=vϕ
thus 
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	 ( )
( ) ( ) ( )( ) ( ) ( ) ( )( )( )

1

1 1 2 2 3 3
3

1 , , , ,
l

u u uξ ξ ϕ ϕ ϕ
∈

+ − ⋅ = ⋅∑
δ

δϕ δ ϕu v

Similarly by l2 (3), l3 (3), and l4 (3), respectively, we get almost everywhere:

	 ( )
( ) ( ) ( )( ) ( ) ( ) ( )( )( )

2

1 1 2 2 3 3
3

1 , , , ,
l

u v vξ ξ ϕ ϕ ϕ
∈

+ − ⋅ = ⋅ +∑ u v
δ

δϕ δ ϕ

	 ( ) ( ) ( )( )( ) ( ) ( ) ( )( )( )1 1 2 2 3 3 1 1 2 2 3 3, , , , , , ;u v u u u vξ ϕ ϕ ϕ ξ ϕ ϕ ϕ+ ⋅ + ⋅

	 ( )
( ) ( ) ( )( ) ( ) ( ) ( )( )( )

3

1 1 2 2 3 3
3

1 , , , ,
l

v v uξ ξ ϕ ϕ ϕ
∈

+ − ⋅ = ⋅ +∑ u v
δ

δϕ δ ϕ

	 ( ) ( ) ( )( )( ) ( ) ( ) ( )( )( )1 1 2 2 3 3 1 1 2 2 3 3, , , , , , ;v u v u v vξ ϕ ϕ ϕ ξ ϕ ϕ ϕ+ ⋅ + ⋅

	 ( )
( ) ( ) ( )( ) ( ) ( ) ( )( )( )

4

1 1 2 2 3 3
3

1 , , , ,
l

v v vξ ξ ϕ ϕ ϕ
∈

+ − ⋅ = ⋅∑ u v
δ

δϕ δ ϕ

Finally, using all of the above equalities in eq. (7), we obtain the desired result in this 
example.

Conclusion

The fundamental contribution of this study to literature has been the introduction of 
general convexity for multidimensional stochastic processes principally. Besides, some char-
acteristics of these processes was indicated specifically. Finally, some Hermite-Hadamard type 
integral inequalities for these processes were obtained mathematically. We hope that original 
results can be obtained for different processes using the methods in this study.
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