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The intention of current study to survey Kannan type mappings for rectangular 
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Introduction 

In the year 1999 Molodtsov [1] propounded the theory of soft sets as a contemporary 
mathematical subject for regarding with ambiguities. Recent works in theory of soft set and its 
applications in different scope such as economics, engineering, social and medical science have 
been developing quickly since Maji et al. [2] and many mathematicians [3-6].

Otherwise fixed point theory is an significant topic of mathematics which has a good 
deal of applications in different areas such as differential equations, thermal science, heat equa-
tions, etc. Bildik et al. [7] used the fixed point property for the approximatively solution of 
several sort of differential equations. Gulyaz and Inci [8] investigated the existence of integral 
equations via fixed point theorems and gave an application deal with the following heat equa-
tion of non-linear type in dimension one:

	
( , ) ( , ) ( , , , ) , , 0

( ,0) ( ) ,
t xx xu x t u x t F x t u u x t T

u x x xϕ
= + −∞ < < ∞ < <

 = −∞ < < ∞
	

Also thermal science problem which can be written as the following form:

	
( , ) ( , ) , ( , )
( , ) ( , ) , ( , )

′ ′= ∈Ω
 ′ ′= ∈ ∂Ω

L w x y x x x x
B w x y x x x x

φ
ϕ

	

was perused by Qui [9] where L  is a linear differential operator, B  is a boundary operator, 
( , )′x xφ  and ( , )′x xϕ  are two given functions, and 2Ω∈R  is an open bounded domain together 

with boundary ∂Ω . For other details for different types of differential equations [10, 11].
Beside soft metric spaces defined by Das and Samanta [12] in 2013 become an inter-

esting area of fixed point theory. In 2017 Hosseinzadeh [13] improved the theory which men-
tioned by Das and Samanta [12] and gave a new aspect of the definition of soft metric.
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In current study we defined a renewed metric by using soft sets and rectangular metric 
which introduced by Branciari [14] and investigated in partially metric spaces by [15]. Then 
we prove some fixed point theorems by using rectangular soft metric and a special contractive 
mapping. Also we give the improved of our study [16, 17] by using Kannan type mappings [18, 
19]. The new soft metric defined in current study will be a useful material for mathematicians 
especially working on fixed point theory. The findings obtained in this paper can be amplified 
to various areas and aspects of soft fixed point theory.

Preliminaries

Definition 1. Presume that   be a parameter set. A binary ( , )   is said to be a soft 
set over the universe X , where   is a transformation given by : ( )→ X   [1]. 

That is to say, a soft set over X , is a parameterized family of subsets of the universal 
set X . For any parameter , ( )∈x x  may be regarded as the set of −x approximative members 
of the soft set ( , ). 

Definition 2. Let ⊆   be the parameter set. The ordered pairwise ( , )tα  is named to 
be a soft parametric scalar if ∈t  and .∈α   The parametric scalar ( , )tα  said to be non-neg-
ative if 0.≥t  Assuming that ( , )tα  and ( , )′tβ  be two soft parametric scalars. ( , )tα  is said to 
be no less than ( , )′tβ  and it is written as ( , ) ( , ),′t tα β  if ′≥t t  [13]. 

Definition 3. Let ⊆   be a set of parameters. Let ( , )tα and ( , )′tβ  be two soft 
parametric scalars. Then the addition between soft parametric scalars and scalar multiplication 
on soft parametric scalars are described [13]:

	 ( , ) ( , ) ({ , }, ),′ ′= +t t t tα β α β    and   ( , ) ( , ),=t tλ α α λ    for every   .∈λ 	

Definition 4. Suppose that ( , )   be a soft set over the universal X . The function f  
on ( , )   is termed as parametric scalar valued, if there are maps 1 : →f    and 2 : ( ) → f    
such that 1 2( , ) ( , )( , ( ))=f f f     [13].

In a similar manner, we can amplify the parametric scalar valued function previously 
defined as : ( , ) ( , ) ( , )× → f      by 1 2( , ( ) ( )) ( , )( , ( ) ( )),× × = × ×f f f            
where 1 : × →f     and 2 : ( ) ( ) .× → f     

Definition 5. Let ( , )   be a soft set over X  and let : × →ϕ     be parametric 
function. The parametric scalar valued function : ( , ) ( , ) ( , {0})+× → ∪



      is called to 
be a soft meter on ( , )   if 



  provides following conditions [13]:

	

  (( , ( )), ( , ( ))) ( ( , ),0), and if then the equality holds.
  (( , ( )), ( , ( ))) (( , ( )), ( , ( ))) for all , .
  (( , ( )), ( , ( ))) ((( , ( )), ( , ( ))) (( ,

a a a a a a a a
a a a G a a a a a a a E
a a a a a a a a a

ϕ′ ′ ′ ′− =
′ ′ ′ ′ ′− = ∈
′ ′ ′ ′ ′−









  

  
     
        



( )), ( , ( )))
for all ,

,
,

a a
a a

a
a′

′
′

′′

∈

′
′

′


	

The pairwise (( , ), )


   is said to be a soft metric space over .X
Definition 6. Assume A is a not null set and let : [0, ]× → ∞rd A A  carry out the below 

conditions for all , ∈x y A and all different , ∈z t A each of which is dissimilar from x and y [14]:

– (RM1) ( , ) 0 ,= ⇔ =rd x y x y

– (RM2) ( ) ( ) ,, ,=r rd x y d y x

– (RM3) ( , ) ( , ) ( , ) ( , ).≤ + +r r r rd x y d x z d z t d t y  	
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At that time the map rd  is named a rectangular metric and the pairwise ( , )rA d  is 
named a rectangular metric space (RMS).

Definition 7. ≠ ∅A  and an element ∈a A is a fixed point of : →f A A if ( ) =f a a [20].
Definition 8. Let M  be a mapping of a metric space X  into X  [20]. We assert that M

is a contraction mapping if there subsist a number λ  so that 0 1< <λ  and ( , ) ( , )≤Mx My x yρ λρ  
for all , .∈x y X  

Theorem 9. Any contraction transformation of a complete non-empty metric space X  
into X  has an only one fixed point in X  [20].

Definition 10. Let ( , )X d  be a universalized metric space [18]. The self-map 
: →M X X  is named a universalized Kannan contraction type map if:

	 ( , ) ( ( , ))[ ( , ) ( , )]≤ +d Mx My d x y d x Mx d y Myα    for any   , ,∈x y X 	

where [0, ] [0,1 / 2)→ ∞ →α  is an increasing mapping.
Definition 11. Suppose that : × →ϕ    be a scalar valued parametric function [16]. 

The parametric scalar valued function : ( , ) ( , ) ( , {0})+× → ∪


R      is pronounced to be 
a rectangular soft metric on ( , )   if 



R  satisfies the following properties:

– (RSM1) (( , ( )), ( , ( ))) ( ( , ),0),≥




R x x y y x yϕ      if   ,=x y  then the equality holds. 	

– (RSM2) 
(( , ( )), ( , ( ))) ( ( , ),0) for all (( , ( )), ( , ( ))) ( , ),     

( , ( )) ( , ( ))  [for all , , ]
R x x y y x y x x y y

x x y y x y x y
ϕ= ⇔ ∈

= ∈ =



     
 




	

– (RSM3) ( , ( )), ( , ( ))) (( , ( )), ( , ( ))), for all , .R Rx x y y y y x x x y= ∈
 

      ���	

– (RSM4) 
(( , ( )), ( , ( ))) (( , ( )), ( , ( ))) (( , ( )), ( , ( )))

(( , ( )), ( , ( ))), for all , , ,
R R R

R

x x y y x x z z z z t t

t t y y x y z t

≤ +

+ ∈

  



        

   
	

Then we say the pair (( , ), )


R   is a rectangular soft metric space over .X
Definition 12. Assume that ( , )   be a soft set on X [13]. A soft sequence in ( , )   is 

a map : ( , )→f    equipped ( ) ( , )= nf n    such that ( , )n   is a soft subset of ( , )  for 
,∈n  and it is symbolised by 1{( , )} .∞

=n n   
Definition 13. Presume that ( , )  be a soft set on the universal set [16]. Suppose that 



R be a rectangular soft metric on ( , )  , 1{( , )}∞=n n   be a soft sequence in ( , )  and 
( , ( )) ( , ).∈x x    In this instance, we state that the 1{( , )}∞=n n   converges to ( , ( )),x x  if for 
every positive number ,  there subsist a naturel number N  so that for all ∈n  with ,≥n N  we 
have (( , ( )), ( , ( ))) ( ( , ), ).≤





R na a x x a xϕ     
Definition 14. Suspect that ( , )   be a soft set on X [16]. Let 



R  be a rectangular 
soft metric on ( , )   and 1{( , )}∞=n   be a soft sequence in ( , )  . Then we express that 

1{( , )}∞=n n   is a Cauchy soft sequence, if there subsist a natural number N  so that for every 
natural number ,n m  with , ,≥n m N  we have (( , ( )), ( , ( ))) ( ( , ), )≤





R n ma a a a a aϕ     for every 
positive number  .

Proposition 15. Let (( , ), )


R   be a rectangular soft metric space over ,X [16], and 
let 1{( , )}∞=n n  be a convergent soft sequence in ( , )  . Then 1{( , )}∞=n n  is a Cauchy soft se-
quence.

Theorem 16. Assume that ( , )   be a soft set on X [16]. Let 


R  be a metric on ( , )   
and 1{(( , )}∞=n n   be a soft sequence in ( , )  . If 1{( , )}∞=n   is convergent in ( , )  , in this case 
it converges to only one element of ( , )  .



Oztunc, S., et al.: Some Kannan Type Fixed Point Results in Rectangular Soft Metric Space ... 
S218	 THERMAL SCIENCE: Year 2019, Vol. 23, Suppl. 1, pp. S215-S225

Definition 17. Let ( , )   be a soft set on X [16]. Let 


R  be a rectangular soft metric 
on ( , ).  ( , )  is said to be a complete rectangular soft metric space if every Cauchy soft se-
quence converges in ( , )  .

Theorem 18. Let (( , ), )


R   and (( , ), )′ ′ ′


R   be two rectangular soft metric spaces 
over X  and Y  in order [16]. Let 1 2( , ) : (( , ), ) (( , ), )′ ′ ′= →

 

R Rf f f       be a soft transforma-
tion. In that case f  is continuous in soft manner iff for all ( , ( )) ( , )∈a a    and every positive 
number ,  there exist a 0>δ  so that for every ( , ( )) ( , )′ ′ ∈a a   , 

	 (( ( , ( ))), (( , ( )))) ( ( ( , )), ) ′ ′ ′ ′ ′≤


 

R f a a f a a a aϕ ϕ    	

whenever (( , ( )), ( , ( ))) ( ( , )), ).′ ′ ′≤




R a a a a a a δϕ    
Definition 19. Let (( , ), )



R   be a rectangular soft metric space over X  and 
: (( , ), ) (( , ), )→

 

R Rf       be a soft mapping [16]. In this instance, f  is called to be soft 
contractive if there is a nonnegative number λ  with 0 1< <λ  such that: 

	 (( ( , ( ))), (( , ( )))) (( , ( )), ( , ( ))),  for all ,R RM a a M a a a a a a a aλ′ ′ ′ ′ ′≤ ∈
  

       	

Theorem 20. Soft contractive mapping is continuous in soft manner in rectangular soft 
metric space (( , ), )R



   [16].
Definition 21. Let (( , ), )



R   be a complete rectangular soft metric space over X  and let:

	 : (( , ), ) (( , ), )→
 

R Rf      	
be a soft transformation. A fixed soft set for f  is a soft subset of ( , )   such as ( , ( ))a a so that 

(( , ( ))) ( , ( )),=f a a a a   [16].
Theorem 22. (Banach contraction theorem for rectangular soft metric space) [16]. Let 

(( , ), )


R   be a complete rectangular soft metric space over ,X  and:

	 : (( , ), ) (( , ), )→
 

R RM      	
be rectangular soft contractive transformation. Then 



M  has only one fixed soft set.

Some fixed point results for rectangular soft metric space  
by using Kannan type mappings

Lemma 1. Approve that ⊆   is a set of parameters ( , )tα  and ( , )′tβ  be two soft 
parametric scalars that for every 0>  if ( , ) ( , )′< +t tα β   then ( , ) ( , ).′t tα β  

Theorem 2. Presume that (( , ), )


R   is a complete rectangular soft metric space over 
X , and let 1 2( , ) : (( , ), ) (( , ), )= →

   

R RM M M       be a soft continuous mapping such that 
1 2 1 1( , ( )) ( ( ), ( ( ))) ( ( ), ( ( )))= =

    

M M M M M          for every ( , ( )) ( , )∈ e e    and it 
satisfies for some parametric scalar valued : ( , ) ( , )+→ ϕ     

	 ( (( , ( ) ) ), ( , ( ) ) ) (( , ( ) ) ) ( ( , ( ) ) )< −
  

R M Mϕ ϕ             	 (1)

Then { (( , ( ) ) )}
 nM     converges to a fixed soft set, for every ( , ( )) ( , ).∈      

Proof. Let 1 2( , )=
  

M M M  and 1 2( , ).=ϕ ϕ ϕ  Now, if

	 1 2(( , ( ) ) ) ( ( ), ( ( ) ) ),=
  

M M M       	
we set 1 1(( , ( ))) ( , ( )),=



M        then 1 1 2 1( ( ( , ( ) ) ) ) ( ( ), ( ( ) ) )= =


Mϕ ϕ ϕ      1 1( , ).= b t  In 
a similar way we write ( ( , ( ) ) ) ( , ( ) )=

 n
n nM        for 1,2,...=n  Thus:

	 1 2( (( , ( ))) ( ( ), ( ( ))) ( , )= =
 n

n n n nM b rϕ ϕ ϕ      	
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It is required the following inequality:

	 ( (( , ( ) ) ), ( , ( ) ) ) ( ( , ( ) ) ) ( ( , ( ) ) )+ <
  

R M Mϕ ϕ             	 (2)
By using Lemma 1 we obtain that ( ( ( , ( ) ) ) ) ( ( , ( ) ) ).<



Mϕ ϕ      
This involves that 2( (( , ( ) ) ) ) ( (( , ( ) ) ) ).≤

 

M Mϕ ϕ       If we keep up this pro-
cess, we obtain: 

	 1( ( ( , ( ) ) ) ) ( ( ( , ( ) ) ) )+ ≤
 n nM Mϕ ϕ      	

This amounts to that { ( ( ( , ( ) ) ) )}
 nMϕ     is a decreasing and thus the sequence { }nr  

of real numbers is decreasing. Therefore, there is a ∈t  so that:

	 lim ( (( , ( ) ) ) ) ( , ) (for all )
→∞

= ∈
 n

n
M b t bϕ     	 (3)

Explicitly ( , )b t  is not negative. Then for all , ∈n m  with ,≥m n  we have by using 
soft rectangular property:

	 1( ( ( , ( ) ) ), ( ( , ( ) ) ) ) ( ( ( , ( ) ) ), (( , ( ) ) ) )n m n n
R RM M M M +≤
    

              	

	 1 2 2( ( ( , ( ) ) ), ( ( , ( ) ) ) ) ( (( , ( ) ) ), ( ( , ( ) ) ) )n n n m
R RM M M M+ + ++ +
    

              	

	 1 1 2( ( ( , ( ) ) ), ( ( , ( ) ) ) ) ( ( ( , ( ) ) ), ( ( , ( ) ) ) )n n n n
R RM M M M+ + +≤ +
    

              	

	 2 3 3 4( ( ( , ( )) ), ( ( , ( ) ) ) ) ( ( ( , ( ) ) ), ( ( , ( ) ) ) )n n n n
R RM M M M+ + + ++ +
    

              	

	 4( ( ( , ( ) ) ), ( ( , ( ) ) ) )n m
R M M++
  

       	

	 1 2 3( ( ( , ( ) ) ), ( ( , ( ) ) ) ) ( ( ( , ( ) ) ), ( ( , ( ) ) ) )n n n n
R RM M M M+ + +≤ +
    

              	

	 1 2 3( ( ( , ( ) ) ), ( ( , ( ) ) ) ) ( ( ( , ( ) ) ), ( ( , ( ) ) ) )n n n n
R RM M M M+ + +≤ +
    

              	

	 3 4 4 5( ( ( , ( ) ) ), ( ( , ( ) ) ) ) ( ( ( , ( ) ) ), ( ( , ( ) ) ) )n n n n
R RM M M M+ + + ++ +
    

              	

	 5 6 6( ( ( , ( ) ) ), ( ( , ( ) ) ) ) ( ( ( , ( ) ) ), ( ( , ( ) ) ) )n n n m
R RM M M M+ + ++ +
    

              	

	 1 1 2( ( ( , ( ) ) ), ( ( , ( ) ) ) ) ( ( ( , ( ) ) ), ( ( , ( ) ) ) )n n n n
R RM M M M+ + +≤ +
    

              	

	 2( ( ( , ( ) ) ), ( ( , ( ) ) ) )n k m
R M M++ +
  

        	

	 1 1 2( ( ( , ( ) ) ) ( ( ( , ( ) ) ) ( ( ( , ( ) ) ) ( ( ( , ( ) ) )n n n nM M M Mϕ ϕ ϕ ϕ+ + +≤ − + −
   

            	

	 2( ( ( , ( ) ) ) ( ( ( , ( ) ) )n k mM Mϕ ϕ++ + −
 

       	

	 ( ( ( , ( ) ) ) ( ( ( , ( ) ) )≤ −
 n mM Mϕ ϕ       ( ( ( , ( ) ) ) ( ( ( , ( ) ) )≤ −

 n mM Mϕ ϕ      	

Thus

	
,
lim ( ( ( , ( ) ) ), ( ( , ( ) ) ) ) ( ,0)
→∞

=
  n m

Rm n
M M b b b    

Hence { ( ( , ( ) ) )}
 nM     is a soft Cauchy sequence. So there exist ( , ( ) ) ( , )∈x x    so that 

( ( , ( ) ) ( , ( ) ).lim →∞ =
 n

n M x x     
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Definition 3. Regard as ( , )   is a soft set over .X  We say that every member 
( , ( ) ) ( , )∈c c    a soft point of ( , )  where .∈c   Usually, if for some , ( )∈ ∈c x c  there 
is no need that ( , )c x  resides to ( , ),  but if it is occur we assume ( , )c x  as a soft point [13].

Definition 4. Suppose that ( , )   is a soft set on ,X  let 


R  be a soft rectangular 
meter on ( , )   and t  be a positive real number. The soft ball of radius ( , )′ t  about ( , ( ) )    
is the set: 

	 ˆ( , ( ) ) ( , ) : ( ( , ( ) ), ( , ( ) ) ) ( ( , ) ( , )){ }′∈ =


Rc c c c c tα          	

We signify the soft ball of radius ( , )′ t  about ( , ( ) )    by ( ( , ( ) ), ( , )),′

R
t      

and for more brief statement we just write:

	 ( ( , ( ) ), ( , ) )′

R
t        or   ( , ) ( , ( ) )′ t    	

Theorem 5. Suppose that (( , ), )


R   be a complete rectangular soft metric space on X , 
and let : ( ( , ( ) ), ( , ) ) ( ( , ), )′ ′ →



R RM tα α α     be a soft contraction transformation with:

	 ( ( ( , ( ) ), ( , ( ) ) ) ) (1 2 ) ( , )′ ′−
 

R M c tα α α α α   	 (4)

where 0 1.< <c  Then 


M  has an only one fixed point set in ( ( , ( ) ), ( , ) ).′ ′

R
tα α α   

Proof. It is clear that there is an 0 0≥r  such that 00 ( , ) ( , )′ ′t tα α   with:

	 0( ( ( , ( ) ), ( , ( ) ) ) ) (1 2 ) ( , )′−
 

R M c tα α α α α   	
By setting: 

	 0 0: ( ( , ( ) ), ( , ) ) ( ( , ( ) ), ( , ) )′ ′→ 



R R
M t tα α α α α α     	

If

	 0( , ( ) ), ( , ( ) ), ( , ( ) ) ( ( , ( ) ), ( , ) )′ ′ ′∈ 

R
tσ σ φ φ φ φ α α α     	

then:

	 ( ( ( , ( ) ), ( , ( ) ) ) ) ( ( ( , ( ) ), ( , ( ) ) ) )
  

R RM Mσ σ α ε σ σ φ φ      	

	

0

0

( ( ( , ( ) ), ( , ( ) ) ) ) ( ( ( , ( ) ), ( , ( ) ) ) )
( ( ( , ( ) ), ( , ( ) ) ) )
( ( ( , ( ) ), ( , ( ) ) ) )
( ( ( , ( ) ), ( , ( ) ) ) )
( ( ( , ( ) ), ( , ( ) ) ) ) (1 2 )( , )

( , ) (

′ ′+
′ ′+

⋅
′ ′ ′+ ⋅ + −

′ ′⋅ + ⋅

   

  

 





R R

R

R

R

R

M M M
M M
M

c
c c t

c t c

σ σ α α σ σ φ φ
φ φ φ φ
φ φ α α

σ σ φ φ
φ φ φ φ α

α

     
  
  
  
  





 0 0

0

, ) (1 2 ) ( , )
( , ).

′+ −
′=

t c t
t

α α
α

	

since

	 0( ( , ( ) ), ( , ) ) ( ( , ( ) ), ( , ) ).′ ′⊆ 



R R
t tα α α α α α     	

Now, by Theorem 22 we obtained that 


M  has a unique fixed point set in:

	 0( ( , ( ) ), ( , )) ( ( , ( ) ), ( , )).′ ′⊆ 



R R
t tα α α α α α     	
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Theorem 6. Let ( ( , ), )


R   be a soft RMS. :( , ) ( , )→


M     be a Kannan type 
mapping such that α  satisfies for each r  parametric scalar with [0, )∈ ∞r  2lim su /p 1→ <t r α  
Suppose there exist on 0 0( , ( ) ) ( , )∈  h h  with the bounded orbit, namely the sequence 

0 0{ ( , ( ) )}
 nM h h  is bounded. Additionally, assume that:

	 ( ( , ( ) ), ( , ( ) ) ) < ∞


d M h h h h    for each   ( , ( ) ) ( , ).∈  h h 	

Then 


T  has a fixed point ( , ( ) ) ( , )∈ ρ ρ    and 0 0 .li ( , ( )) ( , ( ))m →∞ =


 

n
n M  h h h h  

Besides if 


M  has a fixed point ( , ( ) ), y y  then either ( ( , ( ) ), ( , ( ) ) ) = ∞


  R y y  h h  or 
( , ( ) ) ( , ( ) )=    y y h h . 

Proof. Take 0 0( , ( ) ) ( , )∈  h h  be arbitrary. Describe a sequence 1{( , )}∞=n n   as: 
1 0 0( , ) ( , ( ) ),   0,1,2,+ = = …

 n
n M n  h h  Since 



M  is a Kannan type mapping, we get: 

	

1 1
0 0 0 0 0 0 0 0

1
0 0 0 0

1
0 0 0 0

1
0 0 0 0

1

( ( , ( )), ( , ( ))) ( ( ( , ( ))), ( ( , ( ))))

( ( ( , ( ) ), ( , ( ) ) ) )

[ ( ( , ( ) ), ( , ( )))

( ( , ( ) ), ( , ( ) ) )]

( ( (

n n n n
R R

n n
R

n n
R

n n
R

n
R

M M M M M M

M M

M M

M M

M

α

α

+ −

−

−

+

−

=

≤

⋅

+

≤

      

  

  

  

 

     

  

  

  



h h h h h h h h

h h h h

h h h h

h h h h

0 0 0 0
1

0 0 0 0
1

0 0 0 0
1

0 0 0 0

, ( ) ), ( , ( ) ) ) )

( ( ( , ( ) ), ( , ( ) ) ) )

( ( ( , ( )), ( , ( ) ) ) )

( ( ( , ( )), ( , ( ) ) ) )

n

n n
R

n n
R

n n
R

M

M M

M M

M M

α

−

−

+

⋅

+

⋅



  

  

  

 

  

  

  

h h h h

h h h h

h h h h

h h h h

	

	

1 1
0 0 0 0 0 0 0 0

1
0 0 0 0

( ( , ( ) ), ( , ( ) ) ) ( ( ( , ( ) ) , ( , ( ))))

                                                                             ( ( ( , ( ) ), ( , ( ))))

              

n n n n
R

R
n

R
n

M M M M

M M

α+ −

+

−

⋅

    

 





  



 

 

h h h h h h h h

h h h h
1

0 0 0 0
1

0 0

                                                           ( ( ( , ( ) ) , ( , ( ))))

                                                                             ( ( ( , ( ) ), (R

n n

n
R

n

M M

M M

α −

−

≤

⋅

 

 





 



h h h h

h h 0 0, ( ))))h h

	

	

1 1
0 0 0 0 0 0 0 0

1
0 0 0 0

1
0 0 0 0

0

( ( , ( )), ( , ( )))(1 ) ( ( ( , ( ) ), ( , ( ) ) ))

                  ( ( ( , ( ) ), ( , ( ) ) ) )

                      ( ( ( , ( ) ) , ( , ( ) ) ) )

( (

R R

R

n

R

R

n n n

n n

n n

n

M x x M x x M M

M M

M M

M

α

α

+ −

−

−

−

≤

⋅

   



 

 









   

 

 

 







h h h h

h h h h

h h h h

h
1

1 0 0 0 0
0 0 0 1

0 0 0 0
1

0 0 0

( ( ( , ( ) ), ( , ( ) ) ) ), ( )), ( , ( )))
(1 ) ( ( ( , ( )), ( , ( ))))

                                                                      ( ( ( , ( )), (

n n
n

n

n n

R

R
n

R

M MM
M M

M M

α
α

−
+

−

−

≤
−



















 
 


  



h h h h
h h h

h h h h

h h h 0, ( )))) h

	

Since ( ) [0,1 / 2),∈tα  we get { ( )/[1 ( )]} 1.− <t tα α  Then we get:

	 1 1
0 0 0 0 0 0 0 0( ( , ( ) ), ( , ( ) ) ) ( ( , ( ) ), ( , ( ) ) )+ −<

    n n n n
R RM M M M     h h h h h h h h 	

It follows that 1
0 0 0 0 1{ ( ( , ( ) ), ( , ( ) ) )}+ ∞

=

  n n
R nM M  h h h h  is monotone decreasing.

Similarly we can show the following statement. 
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2 1
1 0 0 0 0

0 0 0 0 2 1
0 0 0 0

2 1
0 0 0 0

( ( ( , ( )), ( , ( ))))( ( , ( )), ( , ( )))
(1 )( ( ( , ( )), ( , ( ))))

( ( ( , ( )), ( , ( ))))

− −
−

− −

− −

≤
−

  

  

  

  

n n
n n R

R n n
R

n n
R

M MM M
M M

M M

α
α
  

  
  

  

h h h h
h h h h

h h h h

h h h h

	

Because ( )tα  is increasing { ( )/[1 ( )]}−t tα α  also is increasing. Furthermore, from: 

	 2 1
0 0 0 0 1{ ( ( , ( ) ) , ( , ( ) ) )}− − ∞

=

  n n
R nM M  h h h h 	

is monotone decreasing, then:

	 2 1
0 0 0 0 0 0 0 0( ( , ( )), ( ( ))) (( , ( )), ( , ( ))),− − <

   n n
R RM M M     h h h h h h h h 	

	
2 1

0 0 0 0 0 0 0 0
2 1

0 0 0 00 0 0 0

( ( ( , ( )), ( , ( )))) ( (( , ( )), ( , ( )))
(1 )( (( , ( )), ( , ( )))(1 )( ( ( , ( )), ( , ( ))))

− −

− − <
−−

   

   

n n
R R

n n
RR

M M M
MM M

α α
αα

     
    

h h h h h h h h
h h h hh h h h

	

Then:

	
1 0 0 0 0

0 0 0 0
0 0 0 0

2 1
0 0 0 0

( ( ( , ( ) ), ( , ( ) ) )( ( , ( ) ), ( , ( ) ) )
(1 ) ( ( ( , ( ) ) , ( , ( ) ) )

          ( ( ( , ( ) ), ( , ( ) ) ) )

−

− −

≤
−

 

  

 

  

n n R
R

R
n n

R

MM M
M

M M

α
α

  
  

  

  

h h h h
h h h h

h h h h

h h h h

	

Repeating this relation, we get:

	
2 0 0 0 0

0 0 0 0
0 0 0 0

0 0 0 0

( ( ( , ( ) ), ( , ( ) ) )( ( , ( ) ), ( , ( ) ) )
(1 )( ( ( , ( ) ), ( , ( ) ) )
 ( ( , ( ) ), ( , ( ) ) )

≤
−

 

  

 

 

R
R

R

R

MM M
M

M

α
α
  

  
  

  

h h h h
h h h h

h h h h

h h h h

	

Now let: 

	 0 0 0 0

0 0 0 0

( ( ( , ( ) ), ( , ( ) ) )
(1 ) ( ( ( , ( ) ), ( , ( ) ) )

=
−

 

 

R

R

Mh
M

α
α α
  

  
h h h h

h h h
	

then we can have: 

	 1
0 0 0 0 0 0 0 0( ( , ( ) ), ( , ( ) ) ) ( ) ( ( ( , ( ) ), ( , ( ) ) )− ≤

   n n n
R RM M h M     h h h h h h h h 	 (5)

Let ;>m n  then from inequality (1), we have:

	

1
0 0 0 0 0 0 0 0

1 2
0 0 0 0

1
0 0 0 0

0 0 0 0
1

0 0

( ( , ( )), ( , ( ))) ( ( , ( )), ( , ( )))
( ( , ( )), ( , ( )))

( ( , ( )), ( , ( )))
( ) (( , ( )), ( , ( )))

( ) (( , ( )), (

n m n n
R R

n n
R

m m
R

n
R

n
R

M M M M
M M

M M
h M

h M

+

+ +

−

+

≤

+

+ +

≤

+

    

  

  



 

 

     

  

  

  

 

h h h h h h h h

h h h h

h h h h

h h h h

h h h0 0
1

0 0 0 0
1 1

0 0 0 0

0 0 0 0

, ( )))
( ) (( , ( )), ( , ( )))

[( ) ( ) ( ) ]
(( , ( )), ( , ( )))

( ) (( , ( )), ( , ( )))
1

m
R

n n m

R
n

R

h M
h h h

M
h M

h

−

+ −

+ +

= + + +

⋅

≤
−

 





 

 



  

  
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h

h h h h

h h h h

h h h h

	 (6)
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Since 

	 0 0 0 0

0 0 0 0

( ( , ( ) ), ( , ( ) ) ) [0,1/2)
(1 ) ( ( , ( ) ) , ( , ( ) ) )

= ∈
−

 

 

R

R

Mh
M

α
α
  

  
h h h h
h h h h

	

it follows that 0 0 1{ ( , ( ) )}∞=
 n

nM h h  is a Cauchy sequence in ( , )   Since ( , )   is complete 
RMS, there exists a point ( , ( ) ) h h  such that 0 0( , ( )) ( , ( )).→



   

nM  h h h h  By rectangular 
property:

	

0 0
1

0 0 0 0
1

0 0

1
0 0 0 0

( ( , ( ) ), ( , ( ) ) ) ( ( , ( ) ), ( , ( ) )

( ( , ( ) ) , ( , ( ) ) )

( ( , ( ) ) , ( , ( ) ) )
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R
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R
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R
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λ
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−
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+
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≤
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+
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Letting →∞n  and using the fact that, (( , ), ( , ( ))) (( , ( )), ( , ( )))′ →
 

R n Ry y a a y y       
and whenever ( , )′n   is a soft sequence in ( , )   with ( , ) ( , ( ) ) ( , )′ → ∈n a a     we 
have ( , ( )) ( , ( )).=



   x x M x x   Now we show that M  has a unique fixed point. For this, assume 
that there exists another point ( , ( ) ) ( , )∈ y y    such that ( , ( ) ) ( , ( ) ).=



   y y M y y   
Now:
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R R

R

R

y y M y y M
y y M y y
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=
≤
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   

      

 

   

 

   
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  
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( ( , ( ) ) , ( , ( ) ) )

( ( , ( ) ) , ( , ( ) ) )
0

+

+

≤

=
=



   



   

R

R

y y y yλ  

  h h h h 	

Hence ( , ( ) ) ( , ( ) )=    y y h h . 

An application of fixed point for thermal science problem

A thermal science problem which can be expressed:

	
( , ) ( , ) , ( , )
( , ) ( , ) , ( , )

′ ′= ∈Ω
 ′ ′= ∈ ∂Ω

L w x y x x x x
B w x y x x x x

φ
ϕ

	

is one of the boundary value problems. In this thermal equation L  denotes a linear differential 
operator, B  is a boundary operator, ( , )′x xφ  and ( , )′x xϕ  are two given functions, Ω  is an 
open bounded region and ∂Ω  represents the boundary of Ω . By using fixed point property and 
techniques investigated in [7, 8], we can guarantee the existence and uniqueness of the solution.

Conclusion 

In this paper, Kannan type fixed point results are obtained by using rectangular soft 
metric. Also fixed point property associated with thermal science problem which is a kind of 
boundary value problem.

References
[1]	 Molodtsov, D., Soft Set Theory-First Result, Comput. Math. Appl., 37 (1999), 4-5, pp. 19-31
[2]	 Maji, P. K., et al., Soft Set Theory, Comput. Math. Appl., 45 (2003), 4-5, pp. 555-562
[3]	 Aras, C. G., et al., On Soft Mappings, Computers & Mathematics with Applications, 60 (2013), 9, pp. 

2666-2672
[4]	 Aras C. G. G., Posul, H., On Some New Operations in Probabilistic Soft Set Theory, European Journal of 

Pure and Applied Mathematics, 9 (2016), 3, pp. 333-339
[5]	 Shabir, M., Naz, M., On Soft Topological Spaces, Computers & Mathematics with Applications, 61 

(2011), 7, pp. 1786-1799
[6]	 Zorlutuna, I., Cakir H., On Continuity of Soft Mappings, Appl. Math. Inf. Sci. 9 (2015), 1, pp. 403-409
[7]	 Bildik, N., et al., The New Modified Ishikawa Iteration Method for the Approximate Solution of Different 

Types of Differantial Equations, Fixed Point Theory and Applications, 2013 (2013), 52
[8]	 Gulyaz, S., Inci, M. E., Existence of Solutions of Integral Equations via Fixed Point Theorems, Journal 

of Inequalities and Applications, 2014 (2014), 138
[9]	 Qiu‚, Y., Solving A Class of Boundary Value Problems by LSQR, Thermal Science, 21 (2017), 4, pp. 

1719-1724
[10]	 Bayram, M., et al., A Solution Method for Integro-Differential Equations of Conformable Fractional De-

rivative, Thermal Science, 22 (2018), Suppl. 1, pp. S7-S14
[11]	 Bayram, M., et al., Parameter Estimation in A Black-Scholes Model, Thermal Science, 22 (2018), Suppl. 

1, pp. S117-S122
[12]	 Das, S., Samanta, S. K., Soft Metric, Annals of Fuzzy Mathematics and Informatics, 6 (2013), 1, pp. 77-94
[13]	 Hosseinzadeh, H., Fixed Point Theorems on Soft Metric Spaces, Journal of Fixed Point Theory and Ap-

plications, 19 (2017) 2, pp. 1625-1647
[14]	 Branciari, A., A Fixed Point Theorem of Banach-Caccioppoli Type on a Class of Generalized Metric 

Spaces, Publ. Math. Debrecen, 57 (2000), 1, pp. 31-37
[15]	 Mutlu, A., et al., Fixed Point Theorems in Partially Ordered Rectangular Metric Spaces, British Journal 

of Mathematics and Computer Science, 15 (2016), 2, pp. 1-9
[16]	 Oztunc, S., et al., Soft Fixed Point Theorems for Rectangular Soft Metric Spaces, Proceedings, 2. Inter-

national Students Science Conference, Izmir, Turkey, 2018, Abstract Book, p. 102



Oztunc, S., et al.: Some Kannan Type Fixed Point Results in Rectangular Soft Metric Space ... 
THERMAL SCIENCE: Year 2019, Vol. 23, Suppl. 1, pp. S215-S225	 S225

[17]	 Oztunc, S., et al., Soft Fixed Point Theorems for Kannan Type Mappings by Using Rectangular Soft 
Metric, Proceedings, International Conference on Mathematics: An Istanbul Meeting for World Mathe-
maticians, Istanbul, Turkey, 2018, Abstract Book, p. 334

[18]	 Kannan, R., Some Results on Fixed Point, Bull. Cal. Math. Soc., 60 (1968), pp. 71-76
[19]	 Kannan, R., Some Results on Fixed Point II, Amer. Math. Monthly, 76 (1969), 4, pp. 405-408
[20]	 Banach, S.: Sur les operations dans les ensembles abstraits et leur application aux equations integrales. 

Fund Math. 3 (1922), pp. 133-181 

Paper submitted: November 2, 2018
Paper revised: November 20, 2018
Paper accepted: January 1, 2019

© 2019 Society of Thermal Engineers of Serbia
Published by the Vinča Institute of Nuclear Sciences, Belgrade, Serbia.

This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions


