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In this paper, abundant lump solutions and two types of interaction solutions of
the (3+1)-D Kadomtsev-Petviashvili equation are obtained by the Hirota bilinear
method. Some contour plots with different determinant values are sequentially
given to show that the corresponding lump solution tends to zero when the deter-
minant approaches to zero. The interaction solutions with special parameters are
plotted to elucidate the solution properties.
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Introduction

In soliton theory, lump solutions have attracted more and more attention. As a kind
of rational function solutions, lump solutions localize in all directions in the space. More im-
portantly, collision among different solitons will occur. There are two kinds of collision, ei-
ther elastic or in-elastic collisions. It was reported that lump solutions will keep their shapes,
amplitudes, velocities after the collision with soliton solutions, which means the collision is
completely elastic. While many other collisions are completely in-elastic. On the basis of dif-
ferent conditions, the collision will be changed essentially. Particular examples of lump solu-
tions are found in many integrable equations [1-3]. Recently, Ma and Zhou [4] gave a way to
get lump solutions of non-linear evolution equations (NLEE) by using the Hirota bilinear
method and gave a theoretical proof of the existence. Based on this method, the researchers
have studied the lump solutions and the interaction phenomenons of many NLEE [5-17].

In this paper, we would like to pay close attention to the (3+1)-D Kadomtsev-Pet-
viashvili (KP) equation and acquire a common kind of lump solutions and two types of inter-
action solitons by using symbolic computation with MATHEMATICA.

The (3+1)-D KP equation [18] is:

2 —
Uy +OU +OUll — U —Uy, +u,, =0 (1)

XXXX

Firstly, we give the Hirota bilinear form of eq. (1) to search for the quadratic func-
tion solutions to the corresponding (3+1)-D bilinear KP equation, then derive a kind of lump
solutions with the symbolic computation. Secondly, two types of interaction solutions will be
obtained. We present the interaction solutions of lump solution with one stripe soliton by
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combining positive quadratic function with exponential function. We will obtain the solutions
called kinky breather-soliton solutions. The dynamic properties of these solutions are shown
by some figures under some special parameters. Finally, a sort of conclusion will be given at
the end of the paper.

Lump solution of the (3+1)-D KP equation

Substitution of the dependent variable transformation:

u=-2(nf),, 2)
with
f=70ept,z) Q)
into eq. (1) yields the bilinear representation for eq. (1), which is:
(DD, -~D} -D; +D)f- =0 “4)

where [ is a real function with respect to variables x,y,7, and z, and the derivatives
D.D,, D;1 , Dﬁ and DZ2 are all bilinear derivative operators defined by:

DEDID] (f - g) =
a B /e
o 0 0 0 o 0 Co | \ \
=l || | == | fyogl,y.t)x=x, y=y, t=t (5)
(ﬁx ij [@/ Gyj (8t 6tj |
To construct a bilinear KP equation by means of eq. (2), we consider Hirota bilinear
form of'eq. (1):

Kp(f):=2(ﬁxt _fxft _ﬁmrx +4fxfxxx _3fx%c _ﬂyy +fyz +ffzz _fzz)=0 (6)
To search for quadratic function solution to the bilinear KP eq. (6), we suppose:
g=ax+ay+agttaz+as, h=agx+a;y+agt+ayz+a @)

where ¢;(1<7<11) are real parameters to be determined later. For eq. (6), a direct symbolic
computation with fin eq. (7) leads to the following set of constraining equations for the pa-
rameters.

Case 1

2 2, .2_ 2
_@as+ 2a,a,a4 —2a,aqa9 — az(ay +a; —ag)

a 5 > , Gy =Qy, a3 =04

2 2 2 2
B B _2ayaya; —ayag + ajag +a;ag —2a;a,a9 — agdy (8)
a,=a,, as=as, Qag=
4 4> 5 5 6 2 2
a;y +ag

a7 =047, dg=dag, dg=dg, a9 =0
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1

T2 2\ 2 2y 2 2.2 2y
(a3 +ag)a; —ap)ag + as(2a,a,a5 + 2a,a309) + a5 (a7 — ay)

a =

3[a; +aj —8a,a,aray + (a5 —ag)* +2a5 (a3 + a3 )+ 2a; (—a; + a3 +a3)]*
where a,,a;,a,,0a5,a,,05,04,0a;, are random parameters, which needs to satisfy the following
determinant conditions:
a; +ag #0,(a; —a;)ag + as(—2ayaqay + 2a,a4a9) + a3 (a3 —ag ) # 0 )

By substituting eq. (8) into eq. (7), we obtain a kind of positive quadratic function
solutions to the bilinear KP eq. (6). In turn, we gain a kind of lump solutions to the (3+1)-D
KP eq. (1) through the transformation (2):

y=— 4H-2(ayg + aéh)z + (alz + aé /1 (10)
f

where the functions £, g, and 4 are defined by eq. (7).

Case?2

ara? - 2aa,a.a +al(as —a? +al)
- _ _Da 1944699 + dy (d) —dy T4
G =aq, ay=ay, A3 =

a,=a
2 2 > M4 4
ay(aj +ag)

a,a aal -2daa, +atag(a? +a’ —al)
_ _ _ D _Das 19499 + 4y Ag\ay T a4 — 4y
as=das, dg=dz, ;= ag =
5 5 6 6> 7 ’ 8 2, 2 2
a4 ay (aj +ag)
2, 233
3(a +a5)

2
(asa6 — aaq)

(11)

dg =dg, Q9 =0ayp, a1=

where a;,a,,a4,a5,0a4,a4,0a;, are random parameters, which needs to meet the following con-
dition:

a,(a? +a62) #0, asa5—ajay#0 (12)

By substituting eq. (11) into eq. (7), we gain a kind of positive quadratic function so-
lutions to the bilinear KP eq. (6), yielding a kind of lump solutions to the (3+1)-D KP eq. (1)
through the transformation (2):

L A-Qag+ 2agh)’ +2(af +ad)f] (13)

12
where the functions f, g, and /4 are defined by eq. (7).
Considering a special case of z = y, and assigning parameters to the following given

values:

and substituting them into egs. (11) and (7), we can acquire f, g, and #. We write down f;
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2 2
f:%+(2—%+2x—7y} +(2+%+2x—4y) (15)

Through the transformation (2), we obtain the lump solution:

_ 768[375¢% —601(8 +8x = 31y) —32(-26+ 6x° + x(12-33y) - 33y + 42)°)] (16)
[975¢2 + 601(8 + 8x —13y) + 8(152 + 24x? + x(48 —132y) =132y +195y%)]

The plots when # = 0 are depicted in figs. 1-3.
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Figure 1. The 3-D plot and contour plot
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Figure 3. The profiles comparison of analytic

Figure 2. The profiles comparison of analytic
approximation x with numerical results

approximation y with numerical results

Interaction solution of the (3+1)-D KP equation

Interaction solutions describe more diverse non-linear phenomena in nature. In this
section, we handle the (3+1)-D KP equation for acquiring new interaction solutions by the Hi-

rota bilinear method.
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Lump-kink solution of the (3+1)-D KP equation

This section focuses on the interaction solution between the lump solution and the
exponential function, called a lump-kink solution. Adding the exponential function to eq. (7),
we have:

f=g>+h +exp(n) + a4 17
where
g=ax+ta,y+tazt+ayz+as
h=agx+a;y+agt +agz +ay (18)
N=aX+a,y+axt+a,z+a;s
where ¢;(1<i<16) are free real constants. By inserting eq. (17) into eq. (6), we obtain the
following results.

Case 1

[ 2 233 [ 2 233
(g —a3) _ 2a;4/(ag —a3)
=TT 3 o B E 5, W=

al = 0, a2

3 RN =4y, 4s=4ds
a, —a ag(—ay +a3)
2a a
_ _ _ <4 _ _ _ %
ag=dg, Q7 =07, ag=—">", ay=0, ay=a), a3=—F7— (19)

a; 4a;’ 0 3aé

Ay =———, A3 =——r—, Qg = as=a A =—>
12 5> 413 > iy =Y, a5 =4ap5, g >
3ag 3\/§a2 a;

where a,,as,a4,0;,0,),a,5 are random parameters, which need to satisfy the determinant
conditions:

a22 —af #0, a6(a3 —aia?) #0 (20)

By substituting eq. (19) into eq. (17) and using the transformation u =-2(In f),,,
we obtain the lump-kink solution to eq. (1):

2 2, 2
L _2{—[2%/« oy exp(n)’ +[2a; +afy expln)lf @
A
where the functions f, 4, and n are defined by eqs. (17) and (18).
Case 2
a =&, a, =0, a;=0, a,=- a72—a§, as =as, ag=d
2 -
2((12 —az) ai —ag
@ =a;, ay=—"—"=, ay=dy, ay=0ay, an:% (22)
Lo e - Me ) 3aga
12 3(12(13 > 13 3\/5(,12(13 ’ 14 ’ 15 15> 16 (a% _a92)3

where as,a¢,0;,a4,0;,4;5 are random parameters, which need to satisfy the determinant
conditions
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2_ 2 2, 2 2
aga; 20, ag(a; —ay)=0, ay+a; —ay #0 23)

4 22 4 22 2 2 4
azaq +2ajaca; +aga; +2ajacay —2aca;ay +agag #0

By substituting eq. (22) into eq. (17) and using the transformation u =-2(In f),,,
we obtain the lump-kink solution to eq. (1).

L2124 +2ag +afy exp(")]ffl [, exp(n) — 24, +2aghT’} (24)

With z=y, t=0, and assigning a value to a random parameter in forms:

as=-1, ag =3, a; =2, ag=1, a,,=0, a5=-2 (25)

we have the lump-kink solution eq. (24) as shown in fig. 4.
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Figure 4. The 3-D plot, contour plot, and the profiles comparison of analytic approximation y with
numerical results

Kinky breather-soliton solution of (3+1)-D KP equation

To search for kinky breather-soliton solution, we use the following function:
f =exp(=pg) + by cos(pyh) + by exp(pg) (26)
where b,,b,, p, p; are free constants and:

where a;(1<7<10) are free real constants. By inserting eq. (26) into eq. (6), we obtain the
following results.

Case 1
2p _4p _16czsp2

9a_5
NN

a =1, a,=0, a;=- as=as, ag=as, ay

3
[
b =b, N"9%P

pP=p, D=
1 ag/z

(28)

ag =0, agy=ay, by=b,
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where as,4a4,a,y,b,,b,, p are random parameters, which need to satisfy a determinant condi-
tion a¢ > 0. Substituting eq. (28) into eq. (26), we obtain:

2py—4pz 2py—4pz
fzexp{—p(x——ﬁLas +hexp| p| x——F——+as ||+
3 V3

\/—aépz Bagx + 16a6p2y + 2\/§a6pt +3ay,)

+b, cos 72 (29)
3ag
Case 2
2(azag —ayaqg)
3dg —dady
a=0, ay=—""—""">, a3=a;, a,=0a4, 45=40a5, dc=dg
s
2.2, 22, 22 292 4 4
—a +a +a —a —a

a; = 3P 4P 8P1 49 Py 6P1’ ag =ag, @y =dy (30)

%Plz
by(aip” —azp” —3agp;)
4(a; —a3)p’

ayy =ay, by=by, b= » P=D, Di=P

where ay,a,,as,a4,0a3,4d4,a,0,by, p, p; are random parameters, which need to satisfy the de-

terminant conditions g, pl2 %0, (a32 - af )p* # 0. Substituting eq. (30) into eq. (26), we obtain:

2 -2
f:expli—p(My+a3t+a4z+a5H+
g

2ayaq -2
by (a3 p® —a;p’ —3a§pf‘)e><p{p[wy+a3t+a4z +asﬂ
s
+ +

4a; —az)p’

22,22 292 292 4 4
+b, cos pl[a6x+ LP ThUb 618121 Db~ %P y+a8t+a92+a10J (31)
as D1
By the transformation u =—-2(In /'), we can obtain the kinky breather-soliton solu-
tion u of eq. (1). By using the variable z = y, and assigning a value to each random parame-
ter:

ay =4, a,=3, as=-1, ag=-2, ag=-2, ay=1,

5 (32)
@y =3, b :Zs r=L p=2
we obtain the kinky breather-soliton solution, which is:
__17920exp(a){-560exp(a) + [-448¢® +19025exp(22¢ +14y)]cos B} (33)

[448¢% —19025 exp(22¢ +14y) + 560 exp(cr) cos BT

where a=l+11t+7y,,8=6+%—4x—2y.
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When ¢ =0, the plots of the breather-soliton solution (33) are depicted in fig. 5.

50 —50 4510 5 0 5 10 15 -2 -10 0 10 20
Figure 5. The 3-D plot, contour plot, and density plot

Conclusion

In summary, by the Hirota bilinear method and the symbolic computation with
MATHEMATICA, the analyticity and localization of the resulting solutions are ensured by
the nonzero determinant conditions. In this paper a class of lump solutions and two interaction
solutions are derived, their dynamic properties are shown in figs. 1-3. We extend this method
to combination of the positive quadratic function and the exponential function, and the dy-
namic properties of the interaction solutions are shown in fig. 4. Finally, we obtain the kinky
breather-soliton solution of the (3+1)-D KP equation, as shown in fig. 5. The exp-function
method is an alternative approach to the search for such solutions [19].
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