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The bubble departures from two neighboring brass nozzles (with inner diameter 
of 1.1 mm) in three liquids: distilled water, mineral, and synthetic engine oils 
were investigated. The numerical simulations were used for reconstruction of liq-
uid-flow around the departing bubbles. Bubble movements in liquid have been 
recorded using a high speed camera. The 2-D bubble paths have been recon-
structed using: Laplacian of Gaussian filters, algorithm of detection of local ex-
tremes of image brightness and Kalman filter. It was shown that during alterna-
tive bubble departures bubble paths become repeatable. The dimensionless num-
ber (similar to Strouhal number) was proposed to describe oscillating liquid-flow 
generated by departing bubbles over the nozzle outlet. Such number was used for 
defining the hydrodynamic criterion of alternative bubble departures.  
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Introduction 

The study of bubble dynamics is crucial to understand bubble-liquid and bubble-bub-

ble interactions. Bubble-liquid interactions are significant in many technological applications 

such as bubble column reactors, oil/natural gas transport, boiling heat transfer, etc. Moreover, 

bubble-liquid interactions are applied in many fields: ocean engineering, chemical engineer-

ing or medical science [1, 2].  

Alternative bubble departures in water, from neighboring nozzles, were experimen-

tally analysed by Mosdorf and Wyszkowski [3]. During this kind of bubble departures the 

time of bubble growth and the distance between successive bubbles is constant. Departed 

bubbles form unique structures of bubbles flow above nozzle outlets. The appearance of such 

structures changes the frequency of bubble departures and theirs paths, vertical coalescence of 

bubbles does not appear. During non-alternative bubble departures the distance between suc-

cessive bubbles changes chaotically. It was shown that the stability of alternative bubble de-

partures is controlled by the distance between nozzles, their arrangement and the air volume 

flow rate.  

The liquid-flow between alternatively departing bubbles can be responsible for sta-

bility of alternative bubble departures, therefore in the paper a hydrodynamic aspect of ap-
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pearance of stable alternative bubble departures was analysed. Bubble movements in liquid 

have been recorded using a high speed camera. The numerical simulations with using the lev-

el-set method (in COMSOL Multiphysics) were used for reconstruction of liquid-flow around 

the departing bubbles. The dimensionless number (similar to Strouhal number) was proposed 

to describe oscillating liquid-flow over the nozzle outlet. Such number was used for defining 

the hydrodynamic criterion of alternative bubble departures. The criterion of appearance of 

stable alternative bubble departures, proposed in the paper, is a result of analysis of bubble 

departures from two neighboring brass nozzles and numerical simulations of liquid-flow 

around the departing bubbles. Experiments were carried out in three types of liquids: distilled 

water, mineral and synthetic engine oils. 

Experimental set-up and signal characteristics 

 The scheme of experimental set-up is shown in fig. 1. Nozzles – 2 with inner di-

ameter equal to 1.1 mm, were placed in the bottom of a tank (400 × 400 × 700 mm). The tank 

1 – 1 was filled with: distilled water, synthetic 

and mineral engine oils. The distance, S, be-

tween nozzles was changed from 4 mm to 6 
mm in water, and from 4 mm to 10 mm in en-

gine oils. Air was supplied by air pumps – 9) 

connected to the tank – 8). The proportional 

pressure reducing valves Metalwork Regtronic 

– 7) were used to maintain the constant pressure 

in the tank – 6. The adjustable pressure range of 

pressure reducing valve was 0.05-10 bar, with 

accuracy equal to 0.5%. During the experiment 

the pressure of supplied air was 0.2 bar. The air 

volume flow rate was measured using the flow 

meter (MEDSON s.c Sho-Rate-Europe Rev D, 

P10412A). The accuracy of the flow meter – 4) 

is equal to 5%. The air volume flow rate was in 

the range of 0.014 L per minute to 0.125 L per 

minute. Temperature of liquids was equal to 

~20 oC and was controlled by the digital ther-

mometer MAXIM DS18B20.  

Bubble movement was recorded by a high speed camera – CASIO EX FX 1 – 10. 

Recorded in grey scale videos (600 fps) have been divided into frames. Using these frames, 

paths of subsequent departing bubbles were determined. Based on the frames the bubble di-

ameters were evaluated. Diameters of bubble just after departure were equal to ~4 mm for dis-

tilled water and ~6 mm for oils. 

The waiting time and bubble growth time was measured using laser – phototransis-

tor sensors – 12, 13. Laser beam was placed about 1 mm above the nozzle outlet. During the 

bubble growing time, the bubble was passing through the laser beam. Then a voltage on the 

phototransistor was equal to 5 V. After the bubble departure the laser beam was not obscured. 

The value of voltage was equal to 0.1 V. Time series of voltage changes were recorded using 

data acquisition station (DT9800 – 15) with sampling frequency of 1 kHz. Time series were 

used to estimate: bubble departures frequency and the correlation coefficient of bubble depar-

tures from neighboring nozzles.  

 

Figure 1. Schema of experimental set-up;  

1 – glass tank, 2 – nozzles, 3 – pressure sensors,  
4 – flowmeters, 5 – air valves, 6 – air tank,  
7 – pressure regulator, 8 – air pomp tank,  
9 – air pomp 10 - light source, 11 – camera,  
12 – screen, 13 – lasers, 14 – phototransistors,  
15 – computer acquisition system 
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Bubble paths in alternative bubble departures 

The path of the bubble departed from single nozzle depends on bubble diameter 

[4, 5]. The shapes of bubble paths are associated with bubble Reynolds number. In the case, 

when the Reynolds number is lower than 600, then the shapes of paths are rectilinear. When 

the Reynolds number is greater than 600, the shape of bubble path becomes zigzag, helical or 

chaotic [6]. When bubbles are generated from two neighboring nozzles, then the shape of 

bubble paths depend on the liquid velocity which is modified by neighboring bubbles. More-

over shapes of bubble paths depend on the forces acting on bubbles. Such forces are generated 

by liquid-flows induced by moving bubbles. Bubble paths repeatability depends on the stabil-

ity of such liquid-flows. Mougin and Magnauted [7] show that wake instability and aniso-

tropic added – mass effects are responsible for bubble path instability. Moving bubble leaves 

the two tubes of stream-wise liquid vorticity, such liquid vorticity is responsible for the ap-

pearance of lift force acting on the bubbles [8]. Chaotic bubble movement is generated by the 

liquid-flow behind the bubble when liquid-flow becomes unstable and the vortical structures 

become asymmetric [9]. In Augustyniak et al. [10] the stability of bubble paths (departed 

from single nozzle) was investigated. It was shown that the small distribution of the initial 

conditions of bubble departure influences on the process of appearance of chaotic bubble 

paths inside the bubble chain. It can be assumed that, the analysis of repeatability of bubbles 

paths and their shapes can inform us about stability of liquid-flow around the bubbles.  

There are a lot of methods of bubble paths reconstructions presented in [11, 12]. In 

the present paper, the bubble paths have been reconstructed using: a Laplacian of Gaussian 

filter (LoG) [13, 14], algorithm of detection of local extremes of image brightness and Kal-

man filter [15, 16] with Hungarian algorithm 

[17]. The each frame of video was filtered by the 

LoG filter. In such a way the monochromatic 

frames, where local extremes of image bright-

ness were treated as the centres of bubbles, were 

produced. The extrema detection algorithm was 

used for estimation of the bubble locations. Bub-

ble positions obtained in such a way were treated 

as the input for the Kalman filter which was used 

to predict the new positions of bubbles. These 

positions were compared (using Hungarian Al-

gorithm) with positions obtained using the LoG 

filter from the next frame. The aforementioned 

algorithm was used for the next frames. Example 

of 2-D bubble paths reconstruction is shown in 

fig. 2 where one hundred paths of subsequent 

departing bubbles have been presented. The 

measurement errors significantly depend on the 

image resolution (in the experiment the image 

resolution was 432 × 192 pixels). The maximum measurement error was equal to ±0.17 mm. 

Just after bubble departures the bubble paths are repeatable, therefore in fig. 2 the single paths 

are not visible (the distances between bubble paths are very small). The variation of bubbles 

lateral displacements increases together with increase in the distance above the outlets of noz-

zles, therefore in this case single bubble paths become visible (in this case bubble paths are 

 

Figure 2. Example of reconstructed paths of 

departure bubbles for air volume flow rate  
q = 0.0645 L per minute and  
distance between nozzles S = 4.5 mm 
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unrepeatable). Bubble paths were reconstructed for subsequent departed bubbles. Interactions 

between flows generated by neighboring bubbles were responsible for appearance of the 

asymmetrical bubble paths above the neighboring nozzles.  

The repeatability of bubble paths was measured using λh exponent calculated (for 

one hundred paths) according to: 
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where L(h1) = Lright – Lleft is the distance between the most right and left path on the height of 

first bubble paths bend and L(h0) is the distance between the most right and left path on the 

height of bubble departure. 

The coefficient λh is a measure of changing the distance L(h0) between the most 

left and right path. Such distances have been shown in fig. 2 for the left nozzle. The value of 

L(h) strongly depends on the height above the nozzle outlet. Heights of h0 and h1 were esti-

mated for presented experimental data. The h0 = 3 mm is the beginning location of the bubble 

just after bubble departure and h1 = 27 mm is the height of first bubble paths bend. For h1 the 

distance between bubbles departed from neighboring nozzles becomes the largest in alterna-

tive bubble departures. When the bubble paths are repeatable, then the value of λh is close to 

zero.  

The occurrence of alternative bubble departures was measured by the following cor-

relation coefficient [3]:  
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where Cov is the covariance, σ – the standard deviation, xi,L, xi,R are time series recorded by 

laser phototransistor sensors for the left and right nozzle. 

The appearance of alternative bubble departures has been estimated using the aver-

age value of the correlation coefficient C0.3s in the moving window of length of 0.3 seconds. 

Values of the coefficient C0.3s, presented in fig. 3, are average values from the calculated time 

series. When 0.3C s  is close to 1, time series xi,L, xi,R are correlated, but when 0.3C s  is close 

to zero, the time series xi,L, xi,R are not correlated. When value of C0.3s is greater than 0, then 

bubbles depart (from twin nozzle) in the same time. When value of C0.3s is lower than 0, then 

bubbles depart alternatively. 

Bubble paths in water 

Bubble paths for selected air volume flow rates and distance between nozzles are 

shown in fig. 3. 

When the air volume flow rate was equal to 0.0530 L per minute, fig. 3(a), 

q = 0.0645 L per minute, fig. 3(b) and distance between nozzles S = 4 mm, the bubble paths 

were repeatable. Repeatability of bubble paths occurs up to the height of 27 mm above nozzle 

outlet. The increase of air volume flow rate causes the disappearance of alternative bubble de-

partures and bubble paths repeatability, fig. 3(b). Moreover, the increase of the distance be-

tween nozzles causes the disappearance of alternative bubble departures and bubble paths re-

peatability, fig. 3(d). 
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Figure 3. Paths of departing bubbles for selected air volume flow rates, q, and distances between 
nozzles; (a) q = 0.0530 L per minute, S = 4 mm – C0.3s = – 0.41, (b) q = 0.125 L per minute,  

S = 4 mm – C0.3s = – 0.08, (c) q = 0.0645 L per minute, S = 4 mm – C0.3s = – 0.39,  
(d) q = 0.0645 L per minute, S = 4.5 mm – C0.3s = – 0.04 

In figs. 4(a) and 4(b) values of exponent λh for different distances between the noz-

zles and different air volume flow rates are shown. The values of exponent λh were calculated 

for both nozzles separately. We can notice that repeatability of bubble paths over both nozzles 

is similar. The exponent λh reaches the low value for q in a range 0.053 to 0.0907 L per mi-

nute. In this range its value does not change significantly. Minimum value of exponent λh in-

dicates the parameters (q = 0.053 L per minute, S = 4 mm), for which the bubble paths are the 

most repeatable. 

In fig. 4(c) the changes of λh exponent vs. the height above the nozzle outlet are 

shown. The height above the nozzle outlet was calculated in the range from 4 mm to 68 mm. 

The obtained results show that interactions between bubbles during the alternative bubble de-

partures cause repeatability of bubble paths, when the distance from nozzle outlet is lower 

than 27 mm. Repeatable paths start to be unrepeatable when the distance between bubbles be-

comes the largest, in this case it is 27 mm over the nozzle outlet. Disappearance of alternative 

bubble departures causes that bubble paths become unrepeatable, fig. 4(c), in all distances 

above nozzle outlets. 
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Figure 4. Repeatability of bubble paths vs. air volume flow rates and distance between nozzles;  
(a) values of exponent λh vs. air volume flow rates with constant distance between the nozzle equal to 
4 mm, (b) values of exponent λh vs. distance between the nozzles with constant q = 0.0645 L per minute, 

(c) changes of λh exponent vs. the height above the nozzle outlet for q = 0.053 L per minute and 
S = 4 mm (alternative bubble departures) and q = 0.125 L per minute, and S = 4 mm (non-alternative 
bubble departures) 

Bubble paths in oils 

Bubble paths in engine oils were reconstructed only for distance between nozzles 

equal to 10 mm, because the low oil transparency makes impossible the identification of bub-

ble position for distances between nozzles less than 10 mm. Typical bubble arrangements in 

the bubble chains and bubble paths in the mineral oil have been shown in fig. 5(a). Typical 

paths of bubbles and bubble arrangements in the bubble chains in synthetic oil were presented 

in fig. 5(b).  

 

Figure 5. Bubble arrangement in bubble chain and bubble paths for distance between nozzles 
S = 10 mm and air volume flow rate q = 0.125 L per minute; (a) mineral oil for C0.3s = – 0.06,  

(b) synthetic oil C0.3s = –0.02; kinematic viscosity of mineral oil is equal to 53 mm2/s and its density is 
equal to 850 kg/m3 

Physical properties of mineral and synthetic engine oils basing on the safety data 

sheet for oils: kinematic viscosity of mineral oil is equal to 107 mm2/s and its density is equal 

to 850 kg/m3, kinematic viscosity of mineral oil is equal to 53 mm2/s and its density is equal 

to 850 kg/m3 (for liquid temperature 20 oC).  



Dzienis, P
 

Liquid-flow around the bubbles 

The model of liquid-flow around the bubbles was prepared in COMSOL Multiphys-

ics with the use of CFD Module. The Navier-Stokes eqs. (3) and (4) in 2-D area were solved. 

The values of , n and  are determined by eqs. (5)-(7) [18]. The density and dynamic viscosi-

ty are defined by level set function. The level set function identify the presents of liquid and 

gas in the 2-D area. The level set function is a continuous function [18]. The interface be-

tween the liquid and gas is treated as a contour, where the function  = 0.5. Regions where 

  0.5 represent the liquid and region where   0.5 represent the air. The level set function 

is used to define the density, ρ, and the dynamic viscosity, 𝜇, in two phase flow described by 

eqs. (9) and (10). The time evolution of level-set function is described by eq. (11) [18]. 

 0u   (3) 
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where u is the velocity, g – the gravity, t – the time, I – the identity matrix, p – the pressure. 

Expression n donates surface tension forces at the interface where  is the surface tension 

coefficient,  – the curvature, n – the unit normal to the interface,  – the Dirac delta function 

concentrated to the interface, and F – the speed function: 
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where ρl is the liquid density, ρa – the air density, μl – the dynamic viscosity of liquid, μa – the 

dynamic viscosity of air. 
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The parameter ε determines the thickness of the region where the function ϕ passes 

from 0 to 1 and is treated as the size of the elements of the mesh. The parameter 𝛾 establishes 

the reinitialization or stabilization numbers of the level set function [19].  

The level set method was unstable in the long period of time, therefore the structure 

of liquid-flow after the 0.1 seconds of bubble movement was considered in the paper. The ini-

tial positions of bubbles are shown in fig. 6(d). In figs. 6(a)-6(c) liquid-flow around four bub-

bles (after the 0.1 seconds) is shown. The bubble diameter was equal to 4.6 mm. The present 

model, in comparison with the model presented by Mosdorf and Wyszkowski [3] allowed us 

to analyse the liquid-flow around the single bubbles in bubble column.  

The liquid-flow shown in fig. 6(a) was treated as a reference situation. In numerical 

simulations the physical properties of water (with the temperature equal to 20 oC) were as 
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Figure 6. Structures of the liquid-flow around the four bubbles forming the bubble chains over the 
neighboring nozzles, the pictures present the liquid-flow after the 0.1 seconds of bubbles movement;  

(a) Sb = 4 mm and d(f) = 4 mm, (b) Sb = 6 mm and d(f) = 4 mm, (c) Sb = 4 mm, and d(f) = 8 mm,  
(d) schema of initial position of bubbles 

follows: density – 998.23 kg/m3, kinematic viscosity – 1.0068 mm2/s and surface tension 

force – 0.072 N/m. It was analysed the changes of liquid-flow over the nozzle II outlet occur-

ring due to vertical and horizontal changes of initial distance between bubbles. The initial ver-

tical distance between bubbles is related with the frequency of bubble departures. The liquid-

flow when the initial vertical distance between the bubbles, d(f), is greater than in case shown 
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in fig. 6(a) is shown in fig. 6(b). The liquid-flow, where the horizontal distance between noz-

zles, Sb, is greater than in case shown in fig. 6(a), is shown in fig. 6(c).  

In fig. 6(a) the stream lines of liquid-flow around bubbles for the initial distance be-

tween the nozzles equal to 4 mm and the initial vertical distance between bubbles equal to 

40 mm are shown. At the right side of the bubble 1 the liquid circulation with a high velocity 

gradient is formed. That liquid circulation strongly affects the formation of bubble at the 

neighboring nozzle II. We can assume that such liquid circulation is responsible for the syn-

chronization of bubble departures – the creation of alternative bubble departures and repeata-

bility of bubble paths. 

In order to evaluate the influence of vertical and horizontal initial distances between 

bubbles on the hydrodynamic conditions above the nozzle II, the value of vertical liquid ve-

locity above the nozzle II outlet was calculated at the point A – marked in fig. 6(b). The verti-

cal liquid velocity above the nozzle II outlet (after the 0.1 seconds) vs. horizontal and vertical 

distances between bubbles are shown in fig. 7.  

 

Figure 7. Changes of vertical liquid velocity above the nozzle outlet vs. changes of distance between 
bubbles; (a) changes of vertical distance between bubbles (changes of bubble departure frequency), 

and (b) changes of horizontal distance between bubbles (changes of distance between nozzles) 

We can conclude that the intensity of liquid circulation on the right side of the bub-

ble 1 depends on the distance between nozzles and the frequency of bubble departures. Such 

liquid circulation enables the bubble 1 the influence on the bubble, which rises over the 

neighboring nozzle II. The results of simulations presented in fig. 7 show that the appropriate 

selection of the distance between nozzles and the frequency of bubble departures minimizes 

the liquid vertical velocity above the nozzle II. In such a way this liquid circulation creates the 

hydrodynamic mechanism of synchronization of bubble departures.  

Dimensionless criterion of alternative bubble departures  

The criterions of bouncing bubbles and bubble coalescence have been discussed in 

the paper [20], where Morton, Reynolds, and Weber numbers have been analysed. It has been 

found that in case when bubbles are generated in water and the Reynolds number is greater 

than 600, and the Morton number is of the order of 1 × 10–11, then the departed bubbles begin 

to bounce. When the value of Reynolds number increases or the value of the Morton number 

decreases then the departed bubbles start to coalesce. Such criterion was not fulfilled in sili-

con oils. The main aim of the present studies was establishing a criterion of occurrence of al-

ternative bubble departures in different kinds of liquids.  
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The dimensionless numbers were estimated for 50 different cases. The air volume 

flow rate, distance between nozzles and kind of liquids were changed. In tab. 1 the values of 

Reynolds, Morton, Bond, and Weber numbers for only characteristic cases – alternative and 

non-alternative bubble departures in water and engine oils were shown.  

Table 1. Values of Reynolds, Morton, Bond, and Webber numbers for selected air volume flow rates, 
distance between nozzles S = 4 mm 

 

During the alternative bubble departures the values of Reynold and Webber numbers 

decrease. It is caused by decrease of vertical liquid velocity above the nozzle outlet, which 

causes the decreases of bubble departure velocity, vb. Numerical simulations presented in 

fig. 7 confirm this assumption. Numerical simulations show, that the departing bubble forms a 

liquid circulation above the neighboring nozzle outlet. Such liquid circulation occurs after 

each bubble departure. Numerical simulations also show that intensity of such liquid circula-

tion depends on the frequency of bubble departure and the distance between nozzles. The liq-

uid circulation influences on the bubble growth at the neighboring nozzle. Therefore, the syn-

chronisation force should depend on the velocity of growing bubble. Such velocity depends 

on the air volume flow rate and the nozzle diameter. Finally we can conclude that the dimen-

sionless number describing the synchronization force should be a function of: bubble depar-

tures frequency, distance between nozzles and the velocity of bubble growth. 

The velocity of the bubble growth was estimated as: 

 b
b 2

b

q
v

r
  (3) 

where rb is the radius of growing bubble and qb – the air volume flow rate supplied to bubble. 

The following dimensionless number describing the alternative bubble departure 

was defined: 
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Such formula is similar to the Strouhal number, which is defined as follows [21]: 

Liquid q  
[L per minute] 

Way of bubble  
departure 

Re Mo Bo We ABD 

Water 0.0333 non-alternative  1242.54 3·10–11 2.36 5.20 0.84 

Water 0.0530 alternative 860.83 3·10–11 2.62 2.47 0.64 

Water 0.0645 alternative 860.83 3·10–11 2.55 2.40 0.58 

Mineral oil 0.0645 non-alternative 11.83 2.4·10–2 10.45 6.72 0.66 

Mineral oil 0.0769 alternative 5.61 2.4·10–2 9.38 1.59 0.50 

Mineral oil 0.1250 non-alternative 17.28 2.4·10–2 9.91 14.74 0.36 

Synthetic oil 0.0645 non-alternative 18.23 1.6·10–3 6.23 5.25 0.48 

Synthetic oil 0.0769 non-alternative 9.12 1.6·10–3 6.23 1.31 0.42 

Synthetic oil 0.1250 non-alternative 24.37 1.6·10–3 7.11 8.78 0.32 
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v
  (13) 

where v is the free stream velocity, f – the frequency of vortex shedding, and A – the ampli-

tude of oscillations. 

Subsequent departed bubbles form around the nozzle outlets the liquid circulations 

which change in time. These liquid circulations affect the initial conditions of bubble move-

ment and finally the shape of their paths. The repeatability of subsequent bubble paths ob-

served in experimental investigations suggests that changes in time of liquid circulations near 

the nozzle outlets are periodic. 

The obtained results are in accordance with the results presented in [3], where it is 

shown that the alternative bubble departure prevents their chaotic departures. Moreover, the 

results of the analyses presented by Dzienis and Mosdorf [22] and Mosdorf et al. [23] show 

that the periodicity of changes in the liquid-flow above the nozzle outlet is accompanied by 

periodic changes in pressure in air supply system. Thus, the alternative bubble departures are 

related to the synchronization of liquid-flow generated by the moving bubbles as well as the 

pressure changes in air gas supply system.  

The analysis of collected data for water and two engine oils shows, that the alterna-

tive bubble departures occur when 0.5 < ABD < 0.64.  

Conclusions 

In the paper the bubble departures from two neighboring brass nozzles (with inner 

diameter of 1.1 mm) in distilled water, mineral and synthetic engine oils were investigated. 

The original method of bubble paths reconstruction and measurement of its repeatability was 

proposed. The 2-D bubble paths have been reconstructed using: Laplacian of Gaussian filters, 

algorithm of detection of local extremes of image brightness and Kalman filter. It has been 

shown that: 

 repeatability of paths of bubbles depends on the air volume flow rates and distance be-

tween nozzles,  

 alternative bubble departures increase the length of repeatable bubble paths, 

 during alternative bubble departures: 

– lengths of repeatable bubble paths are limited, and 

– lengths of repeatable bubble paths are the same over each nozzle. 

A hydrodynamic criterion of appearance of alternative bubble departures has been 

proposed. The criterion was established using the dimensionless number. It has been found 

that alternative bubble departures occur when the value of dimensionless number ADB is in 

the range 0.5 < ABD < 0.64.  

The obtained criterion of appearance of alternative bubble departures is in the form of 

range of values of ADB number. This suggests that the necessary condition of appearance of 

the alternative departures is connected with the appropriate selection of the distance between 

the nozzles and the frequency of bubble departures. Those appropriate values of distance be-

tween nozzles and appropriate frequency of bubble departures cause that liquid circulation 

around the departing bubble influences on the bubble growing over the neighboring nozzle.  
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Nomenclature 

A – amplitude of oscillations, [–] 
C0.3s – correlation coefficient, [–] 
f – frequency of vortex shedding, [Hz] 
g – gravity, [ms–2] 
I – identity matrix, [–] 
n – unit normal to the interface, [–] 
p – pressure, [Pa] 
q – air volume flow rate supplied  

to the nozzle, [Lpm] 
qb – air volume flow rate supplied  

to the bubble, [m3s–1] 
rb – radius of growing bubble, [mm] 
S – distance between nozzles, [mm] 
t – time, [s] 
u – velocity, [ms–1] 
v – free stream velocity, [ms–1] 
vb – velocity of the bubble growth, [ms–1] 
xi,L – time series recorded by phototransistor 

sensors for the left nozzle, [mV] 
xi,R – time series recorded by phototransistor 

sensors for the right nozzle, [mV] 

Greek symbols 

 – the reinitialization or stabilization numbers of 
the level set function, [–] 

 – Dirac delta function concentrated to the 
interface, [–] 

Δρ – difference in density of the phases, [kgm–3] 
ε – determines the thickness of the region where 

the function ϕ passes from 0 to 1, [–] 
κ – curvature of interface, [–] 
λh – exponent of bubble paths repeatability, [–] 
μa – dynamic viscosity of air, [kgm–1s–1] 
μl – dynamic viscosity of liquid, [kgm–1s–1] 
nl – kinematic viscosity of the surrounding  

fluid, [m2s–1] 
ρa – density of air, [kgm–3] 
ρl – density of the fluid, [kgm–3] 
σ – surface tension coefficient, [Nm–1] 
ϕ – function of thickness of interface between the 

liquid and air, [–] 

Dimensionless groups 

ABD – dimensionless number 2
b b b/ )( f Sr q  

Bo – Bond number 2
bg )/( d    

Fr – Froude number 
Mo – Morton number 4 33 /( g )l lv     
Re – Reynolds number b b / )( ld v   
St – Strouhal number 
We – Webber number 2

b )/( v d   
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