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The concept of the system signature is a useful tool not only in the analysis of
engineering systems but also in comparing systems of different size. The system
signature is a vector that is defined based on the failure of the components in the
system and depends only on the design of the system. This article deals with the
computation of signature vectors of coherent systems when systems are exposed to
a circular stress. We also present how to compare coherent systems under circular
stress.
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Introduction

The system signature which is independent of the distribution of components’ life-
times when the system has independent and identically distributed component lifetimes. Let T
denote the lifetimeof a coherent system with the independent and identically distributed com-
ponent lifetimes 77,...,7,. Then, the signature of a coherent system is defined by the probability
vector s = (s1, $1,...,8,) with s, = P(T = T,,), i = 1, 2,...,n where T,, is the i smallest lifetime
among T,...,T,.. The concept of system signature is used not only computing the reliability of a
coherent system but also comparing coherent systems of different size.

The reliability of a coherent system has been defined via the system signature by
Samaniego [1]:

P(T>1)=Y5P(T, > 1)= s Z[ J [1-F ()] (1)

i=l =l j=0
where F is the common absolutely continuous distribution function of the component lifetimes
T\,...,T,. For the evaluation of reliability of a coherent systems, the concept of system signature
has been extensively studied in the literature [2-4].
The comparison of the same size of the coherent systems with stochastic, hazard rate
and likelihood ratio sequences:
If s,<,8,<,...5, 8, then <, T, <, ..<, T,
If Sl Shr S2 Shr ...Shr Sk’ then Y-i Shr T2 ghr ...Shr Tk
Ifs,<,8<,...5,5,then <, T, <, .S, T,

=lr =lr
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where sy, $,,...,5; are the signatures of the £ mixed systems of order n and 7}, 7>,...,T}, are the k
mixed systems’ respective lifetimes. Also, where s, Ar, and /r are abbreviation of stochastic,
hazard rate and likelihood ordering, respectively.

We will define the following definition for the tail probability vector to examine the
system signature in the stochastically and hazard rate ordering [5].

Definition 1. The tail probability vector of s = (s, $2,...,5,) € [0.1]" can be written as V'
= (V1,V2,...,V,) Where v; = Z'j:j sipj=1,2,..n Let Vi = (vi1, Viz,...,v1,) and V, = (va1, vaas...,V,) be
the tail proba bility vector of two systems. If vi; < vy or 3 51, < X sy for all i, then V; < V)
wherei=1, 2,...n.

Let sy, 5, € [0.1]", be the signatures of the two mixed systems of order n and
v, v2 € [0.1]" be the tail probability vector of s, and s,, respectively. From the previous defini-
tion:

51K S @V Sy,
and

vy . .
5 <, $, <> the—=rate vector is not decreasing
Vi

It may be easy to compare the system signature of the same size of the coherent sys-
tems with stochastically and hazard rate sequences. But systems that are compared in daily life
can be different sizes. Samaniego [6] introduced how to compare coherent systems of different
sizes with system signature.

Theorem 1. Let s = (s, S,...,5,) be the signature of a mixed system in i.i.d components
with continuous distribution F. Then the mixed system with (n + 1) components with i.i.d life-
times ~F and corresponding to the signature vector:

n 1 n-1 2 n-2 n
s = S5 s+ Sy, S, + 835enes S,
n+l n+l n+l n+1 n+l n+l

*

has the same lifetime distribution as the n components system with signature s.

There has been increasing interest in the study of the concept of system signature in
recent decades, see, e. g. [7-9]. They all assumed that the system has independent and identi-
cally distributed component lifetimes. But in practice, this acceptance may fail. For example,
components operating under circular stress can show varying life spans. For this reason, the
main purpose of this paper is to compute system signature for the case where components in the
coherent system have different lifetimes.

The system signature and
system reliability of a coherent system
For a coherent system consisting of independent and identically distributed » compo-

nents, let s = (sy, $»,..., 5,) be the vector called system signature. It is defined:

. #of orderings for which the ith failure causes system failure
.=

)

n!
where i =1, 2,...,n and 3 s;=1. For the signature of a coherent system:

Si = Uyt (n)_an—i (”) (3)
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where

1 3 a(n) = r.(n)

) B U @

where r,(n) denotes the number of path sets
including i working components, e. g., [7].
2 4 Example 1. Consider the four-compo-
nent serial-parallel system whose structure
is illustrated in fig. 1. Its structure function
can be expressed:

Figure 1. Four-component serial-parallel system

¢(x1,x2,x3,x4) = min[max(xl,xz),max(x3,x4)]

The cut sets of this structure are {1,
) 2}, 43,4}, {1,2,3}, {1,2,4}, {1, 3,4}, {2,
3,4}, {1,2,3,4}. Thus r(4) =0, r(4) =2,
r3(4)= 4, and r,(4) = 1. From eqs. (3) and
(4), the signature of the system is found to
be s, = (0, 1/3,2/3, 0).

3 Example 2. Consider the three-com-
ponent serial-parallel system whose struc-
Figure 2. Three-component serial-parallel system ture is illustrated in fig. 2. Its structure func-

tion can be expressed:
G(x1, %0, %3,%4) = min[x1 ,max (x,,x; )]

We can define the lifetime of the aforementioned system as 7' = min[ 7}, max(73, T5)].
Now with the help of the min-max operator, the order statistics which equals to T:

Orderings T
T <T,<T; T
T <T:<T, Tis
T,<T <Ts T3
Th<T:;<T Tys
T3<T,<T, T
.<T\<T, Ty

From eq. (2) we have P(T = T},;) = 2/6, P(T = T,3) = 4/6, and P(T = T3;) = 0. Hence
the signature of the system is found to be s, = (1/3, 2/3, 0).

To find the reliability of the systems given in Example I and Example 2, we can use
eg. (1). Now, in both examples let us assume that the components in the system have exponen-
tial distribution with means 1/4. If eq. (1) is used for the first example:

P(T;>1)= gs,. ;Z:;C](l—eit )f (e )4#‘ (5)

where 7 is the lifetime of the four-component serial-parallel system which is given in Example
1. Using the signature of the system s, = (0.1/3, 2/3, 0) in eq. (5):
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P(T >t)=e* (e’z’u —4e™M 4 4)

If eq. (1) is used for the 2" Example:
i-1

P(T, > 1) = 2::% ZGJ(I_M V() (©)

=1 j=0
where T is the lifetime of the three-component serial-parallel system which is given in Example
2. Using the signature of the system s, = (1/3, 2/3, 0) in eq. (6):

P(Ty>1)=e"(2-c7)

For the comparison of different size of coherent systems, let us consider two coherent
systems which are given in Example I and Example 2. By using Theorem [, we can rewrite
system signature s,:

ARBGEEHRRIRE o Go-G530)
4 )03)4)\3 4 )\ 3 4 )\ 3 4 4 4°12°3
For system signature s, = (0.1/3, 2/3, 0) and system signature s, = (1/4, 5/12, 1/3, 0) we

have the tail probability vectors (1, 1, 2/3, 0) and (1, 3/4, 1/3, 0), respectively. As a result we
can say that s, <;s;.

System signature under circular stress

Let us assume that # components in the coherent system have exponential distribution
under circular stress. Then, their cumulative functions can be written:

Fi(t)zl—exp{—ﬂi [ai +cos(u+ )]t} (7)

wherei=1,2,..,n,t>0,4>0,0,>1,0<u<m, and 0 < f;<m. Let us consider a coherent sys-
tem under circular stress with non-identical components. Then, for the signature of the system
under circular stress, we can use eq. (2).

Example 3. Consider the three-component serial-parallel system under circular stress
whose structure is illustrated in fig. 2. Let us assume that three components in the coherent sys-
tem have exponential distribution under circular stress. For n =3 in eq. (7):

F(1)=1-exp {—/11 [a] +cos(u+f3 )J t}

Fy(1)=1 —exp{—ﬂ,2 [az +cos(u+ f3, )]t}
and
Fy(t)= l—exp{—ﬂ3 [oc3 +cos(u+ B )]t}

Let/l] = /12 213 :/1, o) = 0) =03 = 1, andﬁl = O,ﬁz :7'[/4,ﬁ3 =7/2. Then, forA=2and
different values of u:
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u Orderings T

0<u<m/8 I <T,<T; T3

/8 <u<m/4 N<T:<T, T3

/4 <u<3n/8 T<T\<T, T3

3n/8 <u<m/2 I<T,<T, Tos

/2 <u<5mn/8 T<T,<T, T3

Sn/8 <u<3m/4 ,<T;<T, Ty

3n/4 <u<Tn/8 L<T,<T; Tos

Tn/8<u<mn N<h<T; T3

From eq. (2) we have P(T = T,;) = 3/8, P(T' = T,3) = 5/8, and P(T = T3;) = 0. Hence
the signature of the system is found to be s; = (3/8, 5/8, 0).

Example 4. Consider the four-component serial-parallel system under circular stress
whose structure is illustrated in fig. 1. Let us assume that four components in the coherent sys-
tem have exponential distribution under circular stress. For n =4 in eq. (7):

F(1)=1-exp {—/11 [a] +cos(u+f3 )J t}
Fy(1)=1-exp {—/12 [az +cos(u+ f3, )]t}
F(1)=1 —exp{—/l3 [a3 +cos (u + fs )Jt}

and
F,(t)=1-exp {—/14 [a4 +cos(u+ S, )]t}

Let 11 = ),2 = ),3 = ),421, O = 0 =03 = 04 = 1, andﬂl = 0, ﬂz = TC/6, ﬁg = 7T/3,ﬁ4 =7/2.
Then, for A = 2 and different values of u:

u Orderings T
0<u<mn/12 T <T,<T:<T, T4
/12 <u<m/6 T <T,<T,<Ts T4
/6 <u<m/8 T <Ty<T,<T; Ts.4
/4 <u<mu/3 T, <T <T:<T, T4
/3 <u<5n/12 Ti<T:<T<T, o
Sn/12 <u<m/2 IL<T<Th<T Tr4
w2 <u<7n/12 T,<T:<T,<T, Ty
/12 <u<2m/3 I<T,<T,<T, Ts4
2n/3 <u<3m/4 I:<T,<T,<T Tss
3n/4 <u < 5m/6 IL,<T,<T)<T, Ty
Sn/6<u<1ln/12 L<T\<T:<T, T
1In/12<u<n T <T,<T:<T, Ts4
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Fromeq. (2) we have P(T=1T1.,)=0, P(T=T5.4)=8/12, P(T=T;.4)=4/12, and P(T=T,4) =0.
and Hence the signature of the system is found to be s, = (0, 8/12, 4/12, 0).

For the comparison of different size of coherent systems under circular stress, let us
consider two coherent systems which are given in Example 3 and Example 4. By using Theorem
1, we can rewrite system signature ss:

s LA Do o355

For system signature s, = (0, 8/12, 4/12, 0) and system signature s; = (9/32, 13/32,
10/32, 0) we have the tail probability vectors (1, 1,4/12, 0) and (1, 23/32, 10/32, 0), respective-
ly. As a result we can say that s; < s4.

Conclusion

In the literature, many systems are well defined, see, e. g. [10]. However, lots of tech-
nical systems under stress are trouble. For system working under stress, the system may have
circular stress due to its working structure. In this study, a system that works under circular
stress is considered. The order statistics of the components that work under circular stress are
replaced at certain intervals. By using this feature of the components, the system signature can
be calculated. The method has been extensively studied by giving examples. Because the stress
applied to the system and system signature can be examined together, the study is very import-
ant for the related literature. In addition, this study gives a different examination technique in
many other related systems.
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