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In this paper, Lie algorithm is used to classify the classical symmetry of a general
diffusion-convection equation. The solution process is elucidated for different
conditions, and the obtained symmetries can be used to study the solution proper-
ties of the diffusion-convection equation.
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Introduction

Diffusion-convection equations are widely studied in thermal science, however,
their symmetries were rarely appeared in open literature. Symmetries of PDE play an im-
portant role in thermal science, mechanics, mathematics, and physics, because symmetries can
provide important information on the solution properties [1-5], conservation laws [6, 7], and
variational principle or Hamilton principle [8-11]. Finding symmetries of an PDE has been
caught much attention in various fields.

Consider the following PDE:

F(x,u,0u,0u,---,0u) =0 (1)

where x = (., X,,--+, X, ) , U denotes the coordinate corresponding to its dependent variable.
The one-parameter Lie group of point transformations:

{x*:X(x,u,g)

u =U(xu,e)

)

leaves an invariant of eq. (1) , i. e., a point symmetry, if and only if its k" extension leaves an
invariant surface (1).
Let:

X =¢ (x,u)%wy(x,u)% (3)

be the infinitesimal generator of the Lie group of point transformations (2).
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Let:

0 0 0
X® = & (x,u)=— +n(x,u) —+7P (x,u,0u) — + - --
&i( )5i n( )au e ( )6ui

0

+77i5ikz?'~ik (Xi ulaui azu! T aku)

(4)

i1i2“'ik
be the k"-extended infinitesimal generator of (3). Then one-parameter Lie group of point
transformations (2) is admitted by PDE (1), if and only if:
X®FE(xu,ou,6%,---,6°u)=0, when F(xu,ou,du,---,0u)=0 (5)

In this paper, symmetry analysis of the diffusion-convection equations is considered,
the problems of determining symmetry requires to solve an over-determined linear PDE (de-
termining equations), and the solution process is complex and requires some special technol-
ogies, which will be addressed in the forthcoming section.

Classical symmetry classification

Consider the following general class of non-linear diffusion-convection equations in
the form:

g(X)Ut =[f (u)ux]x + h(U)UX (6)

which can model a wide variety of phenomena in thermal science, physics, engineering,
chemistry, and biology. In the case g(x) = 1, eq. (6) describes the vertical 1-D transport of wa-
ter in homogeneous no-deformable porous media. When h(u) = 0, eq. (6) can describe the sta-
tionary motion of a boundary-layer of fluid over a flat plat, and a vortex of incompressible
fluid in a porous medium for polytropic relations of gas density and pressure.

Suppose the infinitesimal generator admitted by eq. (6) is:

X :§(x,t,u)§+r(x,t,u)§+n(x,t,u)% @)

From eqg. (5), the determining equations for X are:
&, =0r7,=7,=0
fWg()m — f Uz, — F(U)?n =0
2£ (W) g(x)éy — Fu)g(x)z — f'U)g(x)n + f(U)g'(x)s =0
—g() f(U)& — FUNU)E, + f(U)*Ey =21 (), + T (U(U)7
—2f(u) f'(u)n, — f(u)h'(u)n =0
—f(U)?r = Q) F W7, + FU) 7 - FU)F L)y =0
When h(u) =0, eq. (6) becomes:
g(u, =[FU)uylx 9)

Solving eg. (8), we summarize the results of group classification as follows (c1, ¢,
..., Cg are arbitrary constants in Cases 1 to 6).

(8)
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Case 1.
0"(x)= 29"()*g(x) - g"()g'(x)* () = fru)[=f ') +2f "(u) f (u)]
9(x)g'(x) fu)f'(u)
which leads to g(x) = (=X +C5)“ g, f (U) = (~u +c,) 3, the given PDE (9) admits:
0 0
X, = 2¢, — C,U — 2U)— + (- =
1 =(c,cq +2¢, —Cyu u)au+( C1X+C105)6x
X, = 2+c (c,cq +2¢, —cC u—2u)i+c (c —x)ﬁ
2_016'[ 6(C2Cq 27 Cy U 6C1(Cs o
0 0 0
Xy = clt5+ (2€,C4 —U +CyC4Cq +Cy —C4CeU — ZCGU)EJF CgCy (C5 — x)& (10)
Case 2.
\ '(x)? f"(U)[~f '(u)? +2f "(u) f(u
0= 80 gy FOE O 26 @) ()]
9(x) fu)f(u)
which leads to g(x) =e“*c,, f(u)=(-u+c,)=cs, the given PDE (9) admits:
0 0 0 0 0
Xi=—, X,=(c,—u)—+cCt—, X;=¢(C,—U)——Cy— 11
1= 2=(c4 )8u+36t 3=6(Cq )8u CS@X (11)
Case 3.
. f(u)[—f '(u)® +2f "(u) f (u
G0=0, fr)=WETW 21 W W)
f(u) f'(u)
i.e.g(x)=c, f (u)=(-u+c3)=c,, the given PDE (9) admits:
0 0 0 0 0 0
Xl:a’ XZ:&, X3:(c3—u)a+c2ta, X4:2(u—c3)a+czx& (12)
Case 4.
39(x)g'(X)g"(x) — 29 '(x)° . 2 '(u)?
g7~ 39009 008°00=20'0° ¢y 27'W)
9(x) f(u)
Ec‘,x2
which lead to g(x)=e“"e2 "~ ¢, f(u)=—[1/(cu+c,)], the given PDE (9) admits:

0 0 0 0 0
Xlza, X22(01U+Cz)a+clta, X5 =(ccqu +clc4ux+c2c4x+0203)a—c1& (13)
Case 5.

The g(x) is arbitrary, f'(u)=0,i.e. f(u)=c,,the given PDE (9) admits:
0 0 0
Xp=2 Xp=U—, Xg=F(x0= aFa(x)=gMRx1) (14)

ot
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Case 6.

The g"(x) = 5g'(x)%4g(x), f '(u) = 0, which leads to g(x) = 256/(c2x + c3)*, f(u) = ¢y,
the given PDE (9) admits:

0 0 0
X, =—, X,=u—, Xya=F(X1t)—
et T2 Teu 7B ( )au

e X0 P (X, 1) + 40,C5X3C, 0 F,, (X, 1) + 66,632 X2C, 2 Fo (X, 1) +
+ 40,62 XC,o Fyy (X, 1) + 6,65 Fy (X, 1) — 256F, (x,1) =0 (15)
When g(x) = 1, eq. (6) becomes:
U :[f (u)ux]x +h(U)UX (16)

Solving eq. (8), we summarize the results of group classification as follows
(¢, C2, .., Cs are arbitrary constants in Cases 1 to 7).

Casel.
vin2 £ o 12
() = —f'u)” fu)+2f"(u) f(u), h(u) =0
f(u) f(u)
which leads to f (u) = (-u +¢;)%c,, h(u) =c,, the given PDE (16) admits:
0 0 0 0 0
Xl—a, Xz—&, X3—Czta+C2X&+(U—C3)a (17)
Case 2.
' 12
fw o fONW L 3R
h(u) 2 h(u)
which leads to f(u) = cih(u), h(u) = 4/[(c2u + c3)?], the given PDE (16) admits:
0 0 0 0
Xl_a, XZ_&, X3_2c2ta+(czu+c3)a (18)
Case 3.
N2 VR 2
£i(u) =0, h““(u)=_h Wh"() + 2h'(u)h™(u)

h'(W)h"(u)

(u+c4)[— C
u+c,

0 0 0
X, == X,=—+4c—
YUaxt TPt Pox

C2
+ C5, the given PDE (16) admits:

which lead to f(u) =c;, h(u) =—
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X —(u+c)i+(20t—2t)g+(c x—x—cct+ct+c)2 (19)
3~ 4 ou 2 ot 2 2%5 5 6 ox
Case 4.
1 n n _ 1 2
f = 1ORE s hRIWRW ~h©)]
h(u) h(u)h'(u)
which lead to f (u) =c;h(u), h(u) = (—u +¢;)%c,, the given PDE (16) admits:
0 0 0 0
Xi=—, Xy=—, Xg=(-U+C3)—+Ct— 20
1= 5 275 3(u+3)6u+28t (20)
Case 5.
1 2 n n 2
f,,,(u)z—f W) f"u)+2f "(u)= f(u)

f(u)f'(u)
() = f(u) f')h"W)? + f Wh"W) f "Wh'W) - f '@)>h'Wh"u)
B f (u) f '(u)h'(u)

which leads to f (u) = (-u+¢5)%cs, h(u) =] f(u)>c, du+c,, the given PDE (16) admits:

d d d
X.=2  X,=Z4¢, 2
axt TP a Yax

0 0 0
X, =(=-2tc,c, +tc,)—+(—C: +U)—+cC,(X—C,X+CsCit +C, —C —
3 = (-2tc,g 4)8t (=Cs )6u 4(X—¢ 3Gl +Cy 401)8)(

Case 6.
) n n 2 n 1
() = f'(u)h (u), h"(u) = 2f (u)h"(u) — f(u)h"(u)h'(u)
h'(u) f(u)h'(u)
which lead to f (u) =cu +c,, h(u) = czu +c,, the given PDE (16) admits:
0 0 0 0 0
Xl:&' XZ:E’ X3=—tcla+(c1u+cz)a+(—cgczt+tc4c1)&
Case 7.
1 2 1 1
fr) =S LW ey 2 3T WNE) f(u)=%
2 f) 2 f(u) (cqu+cy)
h(u):cl+Uf(u)3’2dchz
the given PDE (16) admits:
0 0 0 0 0
X = Xy =3 X3 :—4c3ta+(—c3u —c4)a+(—c3x+3c3clt)&

Conclusions

(21)

(22)

(23)

In this paper, we use Lie algorithm to determine classical symmetry classification of
the diffusion-convection equations, the obtained symmetries can be used to study the solution
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properties of the diffusion-convection equation as that discussed in [12] and our results can be
easily extended to fractal calculus [12-17].
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