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This paper studies the analytical and semi-analytical wave solutions for the longitu-
dinal wave equation. Moreover, it examines the performance of the modified auxilia-
ry equation method and Adomian decomposition method on this model. This model
describes the dispersion in the circular rod that dispersion caused by the transverse
Poisson's effect in electro-magneto-elastic. Many explicit wave solutions are found
by using the analytical technique. These solutions allow studying the physical prop-
erties of this model. The comparison between the analytical and semi-analytical
solutions is discussed to show the value of the absolute error between them.
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Introduction

Partial differential equations have been focused the attention of many researchers in
different fields because of its ability for modelling many non-linear phenomena. The PDE rep-
resent many of non-linear physical phenomena by representing them with liner or non-linear
PDE with integer or fractional orders. These phenomena have been investigated to study its
physical properties by using the exact solutions of these models. According to this goal, many
researchers have been trying to derive analytical techniques for getting explicit wave solutions
[1-10]. Many kinds of solutions are obtained, such as trigonometric, exponential, hyperbolic,
periodic, rational, and elliptic solutions [11-15].

Auxiliary equation method is one of the most modern techniques derived in this field.
It derived by Khater [16]. Even though many research papers used this method [17-20], the
solutions obtained via this method are computational solutions, not an exact solution. Given
that, a modified auxiliary equation method (modified Khater method) was derived to obtain
exact traveling wave solutions [21-23].
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According to the high technology level and increasing usage of tools such as sensors,
actuators, efc. many researchers have been formulating mathematical modules that describe the
dispersion in the circular rod. That dispersion caused by the transverse Poisson’s effect in elec-
tro-magneto-elastic (EME). The longitudinal wave equation [24] is given in the following form:

2 a - _
u, —a um—[au +bunjxx—0 (1)

where a and b represent a linear longitudinal wave velocity and dispersion parameter, respec-
tively. Both of these parameters depend on the mathe terial property and the geometry of the
rod. For more explanation of this model, we consider the material of the electro-magneto-elas-
tic rod is BaTiO;-CoFe,O4 with a different values of BaTiO; in rod radius equal 0.05 m. The
fraction volume of the mixture effects on the material properties of the composite. For more
details, you see [25-30]. Many analytical traveling wave solutions are applied to this model for
obtaining the exact and solitary wave solutions. Applying the following traveling wave trans-
formation on eq. (1):

u(x,t)=v(&), E=x+ct

moreover, by twice integrations for the obtained ODE with zero constant of integration, we get:
2(c2—a2)v—av2—2bczv"=0 (2)

Balancing the terms in eq. (2) between the highest derivative term and non-linear
term, yields n = 2.

Application

In this part, we apply the modified auxiliary equation method and Adomian decompo-
sition method [31-35] to the longitudinal wave equation.

Modified auxiliary equation method

According to the general solutions suggested by the method, we get the general solu-
tion of eq. (2) in the next form:

(&)= ay+k"Oa + 127 Oay + k7 4k, 3)

where a, ai, ay, by, by, and k are arbitrary constants while f{¢) satisfies the following auxiliary

equation:
{f,(f)z 1 [ak—f(é) +ﬁ+o_kf(§)]}

Ln(k)

where a, f§ are arbitrary constants. Substituting eq. (3) and its derivatives into eq. (2). Collect-
ing all terms of the same power of k¥/©. Solving the obtained algebric system by any computer
software program, leads to:

— Family 1

—2bc(,32 +20(O') —12bcﬁ0'
ao = a, =

/1+b(,32 _4(10) " lebp—dbao

_ 2
a4y =200 b =0, a=c\l4bf —dbac
J1+b4% —4bac
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— Family 2

—2be(p* +2a0 _
ap = ( )’ @ =a,=0, b= 12bcaf

, O =—F/F/—/7/7/7/m——
1+b(f ~4a0) J1+bp* —4bac

_ 2
L N T
J1+bB% —dbac

According to the value of parameters in Family 1, we get the solitary wave solutions
ofeq. (1):
when [? -4 ao < 0, o # 0] we get:

bc (ﬁ —40(0') -2 +3Sec f\/—ﬂ +4ao-{x+

1+b(ﬂ2—4a0')

2

J1+bp? 4bao~] 4)

u(x,t)=

2

bc -4 -2+3C 7\/— 4
(ﬂ aa) +3Csc ﬂ +4ao x+\/1+bﬂ—_4bao-J -

\/l+b(ﬁ2—4aa)

u(x,t):

when [? — 4 ac > 0, 0 # 0] we get:

2
bc(ﬁ2—4a0') —2+3Sech l\/,6’2—4050' x+a—t
2 J1+bp* —4bac

(6)
u(x,t):
\/1+b(ﬁ2—4a0')
2
1 at
be(p* -4 2+3Csch| 2 -4 o
C( 0!0') SC > aa{x m] (7)
u(x,t)z
1+b(ﬂ2—4a0')
when [#* + 402 < 0, o = —0] we get:
2
be(4a + )| 143Tan| L—4a? — g2 | w9
C( 104 ) an ) o X m (8)

oat)= 1+b(4a” + 57
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2
| t
u(x,t)=
when [$* + 40 > 0, a = —0] we get:
2
1 at
u(x,t)=

2
be(da? + 52| 243Csch| Laa? + g7 | x4 P
c( ¢ ) ¥ L ¢ [X J1+4ba? +bp? (11)

\/l+b(4a2 +,82)

)

u(x,t):

when [? — 402 < 0, a = o] we get:

2
1 t
bc(40!2_ﬂ2) 1+3Tar1[2\/m[x+l—4b:lw}]

(12)
u(x,t)z
1+b(—4a2+,62)
2
be(4a® - g2V 1+3Cot| Lfaa? g7 | o
c( ¢ ) OL ¢ [x J1-4ba® +bp* (13)
u(x,t):
\/l+b(—4a2+/5'2)
when [? — 402 > 0, o = o] we get:
2
be(da® - B2 ) =1+ 3Tanh| L4 + | x+ 9L
c( a ﬂ) an [2 a“ +p [x T J] "
u(x,t)=
1+b(—4a2+,82)
2
be(4a® — p2)]2+3Csch| Ly aa? + 7 | x4
c( a ) sc {2 a [x T s

u(x,t) =

\/l+b(—4a2 +/)’2)
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when [ao > 0, f= 0] we get:
2
t
4bcac {1+ 3Tan| Vao x4
{ { ( mﬂ } (16)
u\x,t)=
( ) J1-4bao
2
t
4bcacil+3Cot| Jao | x+ —2
{ { ( V1-4baoc ﬂ } (17)
u(x,t)=
(1) J1-4bac
when [ao < 0, f= 0] we get:
2
t
4bcac{—1+3Tanh| vV-ao | x+ —2
{ { [ mﬂ } (18)
u\x,t)=
( ) V1-4bao
2
t
4bcao{2+3Csch| v -ao o
{ { ( mﬂ } (19)
u(x,t)=
( ) V1-4bao
when [ = 0, a= —0] we get:
2
4bea®12+3Csch| a| x+ 2L
V1+4ba? (20)
u(x,t) =—
J1+4ba?
when [f = o=k«, a = 0] we get:
2
ber® 124+3Csch| S| x4
2 V1+bi? (2D
u(x,t) =
J1+ b2
when [o = 0] we get:
ﬂ[H at 2] ﬁ[x+ at ZJ
2bcf? | 4+e P )| 8+e NV )
u(x.r)= ; (22)
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when [ = a = 0] we get:
12b¢

“(x’f):—m (23)

when [ =0, 0 = a] we get:

2
4bca® {1+3Tan| C+a x+atJ
) V1-4ba? (24)
u(x,t =—
V1-4ba?

when [$* — 400 = 0] we get:

2
12 —+at
aa(x+ B ta J 240%0° (2+xﬁ+atﬂ)2

at+x (at+x)2 Jin

u(x,t) =2bc| -p* —2a0 + (25)

According to the value of parameters in Family 2, we get the solitary wave solutions
of eq. (1):
when [#? — 400 < 0, o # 0] we get:

u(x,t)z

1

\/l+b(ﬂ2—4a0').

| 2b¢| - + 12apo +

B—A- ﬂ +4aoTan f\l—ﬁ +4aa[x+m}

+2ao0| —-1- 1200 (26)

2
B—+-p* +4acTan l\/—ﬁz +4ao x+—at
2 J1+bp% —4bac

1

ik 1+b(ﬂ2—4a0').

| 2be| -p* + 12afo +

B—~-p* +4acCot W[HW}
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12
+2a0| —1- il 2 @7
B +4aoCot| L -p> + dao | x4
2 J1+b5° —4bac
when [? — 400 > 0, o # 0] we get:
u(x,t): ! .
\/1+b(ﬁ2 ~4a0)
| 2be| -2 + 12afo +
,B+\/,62—4a0'Tanh l\/,32—4050' x+a—t
2 J1+bp% —4bac
12
+2a0| ~1- a9 - (28)
B+ —4acTanh| LB —dac | x4t
2 J1+bB% —dbac
u(x,t): ! .
1+b(/32—4a0')
| 2be| -p* + 12afjc +
BB —dacCoth| LB —dao| x4
2 J1+bp% —dbac
12
+2a0| ~1- @9 . (29)

B++ B> —4acCoth %\/ﬁz -4ao {x+

=

J1+bp% —dbac
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when [ + 4o’ <0, o = —0] we get:

~ 1
(=)= \/1+b(4a2+ﬂ2)

~[2bc(—ﬂ2 1202

2

(30)

B—+—4a’ - B> Tan 1 VPR T) T
2 Jl+4ba® +bp°

u( , 1 )[2bc(—ﬂ2+2a2~

X t): \/1+b(4(12+ﬂ2

6| 20% + - p|—4a’ — pPCot| L aa? —pF | xr 4
[a T{ZW" Npereeryys

2
PN vy 2 L ey (A S
2 NEerevyd

€2))

when [ + 40> > 0, a = —0] we get:

_ 1
( ’ )_\/l+b(4a2+ﬂ2)

6| 22 + f* + py4a’ + f* Tanh Va2 g e
2 1+4ba’ +bp>

2

| 2bc(-% + 207

(32)

[2b¢(-p2 +207 -

ﬂ+mTanh[;W(x+mJ]

_ 1
( > )_\/1+b(4(12+,32)

2 B2 2 32 1 2, 52 at
i il e e |

2
2, 2 1 2. 2 at
[,B+ da”+ Coth{2 4da”+p [x+H4ba2+WJH

(33)
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when [#* + 402 < 0, a = —0] we get:

~ 1
(1) = \/l+b(—4a2+ﬂ2)

[2bc(—ﬁ2 120

6[—20{2+,82—,B\/4a2—ﬂzTan{;«Maz—ﬂz {x+ at
1

)|

[ﬂ—\l4a2—ﬁ2Tan[;\/4a2—ﬂ2 {x+ al
_ 1
“(=9)= \/1+b(—4a2 + )

[2bc(—/}2 4242

)

)

6{—2052 + B2 - prad? —ﬁZCot[;1/4a2 B {x+ at
1

{ﬂ—\l4a2—ﬁ2Cot[;\I4a2—ﬁ2 {x+ at

when [#* — 402 > 0, o. = o] we get:
1

l+b(—4a2 +/32)

u(x,t): [2170(—,82 +2a%-

6| —2a* + p* +/N—4a2+,82Tanh[;w/—4a2+ﬁ2 [x+ a

| =1+

)

t
J1-4ba* +bB? H

ﬂ+\[—4a2+,6’2Tanh[;\l—4a2+,32 {x+ a

B 1
( , )_ \/1+b<—4a2+,32)

6| 20’ + B* + pyJ-4a’ + B* Coth[;\/%az + 4 [x+ a4

[2bc(—ﬁ2 1242

| =1+

J1-4ba? +bp? J]

2

t
J1—4ba? + b ]]

ﬁ+«/—4a2+ﬂ2C0th{;w/—4a2+ﬁ2 [x+ a

J1-4ba® + b ﬂ

2

(34)

(33)

(36)

(37)
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when [ac > 0, = 0] we get:

4bca0'{l + 3Co{\/£ (x + \/ﬁﬂz} (38)
u(x.t)= Ji—4bac

4bca0{l + 3Tan{x/£ Lx +\/ﬁjﬂ (39)
u(xr)= J1-4bac

when [ao < 0, f = 0] we get:

4bca0'{1 + 3@{«/& Jo (x—i— ‘”JH

N1-4bao (40)
)= J1—dbac
2
4bca0'{l+3Tan {\/EN/E(XJF\/%H } @1
—4baoc

,t)=
u(x ) V1—4bao

when [ =0, a = —0c] we get:

2
at
1+ 4ba? H (42)

dbca® {2+ 3Sech{a [x +

“(=1)= Nres

when [f =«, o =2k, 0 = 0] we get:

2be| -1~ 24 - 12 -
e oo ] @3)
2+e [ +WJ e [ Jiebe?
u(x,t): L |
\/1+brc2
when [ =0 = 0] we get:

12bc

u(x,t):——2 s
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when [ =0, ¢ = a] we get:

4bca’® 1+3C0t[C+a

[ m ﬂz (45)

1- 4ba

u(x,t) =—

when [0 = 0] we get:

2bep?| -1-

2
o (46)
a—eﬁ[ V‘*"ﬂzjﬂ

when [f* — 4 a0 = 0] we get:

(47)

u(x,t)zbc[—2(ﬂ2+2ag)_ 3(at +x)° B* N 6(at+x)ﬁ3}

(2+xﬁ+atﬂ)2 2+xp+atp

Adomian decomposition method

Applying the Adomian decomposition method on eq. (2) enables rewriting it to be in
the following form:

Lv(&)+Rv(&)+Nv(€)=0 (48)

where L, R, N represent a differential operator, a linear operator and non-linear term, respec-
tively.
Using the inverse operator L™ on eq. (48), we get:

v, (&)= v(0)+v'(0)§+%L_l [Zv[ (5)]-% r! {i/g} (49)

0
i=0 i=0

i=0
Under the following condition:

80 32 8 2
4 a=2, 0=, b=l,a=-2,a,=— =—,b=0,b,=0,c=——
{ﬂ a ay 9 > d) = 3 %) 3" ) ¢ 3}

on eq. (6), we get:

Yo =" (50)
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- 51

Vi 27 (51)
256 &4

Vv, =— 52

2 243 (52)

512£% 1024¢°
243 1215

(33)

V3 =

According to eqgs. (50)-(53), we get an approximate solution of eq. (2) in the next
formula:

2 4 6
o(§)=-16, 12887 25651 102450

(54)
27 243 1215

In tab. 1, we discuss the exact and approximate solutions of the longitudinal wave
equation show the value of the absolute error between them.

Table 1. Shows for increasing the value &, the absolute error
increases gradually; that means the Adomian decomposition method
gives more accurate solutions for the values near to zero

Value of & Exact solution Approximate solution Absolute error
0.0001 1.7777776711111133 1.7777777303703703 5.925925705695-10°*
0.0002 1.777777351111135 1.7777775881481463 2.370370122406484-107
0.0003 1.7777768177778916 1.7777773511111026 5.333332109280775-1077
0.0004 1.7777760711114752 1.7777770192592324 9.481477571959829-1077
0.0005 1.7777751111119997 1.7777765925925266 0.00000148148052692143

Figure
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-0.10 ! : : ' . o 1

(b) -6 -4 -2 0 2 4 6

Figure 1. Cuspon wave in 3-D and contour plot of eq. (4) when [f=2,a=3,6=1,a=-2,b=-1,
c=-2/3, ay=-40/9, a, =-16/3, a, = -8/3, b, = b, = 0]
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Figure 2. Periodic soliton wave in 3-D and 2-D plot of eq. (6) when [f=4,0=2,6=1,a=-2,
b=1,c=-2/3,a,=80/9, a, =-32/3, a,=8/3, b, = b, = 0]

[
(@ 'I

005

Figure 3. Convergance between exact and approximate solutions in 2- and 3-D plots for both
types of solutions eqs. (6) and (54)

Conclusion

In this paper, we succeed in obtaining analytical and semi-analytical wave solutions
of the longitudinal wave equation. We obtained novel and different solitary wave solutions of
this model. We also obtained the approximate solutions and discuss both solutions to show the
absolute value of the error tab. 1. The results show the effectiveness of the Adomian decom-
position method for interval near zero. Some solitary and approximate solutions are sketched
to investigate more of the physical properties of this model figs. (1)-(3). The performance of
both methods shows useful and powerful in studying many of non-linear partial differential
equations.
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