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In this paper, we investigate special Smarandache curves with regard to Sabban 
frame for Mannheim partner curve spherical indicatrix. We create Sabban frame 
belonging to this curves. Smarandache curves are explained by taking position 
vector as Sabban vectors belonging to this curves. Then, we calculate geodesic 
curvatures of this Smarandache curves. Found results are expressed depending on 
the Mannheim curve.
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Introduction

In differential geometry, special curves have an important role. One of these curves 
Mannheim curves. Mannheim curve was firstly defined by A. Mannheim in 1878. Any curve 
can be a Mannheim curve if and only if 2 2= /( )+λ κ κ τ , λ  is a non-zere constant, where cur-
vature of curve is κ  and curvature of torsion is τ . After a time, Mannheim curve was redefined 
by Liu and Wang [1]. According to this new definition, if principal normal vector of first 
curves and binormal vector of second curves are linearly dependent, the first curve is named 
as Mannheim curve, and the second curve is named as Mannheim partner curve. We can found 
many studies in literature about Mannheim curves [2, 3]. A regular curve in Minkowski space-
time whose position vector is composed by Frenet frame vectors is called a Smarandache 
curve [4]. Special Smarandache curves have been studied by some authors [5-10]. Taskopru 
and Tosun [11] studied special Smarandache curves according to Sabban frame on 2S . Senyurt 
and Caliskan [12] investigated special Smarandache curves in terms of Sabban frame of spher-
ical indicatrix curves and they gave some characterization of Smarandache curves. We inves-
tigated special Smarandache curves belonging to Sabban frame drawn on the surface of the 
sphere by Darboux vector of involute and Bertrand partner curves [13, 14]. Let 3: →I Eα  be 
a unit speed curve, we define the quantities of the Frenet frame and Frenet formulae, respec-
tively [15]:

	 ( )( ) = ( ), ( ) = , ( ) = ( ) ( )
( )
′′

′ ∧
′′

sT s s N s B s T s N s
s

αα
α

	 (1)
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	 ( ) = ( ) ( ), ( ) = ( ) ( ) ( ) ( ), ( ) = ( ) ( )′ ′ ′− + −T s s N s N s s T s s B s B s s N sκ κ τ τ 	 (2)

Let , ∗α α  be Mannheim pair curve and Frenet apparatus be  { ( ), ( ), ( ), ( ), ( )}T s N s B s s sκ τ  
and { ( ), ( ), ( ), ( ), ( )}∗ ∗ ∗ ∗ ∗T s N s B s s sκ τ , respectively. The relation between the Frenet apparatus 
are [3]:

	 = cos sin , = sin cos , = , = , =∗ ∗ ∗ ∗ ∗′
− +T T B N T B B N

W
κθ κθ θ θ θ κ τ

λτ λτ
	 (3)

Let 2: →I Sγ  be a unit speed spherical curve. We denote s as the arc-length param-
eter of γ . Let us denote:

	 ( ) = ( ), ( ) = ( ), ( ) = ( ) ( )′ ∧s s t s s d s s t sγ γ γ γ 	 (4)

The { ( ), ( ), ( )}s t s d sγ  frame is called the Sabban frame of γ  on 2S . Then we have the 
following spherical Frenet formulae of γ :

	 ( ) = ( ), ( ) = ( ) ( ) ( ), ( ) = ( ) ( )′ ′ ′− + −g gs t s t s s s d s d s s t sγ γ κ κ 	 (5)

where gκ  is called the geodesic curvature of the curve γ  on 2S  which is: 

	 ( ) = ( ), ( )′〈 〉g s t s d sκ 	 (6)

Main results

In this section, we investigate special Smarandache curves created by Sabban frame 
such as, { , , }∗ ∗

∗ ∗∧T TT T T T , { , , }∗ ∗
∗ ∗∧N NN T N T  and { , , }∗ ∗

∗ ∗∧B BB T B T . We will find some 
results. These results will be expressed depending on the Mannheim curve. Let as find results 
on this Smarandache curves. ( ) = ( )∗ ∗

∗ ∗T T
s T sα , ( ) = ( )∗ ∗

∗∗ NN
s N sα , and ( ) = ( )∗ ∗

∗∗ BB
s B sα  

be a regular spherical curves on 2S . The Sabban frames of spherical indicatrix belonging to 
Mannheim partner curve are:

	 = , = , =∗ ∗ ∗ ∗ ∗
∗ ∗∧

T T
T T T N T T B 	 (7)

	 = , = cos sin , = sin cos∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗− + ∧ +

N N
N N T T B N T T Bφ φ φ φ 	 (8)

	 = , = , =∗ ∗ ∗ ∗ ∗
∗ ∗− ∧

B B
B B T N B T T 	 (9)

From the eq. (5), the spherical Frenet formulae of ( )∗T , ( )∗N , and ( )∗B  are, respectively:

	 ' = , ' = , ( ) =
∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗∗ ∗

′− + ∧ ∧ −
T T T T T

T T T T T T T T Tτ τ
κ κ

	 (10)

	 ' '' = , ' = , ( ) =
∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗∗ ∗

′− + ∧ ∧ −
N N N N N

N T T N N T N T T
W W
φ φ 	 (11)

	 ' = , ' = , ( ) =
∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗∗ ∗

′− + ∧ ∧ −
B B B B B

B T T B B T B T Tκ κ
τ τ

	 (12)

Using the eq. (6) the geodesic curvatures of ( )∗T , ( )∗N , and ( )∗B  are:

	 '= , = and =
∗ ∗ ∗∗ ∗ ∗

∗ ∗∗

T N B
g g g

W
τ φ κκ κ κ
κ τ

	 (13)
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Definition 1. Let ( )∗T  be curve of ∗α  and let ∗T  and ∗TT  be unit vectors of ( )∗T . In 
this case 1β -Smarandache curve is defined:

	 1
1( ) = ( )
2

∗
∗+

T
s T Tβ 	 (14)

Theorem 2. The 1
g
βκ  geodesic curvature belonging to 1β -Smarandache curve of the 

Mannheim curve is:

	 1 1 2 35
2 2

1= 2

2

 
+ + ′ ′   

 +  ′   

g
W W

W

βκ λ λ λ
θ θ

θ

	

where 

	

2 2 4

1 2

3

3

= 2 , = 2 3

= 2

′ ′             
− − + − − − −             ′ ′ ′ ′ ′ ′ ′             

′     
+ +     ′ ′ ′     

W W W W W W W

W W W

λ λ
θ θ θ θ θ θ θ

λ
θ θ θ

	

Proof. The 1/2
1( ) = ( )/2∗

∗ ∗+
T T

s T Tβ  and from the eq. (7), we can write:

	 1
1( ) = ( )
2

∗ ∗ ∗+s T Nβ 	 (15)

Differentiating eq. (15), 
1
( )∗T sβ  is:

	
1 2

1( ) =

2

∗
∗ ∗ ∗ ∗

∗
∗

∗

 
− + + 
  

+  
 

T s T N Bβ
τ
κτ

κ

	 (16)

Considering the eqs. (15) and (16), it is ease to see that:

	 1 1 2

1( )( ) = 2

4 2

T s T N Bβ
τ τβ
κ κτ

κ

∗ ∗
∗ ∗ ∗ ∗

∗ ∗
∗

∗

 
∧ − + 

  
+  

 

	 (17)

Differentiating eq. (16), 
1
'Tβ  vector is:

	 ( )1 2 321 2

2'( ) =

2

∗ ∗ ∗ ∗

∗

∗

+ +
  
 +  
   

T s T N Bβ λ λ λ
τ
κ

	 (18)

where
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2

1

2 4

2

3

3

= 2

= 2 3

= 2

τ τ τλ
κ κ κ

τ τ τ τλ
κ κ κ κ

τ τ τλ
κ κ κ

∗ ∗ ∗

∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗

∗ ∗ ∗

 ′      − − +           
 ′        − − − −       

       
 ′     

+ +     
     

	 (19)

From the eqs. (6), (17), and (18), 1
g
βκ  geodesic curvature of 1( )∗sβ  is:

	 1
1 2 35

2 2

1= 2

2

∗ ∗

∗ ∗

∗

∗

 
+ + 

   
 +  
   

g
β τ τκ λ λ λ

κ κ
τ
κ

	 (20)

Substituting the eq. (3) into eqs. (15)-(18), Sabban apparatus of the 1β -Smarandache 
curve for Mannheim curve are found:

	 [ ]1
1( ) = (sin cos ) (cos sin )
2

+ + −s T Bβ θ θ θ θ 	

	
1 2 2 22 2 2

(sin cos ) (cos sin )( ) =
2 2 2

′ ′− +
+ +

′ ′ ′+ + +

W
T s T N B

W W W
β

θ θ θ θ θ θ

θ θ θ
	

	 1 1 2 2 22 2 2

(cos sin ) (cos sin )2( )( ) =
2 4 2 4 2 4

+ −′
∧ + +

′ ′ ′+ + +

W W
T s T N B

W W W
β

θ θ θ θθβ
θ θ θ

	

	
4 4 4

1 2 3 2 1
2 2 22 2 2 2 2 21

( ) 2( cos sin ) ( ) 2 ( ) 2( cos sin )'( ) =
( 2 ) ( 2 ) ( 2 )

′ ′ ′+ −
+ +

′ ′ ′+ + +
T s T N B

W W W
β

θ λ θ λ θ θ λ θ λ θ λ θ
θ θ θ

	

and 1
g
βκ  geodesic curvature is:

	 1 1 2 35
2 2

1= 2

2

 
+ + ′ ′   

 +  ′   

g
W W

W

βκ λ λ λ
θ θ

θ

	

Definition 3. Let ( )∗T  be curve of ∗α  and let ∗TT  and ∗
∗∧ TT T  be unit vectors of ( )∗T . 

In this case 2β -Smarandache curve is defined:

	 ( )2
1( ) =
2

∗
∗ ∗+ ∧

T T
s T T Tβ 	 (21)

Theorem 4. The 2
g
βκ  geodesic curvature belonging to 2β -Smarandache curve of the 

Mannheim curve is:
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	 2 1 2 35
2 2

1= 2

1 2

 
− + ′   

 +  ′   

g
W

W

βκ ε ε ε
θ

θ

	

where

	

3 2 4

1 2

2 4

3

= 2 2 , = 1 3 2

= 2

′ ′             
+ + − − − −             ′ ′ ′ ′ ′ ′ ′             

′     
− − +     ′ ′ ′     

W W W W W W W

W W W

ε ε
θ θ θ θ θ θ θ

ε
θ θ θ

	

Proof. From the eqs. (3), (7), and (21), we have:

	 2
1( ) = (sin cos )
2

+ +s T N Bβ θ θ 	

Herein, if Sabban apparatus are calculated, we have:

	
2 2 2 22 2 2

cos sin sin cos
( ) =

2 2 2

′ ′− − −
+ +

′ ′ ′+ + +

W W W
T s T N B

W W W
β

θ θ θ θ θ θ

θ θ θ
	

	
4 4 4

2 1 3 2 1
2 2 22 2 2 2 2 22

( ) 2( sin cos ) ( ) 2 ( ) 2( cos sin )'( ) =
2( ) (2 ) (2 )

′ ′ ′+ −
+ +

′ ′ ′+ + +
T s T N B

W W W
β

θ ε θ ε θ θ ε θ ε θ ε θ
θ θ θ

	

	 2 2 2 2 22 2 2

2 cos sin 2 sin cos
( )( ) =

4 2 4 2 4 2

′ ′− +′
∧ + −

′ ′ ′+ + +

W W
T s T N B

W W W
β

θ θ θ θ θ θθβ
θ θ θ

	

2
g
βκ  geodesic curvature is:

	 2 1 2 35
2 2

1= 2

1 2

 
− + ′   

 +  ′   

g
W

W

βκ ε ε ε
θ

θ

	

Definition 5. Let ( )∗T  be curve of ∗α  and let ∗T , ∗TT , and ∗
∗∧ TT T  be unit vectors of 

( )∗T . In this case 3β -Smarandache curve is defined:

	 3
1( ) = ( )
3

∗ ∗
∗ ∗+ + ∧

T T
s T T T Tβ 	 (22)

Theorem 6. The 3
g
βκ  geodesic curvature belonging to 3β -Smarandache curve of the 

Mannheim curve is:
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	 3
1 2 35

2 2

1= 2 1 1 2

4 2 1

      ′ ′ ′
− − + + −                    ′ ′ + +      

g W W W

W W

β φ φ φκ ϕ ϕ ϕ

φ φ

	

where

	

2 3

1

2 3 4

2

2 3 4

3

= 2 4 4 2 2 1

= 2 2 4 2 1

= 2 4 4 2 2

′         
− + − + + −         ′ ′ ′ ′ ′         

′           
− + − + − − +           ′ ′ ′ ′ ′ ′           

′         
− + − + −         ′ ′ ′ ′ ′ ′         

W W W W W

W W W W W W

W W W W W W

ϕ
θ θ θ θ θ

ϕ
θ θ θ θ θ θ

ϕ
θ θ θ θ θ










 
 
 

θ

	

Proof. From the eqs. (3), (7), and (22), we have:

	 [ ]3
1( ) = (sin cos ) (cos sin )
3

+ + + −s T N Bβ θ θ θ θ 	

Then if Sabban apparatus are calculated, we have:

3 2 2 22 2 2

cos ( )sin sin ( )cos
( ) =

2( ) 2( ) 2( )

′ ′ ′ ′− − + −
+ −

′ ′ ′ ′ ′ ′− + − + − +

W W W
T s T N B

W W W W W W
β

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ

	
44

32 1
2 22 2 2 23

( ) 3( ) 3( sin cos )( ) =
4( ) 4( )

′′ +′ + +
′ ′ ′ ′− + − +

T s T N
W W W W

β
θ ϕθ ϕ θ ϕ θ

θ θ θ θ
	

	
4

2 1
2 2 2

( ) 3( cos sin )
4( )

′ −
+

′ ′− +
B

W W
θ ϕ θ ϕ θ

θ θ
	

	 3 3 2 22 2

(2 )cos ( )sin 2
( )( ) =

6 6 6 6 6 6

′ ′ ′− − + −
∧ + −

′ ′ ′ ′− + − +

W W W
T s T N

W W W W
β

θ θ θ θ θ
β

θ θ θ θ
	

	
2 2

(2 )sin ( )cos

6 6 6

′ ′− + +
−

′ ′− +

W W
B

W W

θ θ θ θ

θ θ
	

3
g
βκ  geodesic curvature is: 

	 3
1 2 35

2 2

1= 2 1 1 2

4 2 1

      
− − + + −      ′ ′ ′         

 + +  ′ ′   

g
W W W

W W

βκ ϕ ϕ ϕ
θ θ θ

θ θ
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Definition 7. Let ( )∗N  be curve of ∗α  and let ∗N  and ∗NT  be unit vectors of ( )∗N . In 
this case 4β -Smarandache curve is defined:

	 4
1( ) = ( )
4

∗
∗+ Ns N Tβ 	 (23)

Theorem 8. The 4
g
βκ  geodesic curvature belonging to 4β -Smarandache curve of the 

Mannheim curve is:

	

( )
( )4

1 2 35
2 2

1= 2
2

− +

+
g
βκ ηχ ηχ χ

η
	

where

	
22

= csc
( )

′ 
 
  ′′ +  

W

W

λτη θ
θθ

	

and

	 2 2 4 3
1 2 3= 2 , = 2 3 , = 2′ ′ ′− − + − − − − + +χ η η η χ η η η η χ η η η 	

Proof. From the eqs. (3), (8), and (23), we have:

	
2 22 2

4 2 2 22 2 2

sin cos sin cos
( ) =

2 2 2 2 2 2

′ ′ ′ ′+ − + +
+ +

′ ′ ′+ + +

W WW
s T N B

W W W

θ θ θ θ θ θ θ θ
β

θ θ θ
	

If Sabban apparatus are calculated, we have:

	
2 2

4 2 22 2 2 2

( )cos sin
( ) =

2 2

′ ′− − + ′ +
+ −

′ ′+ + + +

W W W
T s T N

W W
β

η θ θ θ θ ηθ

θ η θ η
	

	
2 2

2 2 2

( )sin cos

2

′ ′+ + +
−

′+ +

W W
B

W

η θ θ θ θ

θ η
	

	
2 2

3 2 1 3 2
4 2 22 2 2 2 2 2

( ) 2 cos 2 2 sin ( ) 2
'( ) =

(2 ) (2 )

′ ′− + + ′ +
+ +

′ ′+ + + +

W W W
T s T N

W W
β

χ χ θ θ θ χ θ χ θ χ

η θ η θ
	

	
2 2

2 3 1

22 2 2

( ) 2 sin 2 2 cos

(2 )

′ ′− + +
+

′+ +

W W
B

W

χ θ χ θ θ χ θ

η θ
	

	
2 2

4 4 2 22 2 2 2

(2 )cos sin 2
( )( ) =

4 2 4 2

′ ′− − + ′ −
∧ + +

′ ′+ + + +

W W W
T s T N

W W
β

ηθ θ η θ θ θ η
β

η θ η θ
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2 2

22 2

( 2 )sin cos

4 2

′ ′− − +
+

′+ +

W W
B

W

ηθ θ η θ θ

η θ
	

4
g
βκ  geodesic curvature is:

	

( )
( )4

1 2 35
2 2

1= 2
2

− +

+
g
βκ ηχ ηχ χ

η
	

Definition 9. Let ( )∗N  be curve of ∗α  and let ∗NT  and ∗
∗∧ NN T  be unit vectors of 

( )∗N . In this case 5β -Smarandache curve is defined:

	 5
1( ) = ( )
2

∗
∗ ∗+ ∧N Ns T N Tβ 	 (24)

Theorem 10. The 5
g
βκ  geodesic curvature belonging to 5β -Smarandache curve of the 

Mannheim curve is:

	

( )
5 1 2 35

2 2

1= (2 )
2

− +

+
g
βκ ηδ δ δ

η
	

where

	 3 2 4 2 4
1 2 3= 2 2 , = 1 3 2 , = 2′ ′ ′+ + − − − − − − +δ η η η η δ η η η δ η η η 	

Proof. From the eqs. (3), (8), and (24), we have:

	 5 2 2 22 2 2

( )cos ( )sin
( ) =

2 2 2 2 2 2

′ ′ ′− + −
+ +

′ ′ ′+ + +

W W W
s T N B

W W W

θ θ θ θ θ
β

θ θ θ
	

Here, if Sabban apparatus are calculated, we have:

	
2 2

5 2 22 2 2 2

( )cos sin ( )
( ) =

1 2 1 2

′ ′+ − + ′ −
+ −

′ ′+ + + +

W W W
T s T N

W W
β

η θ θ θ θ η θ

η θ η θ
	

	
2 2

22 2

( )sin cos

1 2

′ ′+ + +
−

′+ +

W W
B

W

η θ θ θ θ

η θ
	

	
2 2

3 2 1 3 2

5 2 22 2 2 2 2 2

( ) 2 cos 2 2 sin ( ) 2
'( ) =

(1 2 ) (1 2 )

′ ′− + + ′ +
+ +

′ ′+ + + +

W W W
T s T N

W W
β

δ δ θ θ δ θ θ δ θ δ

η θ η θ
	

	
2 2

2 3 1

22 2 2

( ) 2 sin 2 2 cos

(1 2 )

′ ′− + +
+

′+ +

W W
B

W

δ θ δ θ δ θ θ

η θ
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2 2

5 5 2 22 2 2 2

( )cos 2 sin
( )( ) =

2 4 2 4

′ ′+ + + ′ −
∧ + +

′ ′+ + + +

W W W
T s T N

W W
β

θ θ η θ θ θ
β

η θ η θ
	

	
2 2

22 2

2 cos ( )sin

2 4

′ ′+ − +
+

′+ +

W W
B

W

η θ θ θ θ

η θ
	

5
g
βκ  geodesic curvature is:

	

( )
5 1 2 35

2 2

1= (2 )
2

− +

+
g
βκ ηδ δ δ

η
	

Definition 11. Let ( )∗N  be curve of ∗α  and let ∗N , ∗NT , and ∗
∗∧ NN T  be unit vectors 

of ( )∗N . In this case 6β -Smarandache curve is defined:

	 6
1( ) = ( )
3

∗ ∗
∗ ∗+ + ∧N Ns N T N Tβ 	 (25)

Theorem 12. The 6
g
βκ  geodesic curvature belonging to 6β -Smarandache curve of the 

Mannheim curve is:

	

( )
1 2 36

5
2 2

(2 1) (1 ) (2 )
=

4 2 1

− − + + −

− +
g
β η ρ η ρ η ρ

κ
η η

	

where

	
2 3 2 3 4

1 2
2 3 4

3

= 2 4 4 2 2 (2 1), = 2 2 4 2 2 (1 )

= 2 4 4 2 (2 )

ρ η η η η η ρ η η η η η η

ρ η η η η η η

′ ′− + − + + − − + − + − − +

′− + − + −
	

Proof. From the eqs. (3), (8), and (25), we have:

	
22

6 2 22 2

( )cos sin
( ) =

3 3 3 3

′ ′− + + ′ +
+ +

′ ′+ +

W W W
s T N

W W

θ θ θ θ θ
β

θ θ
	

	
22

22

( )sin cos

3 3

′ ′− + +
+

′ +

W W
B

W

θ θ θ θ

θ
	

Herein, if Sabban apparatus are calculated, we have:

	
2 2

6 2 22 2 2 2

( (1 ) )cos sin (1 )
( ) =

2(1 ) 2(1 )

′ ′− − − + ′ + −
+ +

′ ′− + + − + +

W W W
T s T N

W W
β

η η θ θ θ θ ηθ η

η η θ η η θ
	

	
2 2

22 2

(1 ) sin cos

2(1 )

′ ′ − −  − + +
′− + +

W W
B

W

η θ η θ θ θ

η η θ
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2 2

3 2 1 3 2
6 2 22 2 2 2 2 2

( ) 3 cos 3 3 sin ( ) 3
( ) =

4(1 ) 4(1 )

′ ′− + + ′+′ + +
′ ′− + + − + +

W W W
T s T N

W W
β

ρ θ ρ θ ρ θ θ ρ ρ θ

η η θ η η θ
	

	
2 2

2 3 1

22 2 2

( ) 3 sin 3 3 cos

4(1 )

′ ′− + +
+

′− + +

W W
B

W

ρ ρ θ θ ρ θ θ

η η θ
	

	
2 2

6 6 22 2

(2 ) (1 ) cos (2 1) sin
( )( ) =

6 6 6

W W
T s T

W
β

η η θ θ η θ θ
β

η η θ

′ ′ − + +  + − + ∧ +
′− + +

	

	
2 2

2 22 2 2 2

(2 1) cos (2 ) (1 ) sin(2 ) (1 )

6 6 6 6 6 6

W WW
N B

W W

η θ θ η η θ θη θ η

η η θ η η θ

′ ′− + −  − − + ′− − +  + +
′ ′− + + − + +

	

6
g
βκ  geodesic curvature is:

	

( )
1 2 36

5
2 2

(2 1) (1 ) (2 )
=

4 2 1

− − + + −

− +
g
β η ρ η ρ η ρ

κ
η η

	

Definition 13. Let ( )∗B  be curve of ∗α  and let ∗BT  and ∗
∗∧ BB T  be unit vectors of 

( )∗B . In this case 7β -Smarandache curve is defined:

	 7
1( ) = ( )
2

∗
∗ ∗+ ∧B Bs T T Tβ 	 (26)

Theorem 14. The 7
g
βκ  geodesic curvature belonging to 7β -Smarandache curve of the 

Mannheim curve is:

	 7
1 2 35

2 2

1= 2

1 2

 ′
− +  

   ′ +      

g W

W

β θκ ψ ψ ψ

θ

	

where

	

3 2 4

1 2

2 4

3

= 2 , = 1 3 2

= 2

′ ′             ′ ′ ′ ′ ′ ′ ′
+ + − − − −                          

             
′     ′ ′ ′

− − +          
     

W W W W W W W

W W W

θ θ θ θ θ θ θψ ψ

θ θ θψ

	

Proof. From the eqs. (3), (9), and (26), we have:

	 7
1( ) = ( sin cos )
2

− + −s T N Bβ θ θ 	
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If Sabban apparatus are calculated, we have:

	
7 2 2 22 2 2

cos sin sin cos
( ) =

2 2 2

′ ′− +
− −

′ ′ ′+ + +

W W W
T s T N B

W W W
β

θ θ θ θ θ θ

θ θ θ
	

	
4 4 4

3 2 1 2 3
2 2 22 2 2 2 2 27

2( cos sin ) 2 2( cos sin )
'( ) =

(2 ) (2 ) (2 )

− +
+ −

′ ′ ′+ + +

W W W
T s T N B

W W W
β

ω θ ω θ ω ω θ ω θ

θ θ θ
	

	 7 7 2 2 22 2 2

2 cos sin cos 2 sin
( )( ) =

4 2 4 2 4 2

′ ′+ −′
∧ + +

′ ′ ′+ + +

W W
T s T N B

W W W
β

θ θ θ θ θ θθβ
θ θ θ

	

7
g
βκ  geodesic curvature is:

	 7 1 2 35
2 2

1= 2

2

 ′ ′
− +  

   ′ +      

g W W

W

β θ θκ ω ω ω

θ

	

Definition 15. Let ( )∗B  be curve of ∗α  and let ∗B , ∗BT , and ∗
∗∧ BB T  be unit vectors of 

( )∗B . In this case 8β -Smarandache curve is defined:

	 8
1( ) = ( )
3

∗ ∗
∗ ∗+ + ∧

B B
s B T B Tβ 	 (27)

Theorem 16. The 8
g
βκ  geodesic curvature belonging to 8β -Smarandache curve of the 

Mannheim curve is:

	 8
1 2 35

2 2

1= 2 1 1 2

4 2 1

      ′ ′ ′
− − + + −                    ′ ′ + +      

g W W W

W W

β θ θ θκ ζ ζ ζ

θ θ

	

where

	

2 3

1

2 3 4

2

2 3

3

= 2 4 4 2 2 1

= 2 2 4 2 1

= 2 4 4 2

′         ′ ′ ′ ′ ′ ′
− + + − + + −                  

         
′         ′ ′ ′ ′ ′ ′

− + − + − − +                  
         

     ′ ′ ′ ′
− + −        

     

W W W W W W

W W W W W W

W W W W

θ θ θ θ θ θζ

θ θ θ θ θ θζ

θ θ θ θζ
4

2









 ′    ′ ′

+ −             
W W
θ θ

	

Proof. From the eqs. (3), (9), and (27), we have: 

	 [ ]8
1( ) = (cos sin ) (cos sin )
3

− + − +s T N Bβ θ θ θ θ 	
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Here if Sabban apparatus are calculated, we have:

	
8 2 2 22 2 2

cos ( )sin sin ( )cos
( ) =

2( ) 2( ) 2( )

′ ′ ′ ′+ − − −
− −

′ ′ ′ ′ ′ ′− + − + − +

W W W
T s T N B

W W W W W W
β

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ
	

	

4 4
3 2 1

2 22 2 2 28

4
2 3

2 2 2

3( cos sin ) 3
( ) =

4( ) 4( )

3( cos sin )

4( )

−′ + −
′ ′ ′ ′− + − +

+
−

′ ′− +

W W
T s T N

W W W W

W
B

W W

β
ζ θ ζ θ ζ

θ θ θ θ

ζ θ ζ θ

θ θ

	

	 8 8 2 22 2

(2 )cos ( )sin 2
( )( ) =

6 6 6 6 6 6

′ ′ ′− + + −
∧ + +

′ ′ ′ ′− + − +

W W W
T s T N

W W W W
β

θ θ θ θ θ
β

θ θ θ θ
	

	
2 2

( )cos (2 )sin
,

6 6 6

′ ′+ − −
+

′ ′− +

W W
B

W W

θ θ θ θ

θ θ
	

8
g
βκ  geodesic curvature is:

	 8
1 2 35

2 2

1= 2 1 1 2

4 2 1

      ′ ′ ′
− − + + −                    ′ ′ + +      

g W W W

W W

β θ θ θκ ζ ζ ζ

θ θ

	

Conclusion

In this paper, we studied Mannheim curve pairs. By moving the Frenet vectors of 
the Mannheim curve into the unit sphere, we formed the Sabban frame of this curve. We got 
Smarandache curves from the Sabban frame and calculated the geodesic curvature of obtained 
Smarandache curves. We expressed found results that depend on Frenet frame of the Mannheim 
curve pair.
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