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In this article, we address the mathematical models in anomalous viscoelasticity
containing the derivatives with respect to another function for the first time. The
Newton-like, Maxwell-like, Kelvin-Voigt-like, Burgers-like, and Zener-like models
via the new derivatives with respect to another functions are discussed in detail.
The results for the calculus with respect to another function are as a new perspec-
tive proposed to present the better accuracy and efficiency in the descriptions of
the complex behaviors of the materials.
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Introduction

The Newton-Leibniz calculus, see [1], have the important applications in viscoelastic-
ity [2]. The Newtonian dashpot element, proposed in 1701 by Newton, is given [3]:

O'(T) = 7D(1)£(1)
where y is the viscosity of the material, D!V — the Newton-Leibniz derivative, see the Calculus

with respect to another function, &(t) — the strain, o(f) — the stress, and 7 — the time. The consti-
tutive equation for the Maxwell model can be written [4]:

1 B @4_ D(I)U(T)
D' )g(r) = —§

where y is the viscosity of the material and  is the elastic modulus of the material. The consti-
tutive equation for the Kelvin-Voigt model can be given [5, 6]:

0'(2') = ;/g(r) + {D(l)g(r)

where y is the viscosity of the material and { is the elastic modulus of the material. The consti-
tutive equation for the Burgers model can be reported as [7]:

(1+ aD" +bD(2))G(T) = (CD(I) +dD(2))£(r)
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where a, b, ¢, and d are the material constants. The constitutive equation for the Zener model
can be given [8]:

(1+aD") o (z) = (b+cD")2(r)

where a, b, and ¢ are the material constants.

Recently, as an extended version of the Newton-Leibniz calculus, the calculus with
respect to another function was reported [9]. The main goal of the paper is to structure the
mathematical models in anomalous viscoelasticity containing the derivatives with respect to
another function.

Calculus with respect to another function
The Newton-Leibniz calculus
The Newton-Leibniz derivative is defined [1]:

dA(r) . O(r+Ar)-0(1)
) - AW (=
DYA(r)= 5 A (t)—l}ir%) ~ (1)
The Newton-Leibniz integral is defined [1]:
JM(2) = [M(2)de )
The relations between them are given [1]:
A() =LA () 3)
de s
and
A(f)= j[DmA(t)]dz +A(0) (4)

0

Calculus with respect to another function

Let g(f) > 0, —0 < a < t < b < +oo. The derivatives and integrals with respect to an-
other function are presented.
The derivative with respect to another function is defined [9]:

DUA(r)=| ! {d/\(’)}:[ d Hd/\(f)}_d/\(f)_ L dA@) )

¢ dg(r) || dr dg(z) ]| dr | dg(r) g"(s) dt
The integral Wftil respect to another function is defined [9]:
UM (2) = [ (1) () ©)
For o =0 and a = —x, eq. (6) can beare—written:
M (2)= [ M ()8 (1) )
and -~
LM (5)= [ M ()" () ®

respectively.
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The derivative of higher order with respect to another function is defined [9]:

1od)
DYA(t)=| ——— | A(r 9
Their relationships bettwen egs. (5) and (6) can be given [9]:
1 d|; 1 dq
A(1)= —[A(2)g" (r)de = —[A() g™ (¢)ds 10
and
A= [l ==L a0 ()dr+A(a) = [SA(r)dr+A(a) (11)
2 || g" () de > dt
Thus, we may get the following formula:
(1 d )
A(t)-A(a)= — |A(t t)d 12
( ) (a) _!{|:g(1)(t) dt:| ( )}g ( ) T ( )
Taking g(¢) = —t, where 0 < a, egs. (5) and (6) can be written:
a+l dA(t)
DY A _t__ 13
-t ¢ (I) a dt ( )
and
1(1) M( _ f dr
aty e T)_aJM(t)taT (14)
respectively.
For g(¢) = In(¢ — 1), we may present:
dA(z
D 1) = (- 2 15
« M (t
alt(,lll(tfl)M (r)= I t—(l) dr (16)
Similarly, for g(¢) = ¥ — 1 with A € R,, we may give:
A
D) A(r)=2Ae™ d dft) (17)
and
AU, M(7)= /lj'M(t)e"dt (18)
When o =0 we may get:
A(t)= 1 d jA(t)g(') (t)dt = ! ijA(z)g“) (¢)de (19)
g" (1) d o g (1) dry

ot o
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1 M(z):ajM(t) d 1)
0%« g ta+]
(M)
0 _
oM (7) =[S e (22)
and
oTaM ()= 2] M (r)e" dr (23)
0
When a = 0, we may get:
0 dt
LM (e)=a [ M () (24)
tM(1)
m]t(,lli(t—l)M (T) = J- ?dt (25)
and -
LY, M (0)=A [ M (t)ede (26)
For g(f) =1 — e* with 1 € R, we may give:
dA
D", A(t)=Ae" () 27)
¢ dt
AU M (0) =AM (t)e " de (28)
A0 M (r)=2[M () dt (29)
and ’
IO M (r)=A[ M(t)e " de (30)

For more details of the general calculus with respect to another function and related
tasks, see [9-11].
Mathematical models in anomalous viscoelasticity

The Newton-like element containing
the new derivative with respect to another function

The Newton-like element containing the new derivative with respect to another func-
tion is given:
y  de(r)

o(1)= =D} (1) (31)

where y is the viscosity of the material.
The Maxwell-like model containing
the new derivative with respect to another function

The constitutive equation for the Maxwell-like model containing the new derivative
with respect to another function can be given:
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ot DYo (¢
DS)E(I)—L+ gg( ) (32)
y

where y is the viscosity of the material and {'is the elastic modulus of the material.
The Kelvin-Voigt-like model containing
the new derivative with respect to another function

The constitutive equation for the Kelvin-Voigt-like model containing the new deriva-
tive with respect to another function can be presented:

a(t)=yg(t)+§DS)5(t) (33)
where y is the viscosity of the material and {'is the elastic modulus of the material.
The Burgers-like model containing
the new derivative with respect to another function
The constitutive equation for the Burgers-like model containing the derivative with
respect to another function can be represented in the form:
G(t) + aDS)G(I) + ng)o-(t) = CDS)S(I) + dDS)g (t) (34)
where a, b, ¢, and d are the material constants.
The Zener-like model containing
the new derivative with respect to another function
The constitutive equation for the Zener-like model containing the new derivative with
respect to another function can be presented:
O'(t)+aDS)0'(t):bg(t)+cDS)g(t) (35)
where a, b, and ¢ are the material constants.

Applications in the complex materials

In this section, we consider the dashpot, Maxwell-like, Kelvin-Voigt-like, Burg-
ers-like, and Zener-like models involving the scale behaviors of the complex materials with the
negative power law function, given as s(t) =—t %

The anomalous dashpot element containing the new derivative with respect to another
function can be written:

o(t)= }/D(Jt),ag(t) (36)

where y is the viscosity of the material.
The constitutive equation for the anomalous Maxwell-like model containing the new
derivative with respect to another function can be suggested:
ot 1
D(l),”g(t) =Q+—D(l),n0'(t) 37
-t 7 é’ -t
where y is the viscosity of the material and {'is the elastic modulus of the material.

The constitutive equation for the anomalous Kelvin-Voigt-like model containing the
new derivative with respect to another function can be given:
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o(t)=ye(t)+¢D" o (¢) (38)

where y is the viscosity of the material and {'is the elastic modulus of the material.
The constitutive equation for the anomalous Burgers-like model containing the deriv-
ative with respect to another function can be represented in the form:

O'(l) + aDglg,ua(t)+ bD(jL O'(t) = cD(jt),wg(t) + dD(j)a g(t) 39)

where a, b, ¢, and d are the material constants.
The constitutive equation for the anomalous Zener-like model containing the new
derivative with respect to another function can be presented as:

0'(t)+aD(jt),‘,0'(t)=bg(t)+cD(jt),ag(t) (40)

where a, b, and ¢ are the material constants.
For more tasks for the classical models in viscoelasticity, see [9-17].

Conclusion

In this present work, we investigated the calculus with respect to another function. We
proposed the Newton-like, Maxwell-like, Kelvin-Voigt-like, Burgers-like, and Zener-like mod-
els via the new derivatives with respect to another functions. Moreover, we present the dash-
pot, Maxwell-like, Kelvin-Voigt-like, Burgers-like, and Zener-like models involving the scale
behaviors of the complex materials with the negative power law function, given as A(t) = -t
The results are proposed to give the better accuracy and efficiency in the descriptions of the
complex behaviors of the materials.
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Nomenclature

t —time, [s] &(t)  — strain, [-]
o(t) - stress, [Pa]
Greek symbols

y — viscosity of the material, [Pa-s]
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