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In this paper, we investigate special Smarandache curves with regard to Sabban
frame for Mannheim partner curve spherical indicatrix. We create Sabban frame
belonging to this curves. Smarandache curves are explained by taking position
vector as Sabban vectors belonging to this curves. Then, we calculate geodesic
curvatures of this Smarandache curves. Found results are expressed depending on
the Mannheim curve.
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Introduction

In differential geometry, special curves have an important role. One of these curves
Mannheim curves. Mannheim curve was firstly defined by A. Mannheim in 1878. Any curve
can be a Mannheim curve if and only if 4 =x/ (x* +77%), A is a non-zere constant, where cur-
vature of curve is x and curvature of torsion is 7 . After a time, Mannheim curve was redefined
by Liu and Wang [1]. According to this new definition, if principal normal vector of first
curves and binormal vector of second curves are linearly dependent, the first curve is named
as Mannheim curve, and the second curve is named as Mannheim partner curve. We can found
many studies in literature about Mannheim curves [2, 3]. A regular curve in Minkowski space-
time whose position vector is composed by Frenet frame vectors is called a Smarandache
curve [4]. Special Smarandache curves have been studied by some authors [5-10]. Taskopru
and Tosun [11] studied special Smarandache curves according to Sabban frame on S*. Senyurt
and Caliskan [12] investigated special Smarandache curves in terms of Sabban frame of spher-
ical indicatrix curves and they gave some characterization of Smarandache curves. We inves-
tigated special Smarandache curves belonging to Sabban frame drawn on the surface of the
sphere by Darboux vector of involute and Bertrand partner curves [13, 14]. Let a: 1 — E’ be
a unit speed curve, we define the quantities of the Frenet frame and Frenet formulae, respec-
tively [15]:

T(s)=a'(s), N(S):”Z::%;"’ B(s) =T(s) A N(s) (1)
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T'(s)=x(s)N(s), N'(s)=-r()T(s)+7(s)B(s), B'(s)=-7(s)N(s) 2

Let @, be Mannheimpaircurve and Frenetapparatusbe {T(s), N(s), B(s),x(s),7(s)}
and {T"(s), N"(s),B"(s),x"(s),7"(s)}, respectively. The relation between the Frenet apparatus
are [3]:

. . v _ " . K6’ . K
T =cosfT —sinfB, N =sinfT +coséB, B =N, kK =———, 7 =—  (3)
/12'||W At

Let :1 — S? be a unit speed spherical curve. We denote s as the arc-length param-
eter of y. Let us denote:

y($)=y(s), 1(s)=7'(s), d(s)=y(s)ni(s) 4)

The {y(s),1(s),d(s)} frame is called the Sabban frame of » on S*. Then we have the
following spherical Frenet formulae of y:

Y'()=1(s), 1'(s)==y(s)+K,(s)d(s), d'(s)=—K,(s)(s) &)
where «, is called the geodesic curvature of the curve y on S? which is:
Ko (8)=(t'(s),d(s)) (6)

Main results

In this section, we investigate special Smarandache curves created by Sabban frame
such as, {T*, T+, T" AT}, {N",Ty»,N" AT} and {B",T,+,B" ATy} . We will find some
results. These results will be expressed depending on the Mannheim curve. Let as find results
on this Smarandache curves. @ (s .) =T"(s"), &+ (s«) = N"(s"), and & . (s, ) = B'(s")
be a regular spherical curves on S¥. The Sabban frames of spherical indicatrix gelonging to
Mannheim partner curve are:

T"=T", T,=N', T°AT,=5 7)
N*=N", T. =—cos¢'T" +sing*B*, N" AT =sing'T" +cos¢*B* (8)
B'=B°, T,=-N', B'AT,=T" 9)
B B
From the eq. (5), the spherical Frenet formulae of (T™), (N*), and (B") are, respectively:
* * T* * * ' T*
Th=T,, T.,=-T '+ T'AT,, (T"AT.)Y=-2-T, (10)
T T K-* T T K-* T
N =T, T.=-N+2 NAT.. (N*/\T*)’:—¢—T* (11)
N N “W* N N ‘W* N
. . K. . , K
B'=T,, T.,=-B+5 B A1, BAT.Y=-2T, (12)
B B T* B B T* B

Using the eq. (6) the geodesic curvatures of (77), (N*), and (B") are:

T* T* N* ¢*, B* K*
K =—» K, =0 and k, =— (13)

K ”W* T




Senyurt, S., et al.: Some Special Curves Belonging to Mannheim Curves Pair
THERMAL SCIENCE: Year 2019, Vol. 23, Suppl. 1, pp. S303-S315 S305

Definition 1. Let (T") be curve of " and let 7" and T« be unit vectors of (7). In
this case f-Smarandache curve is defined:

ﬂl(s)=%

Theorem 2. The Kfl geodesic curvature belonging to f-Smarandache curve of the

Mannheim curve is:
Wi— |[W|—= —
o (ugn 2 %J

5
212
{2 + [”W"] ]
H/
where

e () 2
EER

Proof. The f (ST* Y=(T"+ TT* )/2"% and from the eq. (7), we can write:

ﬂl(s*>=%

(T +TT*) (14)

(T" +N*") (15)
Differentiating eq. (15), 7, (s%) is:
* 1 * * T* *
Ty (s =————| T+ N+ 2B (16)

+\2 K
2+[T*J
K

Considering the egs. (15) and (16), it is ease to see that:

. 1 T T . .
(B, ATy s )=—2[ T"-N +ZBJ (17)
T* K K
4+2[*J
K
Differentiating eq. (16), T, /5'1' vector is:
] * \/5 * * *

Ty, (s )=—22(qu + N + 4B (18)

(<]

where
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=) (e

w1

SRR
K K K

From the egs. (6), (17), and (18), K'gﬂl geodesic curvature of S,(s”) is:

"yt 2&} (20)
K

Substituting the eq. (3) into egs. (15)-(18), Sabban apparatus of the f;-Smarandache
curve for Mannheim curve are found:

Bi(s)= %[(sin 0 +cos O)T + (cos @ —sin §) B]

7, ()= 2 EI0 =050 Pl 0cost+sing)
w|f +267 | +267 [ + 26"
(B AT, )(5) = [ (cos & + sin 9) 20" Ve W] (cos @ —sin 9)

J2|w| + 407 \/2||W||2+40’2 J2|w| + 407
©)*N2(4 (zlcosemzsme)” (6")*\2 25 v @ “J2(2 cos 6 - zlsme)

Tg'(s) =
([ +20%)? ([ +20%)? () +20)?
and K I geodesic curvature is:
KQZ;S(IIQII ||9 I, +M]

(1]

Definition 3. Let (T") be curve of @ and let T, and T™ A T, be unit vectors of (7).
In this case f,-Smarandache curve is defined:

P (s)= \/,(T +T' AT, ) @1

Theorem 4. The Kﬁz geodesic curvature belonging to f,-Smarandache curve of the
Mannheim curve is:



Senyurt, S., et al.: Some Special Curves Belonging to Mannheim Curves Pair
THERMAL SCIENCE: Year 2019, Vol. 23, Suppl. 1, pp. S303-S315 S307

e (o5 )

2 (2
[1+2["W”j ]
97
where

- _[IIH ||]+2(IIZIIJ +2{"Z"J [IIZII} o 3[”;"} ZEH%HT_[H%HJI
RO

Proof. From the egs. (3), (7), and (21), we have:

Br(s)= %(sin OT + N + cos6B)

Herein, if Sabban apparatus are calculated, we have:

—0'cos @ — ||W||s1n0 ||W|| 0'sinf — ||W||c050
ﬁz \/ 2 T+ \/ 2 N+ \/ 12
2| +6 2w + 6 2w + 6
T, (s)= (@) \2(g25in 0+ &1 cosd) . (0) Ye2 NG 42 (g2 cos 0 — & sinf)
& 2(||W|| +0"7)? (2||W||2 +0'%)? (2||W|| +0'%)?
2||W||cos9 o' s1n9 o' 2||W||sm6?+¢9 cos@

(B AT, )s) = -
,/4||W|| +20"7 ./4||W|| +29'2 ,/4||W|| +20"

Kgﬁ geodesic curvature is:

wl—- — _—
K :—1 [2"3—,"81 - &2 +53]

g 5

5]

Definition 5. Let (T") be curve of a” and let T” , Tpx, and T* A Tp» be unit vectors of
(T™). In this case B;-Smarandache curve is defined:

Bs(s) =$(T* +T.,+T"AT.) (22)

Theorem 6. The K'gﬂ3 geodesic curvature belonging to S;-Smarandache curve of the
Mannheim curve is:
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py _ 1 /2 o A ¢
{(z"W” 1}”‘ (”uwnj‘””[z ||W||J‘”3}
¢V 1 2

where
2 3 '
A
o' o' o' o' o'
4 '
’ 0/ 9! 9! 9!
2 3 4 ’
A
0 0 % 0 0 0
Proof. From the egs. (3), (7), and (22), we have:
Bi(s)= %[(sin 6 +cosO)T + N +(cos @ —sin 0)B]
Then if Sabban apparatus are calculated, we have:
T (S 6'cosf — (||W|| o' )sm@ T ||W|| N 0'sin 6 + (||W|| o' )cosH
e S e [ e T VR W Y L R TR
4
TﬁS,(S):(H) \/72g0251n9,+40]'c2020)7,+ 2(6’) \/_(/33 _
(| - [wler+o 4| [wler+o)
(9) xf((pz cosd — ¢71 s1n0)B
4wl ~[wle+e2y
(B ATy o) = Q|w|-0)coso—(Ww|+6' )sind 229 /4l N
Vol -6pwlo -+ o2 Vol ~6wle -+ o

_Qp|-0)sind+(w|+o Jcos6
Vo[ ~slpwlor+ 60

K'53 geodesic curvature is:

1 w — Wi \— wl\—
K? - ) ;[(2¥_1J¢1_£1+"g_'”]¢’2+(2_”9_'"}(ﬂ3}
4@[1+”Z"+("Zﬂj ]
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Definition 7. Let (N") be curve of ¢" and let N and T+ be unit vectors of (N*). In

this case f,-Smarandache curve is defined:
Bi(s) =
R

Theorem 8. The K§4 geodesic curvature belonging to fS,-Smarandache curve of the
Mannheim curve is:

(N* +T,) (23)

1 i i —
K = ~(nai—nx2+225)
(2 +7? )E
where
n= —”W" - /I—fcsc o
@+ | ¢
and

H=2= A, =230 =t =n'n, py =2+ 4
Proof. From the egs. (3), (8), and (23), we have:

) 2 . , o ; >
\O +|| sing -0 cos@TJr 7| N+¢9s1n0+\/02+||W|| cosHB

207 + 2w 207 2w 207 2w

Ba(s)=

If Sabban apparatus are calculated, we have:

T, (s)= @[] -0 cos0 || + 67 sing T+ no'+ || N-—
’ R e e
(m|w|+6")sin6+ ||W||2 + 07 cosd .
WP+ 02 o
ol |- a0 W2eoso PP T +20° 7,500 G+ o WINE

Q)2 +e? Q2| +e?

(1,0~ 23| W|)V2 sin@ + 2| | +26" z, cos@ 5
+

Q|| +e?

(2||W|| —n6")cosO — 77«[||W||2 +607sin6 - 20— 77||W|| N+
\/4+2772J||W||2 +07 \/4+2772,/||W||2 +0°

T,,5) =

By~ Tﬂ4 )(s) =
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0" = 2|[w|)sin @ — ny||W|* + 6% cosd
@02 sing-n\[r 07 cos0

Ja+ 20> | +0°

K'gﬂ4 geodesic curvature is:

K§4 = 1 3 (77}1 _77}2 +2;3)

(2+°)
Definition 9. Let (N*) be curve of " and let Ty and N* AT+ be unit vectors of
(N™). In this case f;-Smarandache curve is defined:

fs(s) = %

Theorem 10. The KgﬂS geodesic curvature belonging to fs-Smarandache curve of the
Mannheim curve is:

(T« +N" AT,s) (24)

(27]51 ~52+ 53)

Bs _
Kg™ = 5

(2 + 772 )5
where
S =n+2n°+21'n, & =—1-3p>-2n* -1, 53 =-—n*-2p*+71'
Proof. From the egs. (3), (8), and (24), we have:
_(w]-8)cose ro 0 7| v 0 7 |)sin 6 2
N N VSR 1 LN PV ER T

Bs(s)

Here, if Sabban apparatus are calculated, we have:

_ 77(||W|| +6")cosO — «/"W"z +0"”sin6 - n@ - ||W||) N

w2 P + 07 w2 ol +0?
n(W||+ ) sin 6 +|W| + 67 coso 5
Jiv 22| +6”
(53]~ 520V2 cos 6+ S\ 2 || +26" sin@ o (@052

(1+ 207202 + || (1+ 20720 + |

(620~ 53 |W|W2sin 6+ 61\ 2| +26" coso 5
+

(1+27°)20 +|p |

Tﬁ5

(s)

Ty, () =
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(B AT, Xs) (||W||+9')cos9+277\/||W||2+9’2 sinHT 0'—||W|| N
N S)= + +
b v + 6 v o+
27| + 67 —(w|+o)si
. n || || +8'" cosb (|| ||+9)sm6’B
2 +4n? ,/||W||2 +0"”

KgﬁS geodesic curvature is:

K‘fs = 5 (27]31 — 5, +g3)

(2+7°)
Definition 11. Let (N*) be curve of & and let N*, T+, and N* AT, .+ be unit vectors
of (N¥). In this case f;-Smarandache curve is defined:
Bols) =
BN
Theorem 12. The K§6 geodesic curvature belonging to f;-Smarandache curve of the
Mannheim curve is:

(N* 4Ty +N" ATys) (25)

Ss _Qn=Dp ~(1+m)p, +2=1)p;
g 5
4&(1—77 +772)2

where
P =-2+4n—4n" +20° +27'2n-1), p,=-2+2n-4n" +2n° -2 —='(1+7)

py=2n—4n* +47" 2" +7'2=7)
Proof. From the egs. (3), (8), and (25), we have:

(W]~ cos@++6" +|w|’ sind o+,

Pe(s) =

307 + 3| 307 43|
r_ . 0!2 W 2
+(0 ||W||)s1n6’+\/ +|| || COSHB
367 + 3w’

Herein, if Sabban apparatus are calculated, we have:

)= @]~ (1=m)0)cos6 || + 6" sind a0+l
" (5) =
6 2=+ + 0 V2= + o

. [(1 -me'— 77||W||] sinf — \/"W”2 +0" cosd 3

S(=n )| +0?
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(/_)39’ —;2 ||W||)x/§cosé’ +;] \/3||W||2 +30" sin 6 - (/_33 ||W|| + /_)29')\/5
a(1=n+ Yo7 + W] 4=+ Y07 + W]
(0 V|- 230 W3sin 0 + p, 3| +3607 coso .
+
41— +n*)\ 0% + ||’
2]+ 1 +m)8 Tcos 0+ 2y - D[ + 6 sin@
I:( 77)" ||+( +1) ]cos +(2n )|| || + 6" sin Ty
N6—6n+6n> || +6”
Q-m¢' -+ . Cn-1 | +e? cosa—[(z—77)||W||—(1+77)9']sin98

+
J6— 61+ 61> ||} +6° N6—61+ 67 |||} +6°

K?ﬁ geodesic curvature is:

N+

Tﬂél(s):

(B ATy )5) =

s _@n=Dp = (Lt mp, +2-m)p;
g 5
4\/5(1 -n+n’ )2
Definition 13. Let (B") be curve of o and let Tp» and B" AT« be unit vectors of
(B"). In this case f,-Smarandache curve is defined:
Br(9) =
NG

Theorem 14. The K£7 geodesic curvature belonging to f,-Smarandache curve of the
Mannheim curve is:

(T +T" ATy) (26)

el el 4 1)
MBI

Proof. From the egs. (3), (9), and (26), we have:

B (s)= %(—sin 0T + N —cosOB)

NG
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If Sabban apparatus are calculated, we have:

T, (s)= 0'cos O — ||W||s1n0 ||W|| 9 s1n9+||W||cosH
K
g LWE<o? T or L + o7
T, (s)= ||W|| V2 (@3 cos @ — 2 sin 49) ||W|| V2 N ||W|| V2(@3 cos 0 + w3 sin 0)
K
g el +oy T oty e +o°y
2||W||cos9+ o' s1n0 0'cosd — 2||W||s1n9
(By ATy )(s) = A—
./4||W|| +207 w/4||W|| +207 1/4||W|| +20"7
K" 7 geodesic curvature is:
K‘ﬂ7 :;( 9, a)z + 2(03]
¢ s || ||

F%ﬁﬂ}

Definition 15. Let (B") be curve of " and let B”, Ty, and B A T+ be unit vectors of
(B"). In this case fB;-Smarandache curve is defined:

e (s) = E(B* +T . +B AT,) 27)

Theorem 16. The ng geodesic curvature belonging to f;-Smarandache curve of the
Mannheim curve is:

&M++Z{;JFKJQ(H%5[W%J

_ o o) (o o o \(. o
el A
[ [||W||J £||W|| ) Ul Ul
_ 0 oY (o) (o) (o) o
=22 4l T L] o & |
’ 7] (||W||J ("WU ["W“ (||W||J ( ||W||j
_ oY (o) (o) (o). o
PPN YAt A R RS R A I A S
T [||W||] ("WU (||W||J [”WU ( ||W||J

Proof. From the egs. (3), (9), and (27), we have:

where

Bi(s)= %[(cos 0 —sinO)T + N —(cos 0 +sin 6) B]
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T,

By

Here if Sabban apparatus are calculated, we have:
' cos 6 +(6'—|W|)sin @ - 7] y_ Osiné-(0'- 7 |)coso 2

2 -|wler ey 2w -rle ey 2] -|we+ o)
||W||4 \/5(53 cosf — 22 sin ) - ||W||4 \/§Z1

Ty (s)=
% aw| -|pwle +e2)? (W -wlo +o2y
~ ||W"4 \/E(ZZ cosf + Zs sin0) 3
(| ~Jwle +67)
(B nT, o) = A= coso (Wl orsine 20 -],
8 Vol - slwler+ 6o Jo|w | - 6|w]e + 60
N (W] + 6" cos6 - 2|7| - 6)sin6 B,
Vol —e[pw]or + 0
Kgﬂs geodesic curvature is:
5 = : AN - BTN N PR
: T ( S T S T
4\/5 1+ i + (QJ
[z |
Conclusion

In this paper, we studied Mannheim curve pairs. By moving the Frenet vectors of

the Mannheim curve into the unit sphere, we formed the Sabban frame of this curve. We got
Smarandache curves from the Sabban frame and calculated the geodesic curvature of obtained
Smarandache curves. We expressed found results that depend on Frenet frame of the Mannheim

curve pair.
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