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In the present paper, the stress distribution is studied in an infinite elastic body, 
reinforced by an arbitrary number of non-intersecting co-phase locally spatially 
curved filler layers under bi-axial compression is studied. It is assumed that this 
system is loaded at infinity with uniformly distributed normal forces with intensity 
p1(p3) acting in the direction which is parallel to the layers’ location planes. It 
is required to determine the self-equilibrated stresses within, caused by the spa-
tially local curving of the layers. The corresponding boundary and contact val-
ue problem is formulated within the scope of geometrically non-linear exact 3-D 
equations of the theory of elasticity by utilizing of the piece-wise homogeneous 
body model. The solution the formulated problem is represented with the series 
form of the small parameter which characterizes the degree of the aforementioned 
local curving. The boundary-value problems for the zeroth and the first approx-
imations of these series are determined with the use of the exponential double 
Fourier transform. The original of the sought values is determined numerically.  
Consequently, in the present investigation, the effect of the local curving on the 
considered interface stress distribution is taken into account within the framework 
of the geometrical non-linear statement. The numerical results related to the con-
sidered interface stress distribution and to the influence of the problem parameters 
on this distribution are given and discussed. 
Key words: stress distribution, local curving, double Fourier transform, 

geometrical Non-linearity

Introduction

According to experimental results given in [1-3], in many cases surface and internal 
instability (buckling) of fibrous and layered composite materials can be taken as the initial stage 
of fracture of these materials under compression along reinforcing components. Two subject 
areas have emerged in the mechanics of fractures of compressed composite materials due to the 
bulging of reinforcing elements. The first area includes various approximate design models (for 
example, distribution of the compressive load between the filler and the binder, application of 
one and 2-D applied theories to stability analysis, etc). The studies in [1, 4, 5] are a few of the 
first ones in this area, with recent investigations carried out in [6-9].

Such cases can occur where the material of the reinforcing layer is nanomaterial, for 
instance nanocarbon structures or graphene films [10-12].
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The second area uses the 3-D geometrically non-linear exact equations of elasticity 
(or viscoelasticity) theory to study the fracture mechanisms for composite materials. Consis-
tent consideration of these investigations has been made in [13, 14] and a review of the related 
works is given in [15]. Note that the corresponding stability loss problems are considered in 
[16, 17] and these results are also detailed in the monograph [18]. It follows from these refer-
ences that the investigations regarding the second area have been studied within the scope of 
the piecewise homogeneous body model as well as within the scope of the continuum approach.

Moreover, the analysis of the foregoing investigations shows that the study of the 
self-balanced stresses in the composites with the locally curved reinforcing layers has been 
made mainly for the cases where the mentioned curving is plane one and it is considered the 
case where the plane-strain state occurs. 

Consequently, up to now the influence of the spatiality of the local curving of the re-
inforcing layers on the distribution of the self-balanced stresses does not studied.

The present paper attempts to fill this gap and studies the self-balanced stresses caused 
by the spatially local curving of the filler layer.

Problem formulation  
and solution method

We consider an infinite elastic body, re-
inforced by an arbitrary number of non-inter-
secting cophasically locally curved filler layers 
as shown in fig. 1, x1

(k) = constant (x3
(k) = constant). 

We associate the corresponding Cartesian sys-
tem O(k)x1

(k)x2
(k)x3

(k) (k = 1, 2) which are obtained 
from Ox1x2x3 see fig. 1, by parallel transfer 
along the Ox2 axis, with the middle surface of 
each layer of the filler and matrix. The positions 
of the points of the layers we determine through 
the Lagrange co-ordinates in these systems. 

The thickness of each filler layer will be assumed constant. Furthermore, the matrix 
and filler materials are homogeneous, isotropic and linearly elastic. Now we investigate the 
stress deformation state in the above body under loading at infinity by uniformly distributed 
normal forces with intensity p1(p3) acting in the direction of the Ox1(Ox3) axis. The composite 
structure in the direction of the Ox2 axis has period 2(h1 + h2), where 2h1 is a thickness of the 
matrix layer and 2h2 is a thickness of the filler layer. Taking this periodicity into consideration, 
among the layers we single out two of them, i. e. 1(1), 1(2), and the entire solution procedure can 
be carried out on these two layers.

For each layer we write the geometrical non-linear equilibrium equations, constitutive 
and geometrical relations:
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In eq. (1), the conventional notation is used and values related with the filler and ma-
trix layers are denoted by upper indices (2) and (1), respectively. 
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Figure 1. The structure of the  
composite material with cophasically locally 
curved layers
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We denote the upper surface of the 1(2)th layer by S+ and the lower by S –, see fig. 1, 
which will be used below. 

Assume that the initial spatial curving of the filler layer is given through the equation 
of the middle surface, 1(2)th layer, as:

2 2 2 2 2 23 31 1

1 1 1 1
( ) ( ) ( ) ( )

(2) (2) (2)
2 1 3 1 3 1( , ) ( , ) e e

x xx x

x F x x f x x A
γ γ

ε ε
− − − −

= = == =   



(2)

where ε is a dimensionless small parameter (0 ≤ ε ≪ 1), ε = A/𝓁1, and γ = 𝓁1/𝓁3. The geometrical 
meaning of 𝓁1 and 𝓁3 is illustrated in fig. 1. In eq. (2) the spatiality of the curving is characteri-
zed through the parameter γ. 

Moreover, we suppose that the functions F(x1
(2), x3

(2)) and their first-order derivatives 
are continuous and satisfy the following conditions:

22
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It is asumed that complete contact conditions on the interfaces between the constitu-
ents are satisfied. 

The quantities characterizing the stress-strain state of the arbitrary components of the 
systems considered are presented in the power series form with respect to the parameter ε: 
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Using the complete system of equation in eq. (1), we obtain the corresponding bound-
ary-value problem for the determination of the values of each approximation in the eq. (4). Here 
we consider the determination of the values by using only the zeroth and first approximations. 
The all numerical results are obtained within these approximations. 

According to [14, 16, 17], in the case under consideration the values related to the 
zeroth approximation are determined: 
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where it is obtained the following expressions for the stresses σ33
(1),0, σ33

(2),0; σ11
(1),0  and σ11

(2),0:
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Note that the values regarding the zeroth approximation are determined by the use of the  
corresponding linear equations. Moreover, it is assumed that ∂ui

(k),0/ ∂xj
(k) ≪ 1 and they neglected in 

the equations related with the first approximation.
Consider the determination of the values of the first approximation for which the fol-

lowing equations and relations are obtained from eqs. (1), (4), (6), and (7).
The equilibrium equations:
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The mechanical and geometrical relations: 
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The contact conditions:
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For the solution of the problem in eqs. (6)-(10), the double Fourier transformation 
with respect to the co-ordinates x1 and x3 is employed:
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The double Fourier transforms of the sought values are determined by the use of the 
method developed in the papers [16, 17] after which the original of those can now be repre-
sented:
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To simplify the matters, we consider the calculation of the integral for σ22
(k) that is the 

integral:
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Introduce the notation:
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Using symmetry and eq. (14) the integral eq. (13):
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First, the integral eq. (15) is replaced by a corresponding definite integral by using the 
following approximation:
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The values of s1* and s3* in eq. (16) are defined from the convergence requirement. 
For the integrals the Gauss integration algorithm is employed. All these procedures are made 
automatically in personal computer by using the programmes written in MATLAB.

Numerical results and discussion

We consider the distribution of the normal stress σnn/p1 acting on the interface surface 
between the filler and matrix layers. We denote the Young’s moduli through E(1), E(2), and the 
Poisson ratios through n  (1), n   (2). We assume that p3 = p1, γ = 1, n  (1) = n   (2) = 0.3, E(1)/E(2) = 100,   
x2/h2 = 1.0, and x3/h2 = 0. The influence of the geometrical non-linearity on the mentioned dis-
tribution will be characterized through the parameter σ11

(2),0/µ(2), µ(2) = E(2)/2[1 + v(2)]. Thus, within 
the scope of the foregoing assumptions we analyze the numerical results and begin this analysis 
with those regarding the dependence between σnn/p1 and x1/h2.The graphs of this dependence 
constructed for various values of σ11

(2),0/µ(2) are given in fig. 2.
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Figure 2. The graphs of the dependencies between σnn/p1 and x1/h2; (a) compressing, (b) stretching

According to the well-known mechanical consideration, the values of σnn/p1 must ap-
proach zero with x1/h2. This prediction is proved by the graphs given in fig. 2. At the same 
time, these graphs show that because of the geometrical non-linearity, the absolute values of  
σnn/p1 decrease (increase) with σ11

(2),0/µ(2) under tension (compression) of the considered material. 
In the qualitative sense these results agree with the corresponding ones given in the monograph 
[14]. Consequently, the results illustrate the reliability and validity of the employed algorithm 
and personal computer programs.

From fig. 3(a) it can easily be seen that as the values of γ is decrease, |σnn /p1| approach-
es a limit in which γ is equal to zero, i. e. approaches the case where the curving of the filler lay-
er is a plane one. According to the mechanical consideration, σnn /p1 must approach the certain 
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limit value with the ratio h1/h2 and this limit value is σnn/p1 which is obtained for the case where 
the filler layer is in an infinite body. This prediction is proven with the graph given in fig. 3(b).
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Figure 3. The graphs of the dependencies; (a) between σnn/p1 and γ(= 𝓁1/ 𝓁3),  
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Conclusion

Thus, in the present paper, within the framework of the piecewise homogeneous body 
model with the use of the 3-D geometrically non-linear exact equations of the theory of elastic-
ity, the stress distribution in an infinite elastic body reinforced by an infinite number alternating 
two co-phase locally spatially curved filler layers under bi-axial loading of that, has been in-
vestigated. A method for solving the problem by employing the double Fourier transformation 
was employed. Numerical results on the self-balanced normal stress caused by the spatial local 
curving of the reinforcing layer under stretching, as well as under compressing of the men-
tioned body have been presented and analyzed. 
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