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In this study, we idetified multidimensional general convex stochastic processes.
Concordantly, we obtained some important results related stochastic processes.
Moreover, we derived some Hermite-Hadamard type integral inequalities for these
stochastic processes.
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Introduction

In the literature, the following inequality is well-known as Hermite-Hadamard type
integral inequality (HHII) for convex functions (CF) [1]:

F(pwjg ! TF@)M”P)”@
2 q—pp 2

In this context, many researchers studied on HHII for ¢-CF, general convex functions
(GCF) in literature, see [2-8]. For example, in 1999, Youness [2] defined E-convexity such that
a function F:R"—R is said to be E-convex on a set M c R" if there is a map £:R"—R" such that
M is an E-convex set:

F[AE(t)+(1-2)E(s) | < AF[E(1) ]+ (1-A) F[ E(s)]
for each t,s€ M and A €[0,1]. Using Youness’s definition, Sarikaya et al. [3] showed such that
a function F:[p,q] € R—R is called GCF on the real number interval [p,q], if the following

inequality holds:
Fla0(0)+(1-2)0(s)] < AF[0(0)]+ (- 2) F[o(5)]

for all ,s € [p,q], 2 €[0,1] and ¢:[p.q]—[p.q], ¢(p) <¢(q) is a function. Also, Cristescu [8] ob-
tained HHII for GCF:

F{w(p)w(q)} U g < Flo®]+ Flo)]

2 ~o(p)-o(q) o) 2

Besides, Set et al. [9] established the following GCF on the co-ordinates:
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Let A: = [uy, vi] % [ua, v2] € [0,00)% uy < vi; ua < o5 @[ty vi] — [ws, vi], i =12 be a
continuous function. A function F:A — R is called GCF on A, if the following inequality holds:

F [’1‘/’1 (1) + A=V (1), 29, (s1) + (1= D), (Sz)]S AF [(/’1 (11,0, (5y )] +(1-AHF [(01 (2), 9, (52)]

for all (4, s1), (2, 52) € A and A € [0,1]. If the above inequality is reversed then F is said to be
@-concave on A.

Other definition of GCF is defined by Set et al. [9]

A function F:A — R is called co-ordinated g-convex on A, if the following partial
mappings F, :[u1, vi] = R, F, (u):= F(u,, ¢) and F,, :[us, v.] = R, F,, (v):= F(g,,v) are defined
p-convex for all ¢, € [uy, v] and @, € [uy, @,]. Then:

o (n)

F(éﬁl(”l)Jﬂl’l(‘ﬁ),‘Pz('/‘z)JWl’z(Vz)jS 1 F(t,¢2(u2)+¢2(v2)]dt+
2 2 2[¢1(V1)_¢71(”1)]¢1(u1) 2
+ 1 %(VZ)F((A(MI)JF%(VI),s)dsg
2[(/72 ()=, (u, )J 2

0, (uy)

2 ()2 (vy)
J F(t,s)deds <
@ (uy) @y (u3)

1
<
[(/’1 M) -o(y )][402 ()=, (u, )]

(1)
j (F[t.0y )]+ F 1.0, ()]} di +
(“1)
o(v,)

J. {F[¢1(u1),s]+F[wl(vl),s]}ds <
o(v)

= i{F[% (), @, (uy )]+ F[(f’l (u), 9, (Vz)] + F[("l M), @5 (u, )}f F[¢’1 M), (Vz)]}

1
< -
4[(P1 M) -o (ul)] (p

1
' 4[402 ()=, (u, )]

Besides, De la Cal et al. [10] obtained HHII for MCF in 2006. Elahi et al. [11] derived
HHII for s-MCF. Viloria et al. [12] verified HHII for harmonically MCF.

Correspondingly, &7 x Q—R is called a stochastic process (SP), if t € / € R is con-
sidered of a time parameter, such that (Q, J, P) is an arbitrary probability space. There are
satisfactory evidence on similar results for SP in the literature, belong to Nikodem [13], Shaked
and Shanthikumar [14], Skowronski [15], Kotrys [16].

Nowadays, Set et al. [17] studied on co-ordinated CSP. Moreover, Sarikaya et al. [18]
investigated ¢,-CSP. Let us show this definition for 4(1) = /.

Let us consider a function ¢:[u,v]—{u,v], u <v. Then &:[u,v] X Q—R is called GCSP
on [u,v] € [0,00):

E((2p)+(1-Dp(5)),) < AE(p(0),) + (1= DE(9(s).-), (a-e.)

for all #,5 € [u,v] and 4 € [0,1]. If the function ¢ is continuous increasing, then

ér((P(M)HIJ(V) ,.j< 1 (p(V)g(t’.)dt < 5((p(u)")+§(¢(v)’.),(a.e.)

2 W) o 2
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In 2018, Karahan et al. [19] investigated MCSP. There are well-known definitions
and some fundamentals about SP in the literature, see [13-19]. Note that, throughout paper the
symbol (a. e.) means almost everywhere and the stochastic process ¢ is mean-square integrable.

Our claim is to define multidimensional general convex stochastic processes (MGC-
SP) and to obtain some HHII for these processes.

Main results

In this section, we identified MGCSP and proved HHII for these processes. Let be a
continuous increasing function ¢;: [u;,v;]—[u;,v:] and fori=1,2,....,n, n > 2.

D= ﬁ[”t"’i] < [0,00)”

A =) +9,(v); A7 =9;(v;,)— @ (u;) such that g, (v,) < @, (u;)

00 = (N0 1)) = (211 0,(1,)) = (11,1, €D

Let us give definition of multidimensional general convexity for SP:
Definition 1: Assume that the function ¢:D"—D" is a continuous increasing. Then
EDxQ— R is called MGCSP if:

E((Apt)+ (1= Dp(s)).) < A (p(0).") + (1= 2) E(p(5).).(a.e.)

for all 2 € [0,1].
Definition 2: &D"xQ—R is called MGCSP on D" if the following partial SP
é;;[(,l.):[ui,v,-]—>R are general convex on [u;,v,].
5&(:0(’»') = 5((/\11:1 O (G )t N1 Pk (tk))»')’(a'e‘)
forall &,y €[u;,v; ], i=1,2,....n

1271

Lemma 3: Every general CSP &D"xQ—R is general convex on n-co-ordinates al-
most everywhere, not the other way round.
Proof. Let £&D"x Q—R be a MGCSP. Using the definition of & (), we get:

&3, (2000 + 1= 20()).) = £{ (N0 (1), 400+ (1= DP(). Ao 91 (1)) ) <
< 2((AR 2 D00 AL 0 0) )+ (1= D) E((AP1 0000 0 AL 010 7) =

= 28 (o) (20.)+ A=2)&, (,\ (#(5),").(a.e.)
On the other hand, assume that £:[0,1]" x Q—R:

f((”(t),') =p ()@, (8)...0,(1,)
This process is clearly a MGCSP. But for:

o) = (L1,...,0), @(s)=(0,1,...,1) e [0,1]"

we have

E((Ap®)+ (1= Dp(s)).-) = £((ALL....(0= 1)) = A1- )

AE(@(e),) + (1= DE(@(s),-) = 2.0+ (1-2).0=0
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This gives:
E((2p@+(1-Dp(s)).) > A (@(0),)+ (1= DE(@(s),-)

for all 1 € [0,1], that is, X is not general convex [0,1]".
Remark 4. 1f &D"x Q—R is MGCSP, then & (, :[u;,v;] X Q—R is GCSP such that:

2:(v) i
co(ar )1 S, (2:)) 4 5, ) (9,0),7)
§¢ (t )( 3]S_ Z"

Soutay (i) d < 5 (ae) (1)

Theorem 5: Let & D" < Q—R be a MGCSP. Then:
(Vl)
Z_ J. ( (tp)+§ (l‘za))dtiS
i l(ui)

n

1 i i
<2[E(pw. )+ (00 ]+ 5D &0 (D)4 £ ) (010)) [ (ae) 2)

i=1

Proof. Using the left hand of eq. (1) by &} «,)(9:w),) = Sp(w),") and & o, (pi(v),*) =
&p(v),") for each i = 1,...,n, then almost everywhere:

) & ) (00))+E () (00)) E(@@). )+ 1) (9,07),
% [ 0 901,222 ! )2 w (901)) S0t} ) P
i (/’i(”f)
oy & o) (0N E ) (000)) & () (9, )+E(e0).:
= [ & < ) )2 0 (8007 Eoge 2) e
i %’(“i)
All of sides of the above inequalities by integrating on [¢(u;), pv:)]:
2(v)
1 i i
- (&) ()4 &5, (1) <
! ‘Pi(”i)
<§((0(u) )+ § u) (@20 )+E (@), )+ e‘ o (@),

2

Taking summation from 1 to n, this completes the proof.
Theorem 6: Let & D" x Q—R be a MGCSP. Then:

n—1 + + n—1 f/’;("i) +

i— Al Az 1 i Al
25 N @i ()= = N e (1), || < z—, J- é(p;j(tn) | <
L 22 =T 2

< EF ()t dE <
= A B q;i(u,-)wﬂif,ﬂ) e o
& 1 (pi(VI) i+ it
<o [ [ (elnan)- )+ & (00in)-) o ®



Okur, N.: Multidimensional General Convexity for Stochastic Processes ...
THERMAL SCIENCE: Year 2019, Vol. 23, Suppl. 6, pp. S1971-S1979 S1975

EN2 P (1) @), Py W)y Afzia 94 (1))
1] A2 @) 2100, P W) A 21 (5),) @e) o)

443 +§((A2_:11 @)y @)y P (Visr)s Afzinn 0 t))s0)
(N0 t)s 200 P (i)s Aina P (1))

Proof. Using eq. (1) by f%ﬂ(,n), then almost everywhere:
i+l Az++1 < 1 . i+1 5‘;:(%) ((DHI (qu )’ ) + é;:t(t,,) ((DHI (VHI )’ )
5@4(%) ) > A I é:w,-,,l(t,,)( i+1> )dtl+1 B
i+l Piv1 (ui+1 )
All of sides of the above inequality by integrating on [(p:(u;), (p{v:)]:
‘ﬂi("i) + 2:.(v) P (Vi+1)
1 i+l Ai 1 1 i+l
2 J' £ ){ L. dti<A . _[ J. §¢i+](t")(,+1,)dtl+ldt
i+l {ﬂ‘(ui)(pwl(”nl)

(ﬂi("i)
1 ; ,-
A _[ (fwﬁ(a) (€0i+1 (“i+1 ):) + éf(/,:i(,n) (¢i+1 (Vi+l )7'))dti
T (u;)
Applying HHII to the left hand of eq. (4) for eachi € {1,....,n—1}:
2 (vi)

i— A;r Ai++ n 1 7 A;r
5((”‘1‘%(”‘)’7’ 3 ’Ak-f+2<”k(fk)H<; I e‘wif(zn)[ =S "jdtf ()

T ooi(u)

(4)

and also applying HHII to the right hand of eq. (4):
(/71("1) A 1 (/’/("‘) A
I é;i(tn) ((0i+1 (O )")dti t— I 65;;1(%) (¢i+1 (Viar )")dti

l l
2| A7 i )
A7 o) A o)
E(N @), 0:), Gy (W), Neziio 9 (0):)
1 NP Gy 200 @ (Wi)s Afia 9 (1)) ©)
H+E(Mh o) 2y Gy (Vi) Niin P (1))
HEND PGy 200 P (Vi) Aies P4 (6))50)
for eachi € {1,..., n— 1}. After using the inequalities (5) and (6) in eq. (4) and then taking sum-

mation from 1 to n =1, we have eq. (3).
Remark 7: Using Theorem 6 for n = 1, then the classical HHII for 2-D GCSP.

Theorem 8: Let &D"x Q—R be a MGCSP. Then:
o) e, ()

Ay A* A}
2 | SR ) P I j E(tyrerrty)dty .., <
2 2 2 M
i=1 i o) @)

<L S £(sp(u)+ (1-8)0(v). ). (ac) (7)
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where
L(n)={8 N6, <L|8]=n+1-ii=1.. n+1}

|6]:=6,+...+5, eN;6p(u) = (é]qol )s....8,0, (u, )) eNj
Proof. Using eq. (1), we get the following inequality for & () almost everywhere:

0, (V) n n

A} 1 e & iy (@a ) )+ &0 () (2,)00)

(t)( ; "JS_A- £ o) (1) dt, <22 . Pt ®)
"9, (u,)

n
<., :

Also, using the same method in the proof of Theorem 6 by the inequality eq. (8), then
almost everywhere

A+ A+ 1 Pn-1 (Vn )(/J,, (Vn )
g([/\ltzlzq)k (tk)a#laTn]a']< J. I 5;,1(tn)(tn9')dtndtn71

AniBy Dot ()0, (1)

1 66((/\1’:;12 Pk (tk )#’n—l (1), @, (”n))a') + 5((AZ;12 Dy (tk )5%—1 (Vn—l )’q)n (”n)),')

< ©)
2 n— n—
2 +§((/\k=12 @ (tk )Jpnfl (Up-1)0, (Vn ))a) + 5((/\k=12 @ (tk )9(0'1—1 (anl )a% (Vn ))»)
Integrating eq. (9) on [, 2(t, 2), @, 2(Va2)]:
P2 (Vy2) + +
1 - AL A
- j f([/\mz(l’k (1), — ’—}']dtn—z <
2 2 2
O (1)
1 Pn—2 (vn—Z ) (] (Vn—l) Pn (vn)
s——— | [ [ autaa,.,
H [=n72Ai Pn-2 (un—Z ) Pn1 (unfl ) Pn (u,, )
ENZ ) 0,1 (), 9, (1,)),0)
Pn2(v,— n—
LT RS o), 90 2, | (10)
S— - o n-2
Mg, 0 2NN 00, Pua @), 9, ()):0)

(AN o) Py V), 0,(1),0)

Again using the same method in the proof of Theorem 6 by the inequality eq. (10),
then almost everywhere:

+ + + (ﬂnfz("nfz)%71(",«71)(/’;:(" )
_ A A A 1
5[[/\2_? o (1) —=2, =L = }J S— J- j I & () (t,,-)dt,dt, \dt, , <

imn_n 1 Pua Wy 2) 9, () @, ()

2 2 2 "
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E(ANS e 0)s Pya Uty 2), Pyt ), 0,,))) |
AT O)s Pz Ba)s By W)y 9, (1,)),0)
(AT O)s Paa(tn)s @ui V)s 0,(1,))0)
AT O)s P )y 0y V), 0, (,),)

(NS Oy Opn Wy ) @y (W) @, ()0

+§((/\Z;i)’ Dy (tk )s () (an2 )a Pn1 (un—l )a Dy (vn ))9 )

(NS P )y Pun Wy 2)s @y (Vy)s 0,(0,)),0)

(ML 08y P (Vn)s Bt (V) 2, (0),0) |

IA
|~

Thus, using inductive method and taking into account &; ( \(Z,,*) = {(t1,....10"), WE get
eq. (7).
Example 9: Let £D"xQ—R be a MGCSP. Then:
Pu)+o () @)+ 0y (vy) 03(u3) +93(v3)
é 2 b 2 b 2 b :

1 2 ()9 (V) @3(v3)
<— I E((hty1y).+) diydtydy
Hi:n—Z ((”t (Vi ) -0, (u; )) 1 (1) s (1) 3 (113)

SUp(u), (), 03(u3)), )+ 5o (M), 92 (uy), @5(u3)),7)
<L +S((@1 (), 92(vy), 3(u3)), ) +S(G1 (1), P2(v2), @5(u3)),°)
T2 (@), 92 (uy)s 3(7)) )+ E(D () 92 (1) P3(v3)),) ||

+S(@1 (), (1), @3(v3)),)+ S (V) (), @5(v3)),7)

(a.e)

Indeed, according to Theorem 8 for n =3, we get:

5;303) (ps(t),) = f(((/’l (1), 0,(t,),05 (%))") = 5((t15t2=t3 ),)
L(3)={8 NG5, <1|8]=4-if,i=1,2,3,4

hen
t L (3)={(LL1)}; 5 (3)={(0.11),(1,0,1), (1,1,0)}

5(3)={(0.0.0),(0.1.0). (1L0.0).}: 1,(3) ={(0,0.0)]
therefore

f((% (). 02 (112). 05 (”3))’)
5(( (111 (). 2 (1) 05 (1)) N
(L) =L )(2 (7)o (v2) 05 (13)) )

for

4"(”):(("1 (). 0, (”2)’493(“3))’ f"(v):(("l (Vl)#’z(vz)»%(vz))

thus
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z £(8p(u)+(1-8)p(v).") = 5((?’1 (), 02 (1), 03 (”3)))

8¢l(3)

Similarly by /, (3), 5 (3), and /, (3), respectively, we get almost everywhere:

> 5(5¢(”)+(1_5)¢(")")=5((‘P1 (ul),¢2(v2),(p3(v3)),-)+

Sel, (3)

+§((§01 (”1)’(02 (Vz)’(l’s (“3 )),')+§((¢1 (“1)#’2 (“z)’(ﬂs (V3 ))),
Z §(5¢(”)+(1—5)(0(V),') = 5(((01 (Vl)#’z (Vz)a% (u3 )),')+

Sely(3)

+§((€01 (V1)9¢2 (”2),603 (V3 )),')+§((¢1 (“1)»% (Vz)a% (V3)),');
Z §(§¢(”)+(l_§)¢(v)") = 5(((01 (Vl)a% (Vz):% (‘6));‘)

5614(3)

Finally, using all of the above equalities in eq. (7), we obtain the desired result in this
example.

Conclusion

The fundamental contribution of this study to literature has been the introduction of
general convexity for multidimensional stochastic processes principally. Besides, some char-
acteristics of these processes was indicated specifically. Finally, some Hermite-Hadamard type
integral inequalities for these processes were obtained mathematically. We hope that original
results can be obtained for different processes using the methods in this study.
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