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This paper adopts conformable fractional derivative to describe the fractional 
Klein-Gordon equations. The conformable fractional derivative is a new simple 
well-behaved definition. The fractional complex transform and variational iter-
ation method are used to solve the fractional equation. The result shows that 
the proposed technology is very powerful and efficient for fractional differential 
equations.
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Introduction

In the past two decades, the fractional derivative has gained considerable attention of 
physicists, mathematicians, and engineers. Many kinds of definitions of fractional derivatives 
have been proposed [1-4]. The most popular are:

 – The Riemann-Liouville definition is [1, 4]:
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 – The Caputo’s definition is [1, 4]:
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The previous two definitions satisfy the property that the fractional derivative is a lin-
ear. However, they have lost some of the basic properties that usual derivatives have such as the 
product rule and the chain rule. Recently, the authors in [5, 6] define the conformable fractional 
derivative, which is a new well-behaved simple definition. The new definition of fractional 
derivative successfully overcomes some of the setbacks of the traditional definitions. So, the 
conformable fractional derivative is a powerful tool to describe all kinds of nature phenomena.

In this paper, the fractional Klein-Gordon equations are described in the sense of the 
conformable fractional derivative. We use the He’s variational iteration method (VIM) [7] and 
fractional complex transform method [8-10] to solve the fractional Klein-Gordon equations. 
The aim of the paper is that the fractional complex transform can convert the fractional differ-
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ential equation into a classical ordinary differential equation, and that we use the VIM to solve 
the differential equation.

We consider the fractional Klein-Gordon equation:

 2 ( )t xxu u F uα − = −  

with the initial conditions:

 ( ,0) ( ), ( ,0) ( )tu x f x u x g x= =  

where ( )F u  is a linear or non-linear function. The equation has attracted much attention in 
studying solitons and condensed matter physics, in investigating the interaction of solitons in 
collisionless plasma, the recurrence of initial states, and in examining the non-linear wave 
equations [11].

Conformable fractional derivative

Let a function :[0, )f R∞ → . Then the conformable fractional derivative of f  of order 
α  is defined [5]:
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Let 0 1α< <  and {1,2,3, }n∈  . Then the conformable fractional derivative of order
n  is given [6]:

 D D D D Dn f fα α α α α=   

The VIM

Consider the following non-linear differential equation:

 ( )Lu Nu g x+ =  (1)
where N  is a non-linear operator, L is a linear operator, and ( )g x  is a homogeneous term. With 
use of the VIM [7], a correct functional for eq. (1) is structured:
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where λ is a Lagrange multiplier, which can be identified optimally via variational theory, and 
the second term on the right is called the correction, and ˆnu  is considered as a restricted varia-
tion, i. e. ˆ 0nuδ = .

Fractional complex transform 

Consider the following general fractional differential equation:
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where /tu u tα α α= ∂ ∂  denotes conformable fractional derivation, and u is a continuous (but not 
necessarily differentiable) function.

The fractional complex transform reads:
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where , , ,p q k  and l  are the unknown constants. Using the basic properties of the conformable 
fractional derivation and above transform, we have:
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Therefore, we can easily convert the fractional differential equations into the classical 
ordinary differential equations.

Numerical applications

Consider the non-linear fractional Klein-Gordon equation:

 2 2
t xxu u uα − = −  (4)

subject to the initial conditions:

 ( ,0) 1 sin( ), ( ,0) 0tu x x u x= + =  (5)

With the aid of the fractional complex transform / (1 )T tα α= Γ + , eq. (4) convert into 
the following form:

 2
TT xxu u u− = −  (7)

subject to the initial conditions:

 ( ,0) 1 sin( ), ( ,0) 0Tu x x u x= + =  (8)

Using the VIM to solve eq. (7), we construct a correction functional:

 2
1

0

ˆ ˆ( , ) ( , ) { ( , ) ( , ) ( , )}d
T

n n n nxx nu x T u x T u x u x u xττλ τ τ τ τ+ = + − +∫  (9)

The stationary conditions can be obtained:

 '' 0,λ λ− =    '1 0
Tτ

λ
=

− = ,   0Tτλ =
=  

We have:

 ( ) Tλ τ τ= −  

Therefore, we obtain the iteration formula:
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Using the iteration formula eq. (9) with the initial approximation:

 0 ( , ) ( ,0) ( ,0) 1 sin( )Tu x T u x Tu x x= + = +  

we have the following results:
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Substituting eq. (6) into eq. (11), we obtain the solution of eq. (4):
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Conclusion

Based on the conformable fractional derivative, we combined the fractional complex 
transform and VIM to find the approximate solution of the fractional Klein-Gordon equation. 
The result shows that the proposed method is very powerful, efficient and easy mathematical 
methods for solving the linear and non-linear fractional differential equations in science and 
engineering.
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Nomenclature
t – time, [s]
x – space co-ordinate, [m]

Greek symbol

α – fractional order, [–]

References
[1] Yang, X. J. Advanced Local Fractional Calculus and Its Applications, World Science Publisher, New 

York, USA, 2012
[2] Chen, W., Time-Space Fabric Underlying Anomalous Diffusion, Chaos Soliton and Fractals, 28 (2006), 

4, pp. 923-929
[3] Yang, X. J., et al., A New Insight into Complexity from the Local Fractional Calculus View Point: 

Modelling Growths of Populations, Mathematical Methods in the Applied Sciences, 40 (2017), 17, pp. 
6070-6075



Wang, K., et al.: Conformable Fractional Derivative and its Application to ... 
THERMAL SCIENCE: Year 2019, Vol. 23, No. 6B, pp. 3745-3749 3749

[4] Yang, X. J., et al., A New Family of the Local Fractional PDEs, Fundamenta Informaticae, 151 (2017), 
1-4, pp. 63-75

[5] Khalil, R., et al., A New Definition of Fractional Derivative, Journal of Computational and Applied Math-
ematics, 264 (2014), July, pp. 65-70

[6] Abdeljawad, T., On Conformable Fractional Calculus, Journal of Computational and Applied Mathemat-
ics, 279 (2015), May, pp. 57-66

[7] He, J. H., A Short Remark on Fractional Variational Iteration Method, Physics Letters A, 375 (2011), 38, 
pp. 3362-3364

[8] Li, Z. B., et al., Fractional Complex Transform for Fractional Differential Equations, Mathematical and 
Computational Applications, 15 (2010), 5, pp. 970-973

[9] Yang, X. J., et al., Non-Differentiable Exact Solutions for the Nonlinear Odes Defined on Fractal 
Sets, Fractals, 25 (2017), 04, ID1740002

[10] Yang, X. J., et al., New Analytical Solutions for Klein-Gordon and Helmholtz Equations in Fractal Di-
mensional Space, Proceedings of the Romanian Academy Series A, 18 (2017), 3, pp. 231-238

[11] Yusufoglu, E., The Variational Iteration Method for Studying the Klein-Gordon Equation, Applied Math-
ematics Letter, 21 (2008), 7, pp. 669-674

Paper submitted: October 11, 2018 
Paper revised: January 11, 2019
Paper accepted: January 28, 2019

© 2019 Society of Thermal Engineers of Serbia
Published by the Vinča Institute of Nuclear Sciences, Belgrade, Serbia.

This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions


