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Under a frame of 2% 2 matrix Lie algebras, Tu and Meng [9] once established a
united integrable model of the Ablowitz-Kaup-Newel-Segur (AKNS) hierarchy, the
D-AKNS hierarchy, the Levi hierarchy and the TD hierarchy. Based on this idea,
we introduce two block-matrix Lie algebras to present an isospectral problem,
whose compatibility condition gives rise to a type of integrable hierarchy which
can be reduced to the Levi hierarchy and the AKNS hierarchy, and so on. A united
integrable model obtained by us in the paper is different from that given by Tu and
Meng. Specially, the main result in the paper can be reduced to two new various in-
tegrable couplings of the Levi hierarchy, from which we again obtain the standard
heat equation and a special Newell-Whitehead equation.

Key words: Lie algebra, TAH scheme, DS hierarchy, heat equation,
Newell-Whitehead equation

Introduction

Tu [1] proposed by using 2 x 2 Lie algebras a scheme for generating integrable Hamil-
tonian hierarchies of evolution equations which was called the Tu scheme [2]. Under the frame
of the Tu scheme, many interesting integrable Hamiltonian hierarchies and some corresponding
properties were obtained, such as the consequences in [2-8]. Tu and Meng [9] employed the 2 X 2

Lie algebra:
10 00 0 1 00
I = L= L= 1=
00 0 1 00 10

with the commutative relations
[11512] = 09 [11913] = 139 [12,13] = _137 [11914] = _14’ [12,14] = 149 [13514] = 11 _lz

to construct an integrable model which could be reduced to the Levi hierarchy, D-AKNS hier-
archy and TD hierarchy.

In the paper, we want to introduce two types of block-matrix Lie algebras for which
a united integrable model of the Levi hierarchy and the AKNS hierarchy is obtained. Again,
the integrable model is further reduced to two different integrable couplings of the Levi hi-
erarchy, one of them is reduced to the standard heat equation, another one can give a special
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Newell-Whitehead equation, however, the Newell-Whitehead equation is not integrable, which
is an interesting fact.

Two Lie algebras

Tu [1] detailed the Lie algebras for generating the integrable Hamiltonian hierarchies.
Based on this, we first present the known simple algebra which consists of the following 2 x 2
matrices:
hl = 11, hz = 13, h3 = 14, h4 = 12

along with the commutative relations:
[,y =hhy —hyhy = by, [y, hy]=—=hs, [, hy]=0, [hy,hs]=h —hy
A loop algebra of the Lie algebra is defined:
H={hn), i=1,2,3,4; neZ} (1)

where [h,(m), hj(n)] = [h;, ] A", m,n € Z.

Denote:
1 0 1 0 0 1 0 1
1= , h= , e = , €=
0 1 0 -1 10 -1 0

From this 2 %2 matrices, we introduce the following Lie algebra:

G = Ss)

(b 0 (b 0 (b 0 (hy 0 (0 1
fl_o hl’fz_o h4’f3_0 hz’f“_o h3’f5_01
(0 & (0 ¢ (0 e
f6_0 h’f7_0e1’f8_0e2

along with the commutative relations:
L/ 21=0, Uhs f31= 15, Uhs fal=—Jas Lo 5l = =15, [as ful= fas s ul= /i = 12
(/i /s1=0, i=1,2,3,4,6,7.8[ 1, f¢1=0, Lf1. f7]1= fs. [N, fs1= f7.0f2: f61=0
L2 1= Jso Lo Ssl==17, s fel=—fa = S5, LS5 S5l =S, Lfss fs]l=— s
Ussfsl= 17— Js» Uas [1]1=~T6» U Js1=—Tos Ues [11= =215, e, Js1= 217, L7, fs1= 215
Define:

where

G, = {f,(n),..., fy(n)}
where

fi(n)= f:.A", [f;(m), ]}(n)]:[fi,fj]/lmm, 1<i,j<8 mnel

It is easy to see that G, is a loop algebra, where fi(,) = G, — a pseudo-regular, and sat-
isfies the following properties:
— G, = ker adfi(n) ® im adfi(n) and
— ker adfi(n) is commutative.

Generally, we have the following proposition [1]:
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If Xis a regular element of a semisimple Lie algebra G, then R = X ® 1" is pseudo-reg-
ular in G. In what follows, we establish another Lie algebra with the help of the above 2 x2
matrices:

Gl = {gly"':g7}

flis1.23.4 0 A 0 ¢ 0 e
.= iy 1= 5Ly, ; = 5 = 5 =
&; i 85 a0 86 e 0 &7 e 0

along with the commutative relations:

[81,821=0, [g1,83]1= 83, [81,84]1=—84> [82-83]1 =83, [82.84]1= 84> [83.84]1 =81 — &>
[£1,85]1=0, [g1.86]1= g7, [£1,87]= 86> [£2.851=0, [g2.86]1=-87, [2.87]1=—86
[83.85]= 86 — &7, [83,86]1= 85:[83,871= =85, [84:85]1= 86 — &7, (84,861 =85

[84-871=-85, [85.861=287, [85.87]1=28¢, [&-87]1=-28;5

where

If set Al = {gl, gz, g3, g4}, Az = {g5, g(,, g7}, we ﬁnd that:
G, =A @A, [ALA]CALi=12; [ALA,] <A, )
A corresponding loop algebra is defined:

Gy ={gi(n), g (n),....g,()} (3)
where
g (m) =g A", [g:(m),g;(m]=[g;g;1A"", 1<, j<T; mnel
The subalgebras A, and A, are all semisimple.
An expanding integrable model of the
Levi hierarchy and some reductions

Consider an isospectral Lax pair by the loop algebra G\/p, =Up, ot = Vi, where:

U= f,)+(r—q)f20)+gf5(0) + £, (0) +u; £ (0) +uy f7(0) +us f3(0) 4
8
V =V A0+ V2 f(0)+ V3 300 +V, /2(0)+ DV, £,(0) 5)
where =0
Vi= > VA"
m=0

Then the stationary zero curvature equation admits that:
Vi) = Vs =1V0s Vo = =), =(r =)V, =29V,

Vi =), = =)Vy, =20V, (V) = =(V,),

Vima =~ Vg) +(r=q+2u))V;, = (q+1+ 2wV, —u Vs, +uV,
Vsma ==V,
Vo) =(@=r+2u)V;, = (g +r+2u,)Vy,, +(uy —uy)V,, + (u, +u)Vsy,

—2u,V,,, (6)
)x +(q_r+2u1)V8m _(q_r+2u3)r/6m +ulI/3m +ulI/2m _2u31/1m

m

The eq. (6) are local solvable. If set:

VI,O = o = constant, Vzﬁ() = ... Vg,o
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we can get from eq. (6) that:
Vl,l =0, Vz,1 =-2aq, V3J =2ar, Vz’2 =2alq, —q(g—71)], V3,2 =-2alr, +r(q—r)]
Mo ==2aqr, Vy3 =2a[~q, +(q—r),q+2(q-r)q, —(q—r)’q+2¢°r], V5, = 2au,
Vey =2auy, Vg, =0,V;, = 2a[u3,x —uy (r —q+2u)) +ru; — quy |
Set:
n 8
=y, {Vlmfl (=m)+ Vo o (=m) +Vy, [ (=m) +V,,, o (=m)+ DV, f; (—m)}ﬂ” ==y
i=6

=0
then eq. (5) can be decomposed into an equivalent equation:
VUV =V Uy (7)
By following the approach presented in [1], we can find that:
VR U=V, 00 [5O0) =V (O 4V i /7(0) 4 V7,41 /5(0)
Take V™ = V" + k£,(0) + kyf5(0) a direct calculation gives:

VUV =k o 0) = (Vs + k) f,(0) + (V. +7K,) £,(0) —
(Vg1 Husky —qky +1ky = 2usk,) £5(0) = (V. +uk, —2u,k, — gk, —rk,) f(0) + k, £, (0)

n+l

Thus, the compatibility condition of the Lax pair:
v, =Uy, v, =V
gives rise to the following integrable hierarchy:
(r=q), =k up, ==Vg iy —usky +(q —r+2u3)k,
Uy, = V7 01 —toky + Quy + g+ 1)k, )
Gy = Vs —qkists =Va Tk, =k,

If setky = V3, =V, + 2V, 1, = u; = 0, eq. (8) reduces to the well-known Levi hierarchy:

q; = VZn,x +rV2n _qV3n
_ (€))
= V3n,x +qV3n _rV2n
If set ky = ky = u, = u; = 0, then eq. (8) reduces to the AKNS hierarchy:
q; = =V n
t 2,n+1 (10)
= VS,n+l

Therefore, eq. (8) is a united integrable model of the Levi hierarchy and the AKNS
hierarchy, and it is different from the united integrable model given by Tu and Meng [9].
If take ky = V3, — Vo, + 2V, ks = =V, €q. (8) becomes:
q; = _V2,n+l _q(VSn _V2n + 2Vln)’7;‘ = V3,n+1 + r(VSn - V2n + 2Vln)
Uy = _V;ﬂ,nﬂ —U (V3n _V2n +2Vln)+(r_q_2u3)V6n 1
Uy =V =130y ~Vay + 2= g+ 7+ 2V, (ah

U, = _V6n,x
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Cases I: u; = Vi, = 0. Equation (11) presents that:
9 =Vanx 7 1V20 = V30 = Van e =Vinos i =Vane 7 @V30 =1V = V3 + V10 i
Uy =Vopu +(r—q=2u)Vg, = (uy +uz)Vs, + (s —u )V, (12)
us, =V r +(q—r=2u))Vs, +(u —uy Vs, +(uy —u))V>,
According to the theory on integrable couplings [7, 8], eq. (12) is an integrable cou-
pling of the Levi hierarchy (9). When n = 2, we can get the coupled part of the Levi equation:
Uy, = 2au3’xx —20(uyr —quy), +20(r —q)(quy —ruy —ruy —quy — u%) +

+20uy(r, +rq — 2 ), +2aus(q, — q2 +qr),

Uy, = 2au2,xx —2a(u3q —usr), +2a(q - r)(u3’x — Uy +Uyq +ruy —quy )+ (13)
+20u,(r, +qr— rz) +2au,(q, — q2 +qr)
Specially, if set g = =0, eq. (13) reduces to:
{uz,t =2au, (14)
uy, =2au,
Take u, = us = v, eq. (14) is just right the well-known linear heat equation:
v, =2av,, (15)
Case 2: u; # 0. Equation (11) becomes:
4= Voo Vool =V AV ot =V,
Uy, = Vo = (q=r+2u)Vy, = +us)Vy, +(uy —u)V), (16)
ty, =V (g =1 =20V, + = 10,V3, + 1ty — 1)V,
When n = 2, eq. (16) reduces to:
q, =2aq, -20(q’ —2qr), .1, =2ar —2a2qr—r°),
u,, =—2a(qu; —ru; —ru, — qu, —u3),
u,, =2au;,, —20(ru, — qu, + 2uu, —ru, +qu,), —
—2a(q —r+2u,)u, , —quy +ruy — 2uu; —ru, —quy ) + (17)
+2a(u, +u)r, +qr—r")=2a(u, —u)(q, —q° +qr),
Uy, =2au, . —20(uyq —uyr + 2wy — ruy —quy), +
+2a(q—r—2u)(u;, —u,r +u,q +2uu, +ru, —qu,) —
=20, —u,)(r, +qr—r*) =20 (u, —u)(q, = ¢ +qr)
Ifsetg=r=0,eq. (17) gives:
U, = dauyu, Uy, =20us ,, — 4a(uu,y), + 8au12u3 (18)

_ 2
Uy, =20, . —4o(uus), —Sauyu,

The first equation in eq. (18) is a conserved form, and later two are linear with respect
to the variables u, and u;, respectively:
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Ifsetu, + us =u, u, —us =v, a = 1/2, eq. (18) becomes:

{ut =u_ —2uu), —4u’v

v, =—v_ —2(uv), +4ulu

where the variable u, satisfies that u;, = 1/2(u + v)(u, + v,).
Case 3: ky = k, = 0. Equation (8) just reduces to an integrable coupling of the AKNS
hierarchy:

{‘Iz =V sty = V300

19
Uy = _VS,n+19u3,t = _V7,n+l (19)
Equation (19) can be written:
q Vo 0 -1 0 0) Viun V3t Vi
r Vi, 1 0 0 0f ¥, Vo Van
u, = _ 3,n+1 _ 2,n+1 =J 2,n+l =JL 2 (20)
u _Vs,n+1 0 0 0 1 V7,n+1 V7,n+1 V7n
uy )y \“Vawnr) N0 0 =1 0\ Py, Ve —za
where
0 -1 0 O 0-2rd"'q 2r07'r 0 0
o 1 0 0 0 I —2q0'q -0+2q07'r 0 0
0 0 1 “2u,0'q  2u,0'r 0 0
0 -1 0 2u,0”'q 2ud'r 0 0
when u, = u; = 0, the above J and L reduce to the case of the AKNS hierarchy.
Another expanding integrable model of
the Levi hierarchy and some reductions
Consider an isospectral problem by the loop algebra G:
v, =Uy, v, = Vy (21)
where
U=g,(D+(r—q)g,(0)+qg;(0)+rg,(0)+5,g,(0)+5,2,(0) (22)
V=0g0)+V,g,(0)+V;2,(0)+V,2,(0) +V;g;(0) +V;g,(0) + V7 g, (0) (23)
where
= ZVIMI"’, i=12,...,7
m=0
Similar to the previous discussion, we can get a recursion relation among V,:
V;m X = V _er = _Klm X0 I/2,m+1 = 2m WX (7" q)I/Zm I/lm
V},m+l = 3mx (r q)l/Sm I/lm
I/Smx _—(q+7"+2S1) 7m+(q_r+2S2)V +(sl+S2)I/3m+(S2_sl)I/2m (24)
V7,m+l == 6m,x + (q - 7”) + (V q)I/Sm 2s2 2SZVvlm
I/6,m+l = _I/7m,x + (q - r)Vém - (q + r)I/Sm - 2SII/5m - ZSIKm
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If denote:

n 7
V(") = Z|:I/lmgl (n _m) + I/ng..%(n _m) + I/3mg4(n _m)+ I/4mg2(n _m)+zl/lmg1(n _m):| +

m=o i=5
+(Vv3n - I/Zn + 21/1/1 )gz (0)

we can obtain:

VO UV =W+ 40, = Vo, + 20,0085 (O) 41V + 1 (Vs =V, 20,12, (0) +
+(I/3n - V2n + 2I/ln )x g2 (0) - [I/G,nH + Sl (I/3n - V2n + Zl/ln )]g7 (O) -
_[V +S2 (I/:‘sn _I/Zn +2I/ln )]g6 (0)

7,n+1

n

Therefore, the zero curvature equation U, — V4 [U, V™] =0 admits:
9 =Vanit =43y =Vay + 201, 11 = Vs +1 (Vs =V, +211,)
Sie = _V6,n+] _Sl(VSn - V2n +2Vln): V7n,x +(V_Q)V6n +(q t+r+ 2S] )VSn _S1V3n +slV2n (25)
S2,t = _V7,n+1 -8 (V3n - V2n + 2Vln) = V6n,x + (I" - q)V7n + (q —-r+ 282)V5n - S2V3n + S2V2n
When s, = 5, = 0, eq. (25) reduces to the Levi hierarchy. According to the theory on
integrable couplings, eq. (25) is one integrable coupling of the Levi hierarchy, which is different
from the first integrable coupling of the Levi hierarchy eq. (11). We can see this point from their

reductions.
Set Vig=0a,Va0="... V70=0, we have from eq. (24):

V7,1 =-2as,, V6,1 =-2as,, V5,1 =0, Vs,z = 2as2,x —2a(g—r)s,
V., =2as,, —2a(q—r)s,,V;, =2a(—qs, —rs, —rs, +qs, — sl2 + s22 )
When n =2, eq. (25) reduces to:
q,=2aq - 20:(q2 -2qr),,v, =-2ar, —2a2qr - rz)x
s, =2as,  —2a(s,(q—r)), +2a(r—q)s,  +2asr, +2asq, +2a(r - q)2 s, +
+2as,r(q—r)-2as,q9(q—r)—2a(q+r+2s,)(gs, +rs, —qs, +rs, + sl2 — 322) (26)

Sy, = ZOZSZM —2as,(qg—r)], +2a(r - q)sl,x +2as,r, +2aqs, +2a(r - q)2 s, +

+2as,7(q—1)—2as,q(q—7)—20(q—7+25,)(qs, + 75, + s, —qs, +5. —53)

Equation (26) is different from eq. (17). Specially, when set ¢ = =0, eq. (26) gives:
{sl,t =2as, ,, —4as, (57 —53)

— 2 2
8§y, = 2as2,xx —4das,(s; —5;)

27)

which is various from eq. (16) which was reduced from the integrable coupling eq. (11). Hence,
the integrable coupling of the Levi hierarchy eq. (25) is really different from the integrable
coupling eq. (19).
We see that when s; =5, eq. (27) reduces to eq. (16). When set s, =isy, 5, =, eq. (27)
gives:
v, =v_ +4° (28)
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which is a special Newell-Whitehead equation.
This is an integrable equation, but the Newell-Whitehead equation:

U=ty +u—u’ (29)

It is not integrable. Therefore, eq. (28) could possesses the similar travelling wave
solutions.
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