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In this article we investigate the general fractional-order derivatives of the Rie-
mann-Liouville type via Lorenzo-Hartley kernel, general fractional-order inte-
grals and the new general fractional-order wave equation defined on the definite
domain with the analytical soluton.
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Introduction

Theory of general fractional-order calculus, as new mathematical tool, has successful-
ly used to investigate the mathematical model in mathematical physics. The general fractional
derivatives via the special kernels have the properties, such as memory and integro-differential
represtations with the non-singular behaviors, were developed in [1]. For example, these ker-
nels, proposed by Caputo and Fabrizio [2], Mittag-Leffler [3], Rabotnov [4], Miller and Ross
[5], and so on, have been investigated:
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The tasks have been paid attention to many researchers in the mathematical physics
in [6, 7].

Recently, the Lorenzo and Hartley have proposed a special function (called the Lo-
renzo-Hartley function, see [8]). The general fractional-order calculus operators via the Loren-
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zo-Hartley function were investigated in [1]. The main goal of the article is to model the wave
equation within general fractional derivative via the Lorenzo-Hartley kernel. We propose the
wave equation within general fractional derivative of the Riemann-Liouville type via Loren-
zo-Hartley kernel and investigate the analytical solution with the special function.

Basic theory of the general fractional calculus
via Lorenzo-Hartley kernel

In this section, we give the concepts and properties of the general fractional-order
derivatives and general fractional integrals. In order to show the properties of them, we start
with the Lorenzo-Hartley function.

The Lorenzo-Hartley function can be expressed [1]:
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and its Laplace transform [1, 8]:
sfo, ()= Xt = (1=w ) (] <1) )
K=0

where the Laplace transform operator is denoted [1]:
S[1(t)]=1(s)=[e"1(r)dt 3)
0

General fractional-order derivatives of the
Riemann-Liouville type within Lorenzo-Hartley kernel

The left-sided general fractional-order derivative of the Riemann-Liouville type with-
in the Lorenzo-Hartley kernel is given [1]:
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and the right-sided general fractional-order derivative of the Riemann-Liouville type within the
Lorenzo-Hartley kernel:
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The left-sided general fractional-order derivative of the Riemann-Liouville type with-
in the Lorenzo-Hartley kernel is given [1]:
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and the right-sided general fractional-order derivative of the Riemann-Liouville type within the
Lorenzo-Hartley kernel:
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where 7 is positive integer numbers.
When a =0, the general fractional-order derivatives of the Riemann-Liouville type
within the Lorenzo-Hartley kernel is given [1]:
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and
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General fractional-order integrals
The left-sided general fractional-order integral is defined [1]:
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and the right-sided general fractional-order integral:
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For n =1, the left-sided general fractional-order integral is defined [1]:
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and the right-sided general fractional-order integral:
b
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For a =0, the general fractional-order integrals are defined [1]:
t
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0
and
t
WA g (1) = o3 g (1) = [(1=7) 7 By, | ~v(e=7) Jg()dz (15)

0
The Laplace transforms of the general fractional calculus operators

The Laplace transforms of the general fractional derivatives and general fractional
integrals are given [1]:
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and
S{ngjr"g(t)}=s}'71 (1+vs77)g(s) (19)

A new wave equation within general fractional derivative
via Lorenzo-Hartley kernel

Let us consider the new wave equation in the 1-D cases containing the general frac-
tional derivative via Lorenzo-Hartley kernel defined on the definite domain:

2
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with the initial and boundary conditions:

R(0,£)=0, R(2,¢)=0, I R(x,40)=0, {I;"R(x,+0)=sin(nx) (21)

where
oy
w052 R (0 0) =2 ! 0,[-v(r-1) [%(xr)ar (22)
and
RIGR(x,40) = R I3 R (x,+0) (23)

With use of the Laplace transform, we easily obtain:
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Ox
Setting the general solution of eq. (24) given:
R(x,5) =N, sin(mx) + N, cos(mx) (25)
where N, and N, are the constants, we have:
[—nz s (1 +vs” )ﬂ[xl sin (7o) + N, cos(nx)] = —sin () (26)
which leads to
N, =0 and N, = ! 1 (27)
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Thus, we have:

sin (7x) sin () 1
iR(x,s)z N o = 2 T R (28)
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Thus, we have:
iR(x,s)z@i(—%} s(lfy)i(1+vs77 )_i, nizslf}' (1+vs7y )_1 <1 (29)

Thus, we get the analytical solution for the new wave equation in the 1-D cases con-
taining the general fractional derivative via Lorenzo-Hartley kernel defined on the definite do-
main as follows:

n(en)= IS s () G0
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Conclusion

In the present work, we have investigated the theory of the general fractional calculus
via Lorenzo-Hartley kernel. Moreover, the general fractional-order model for the wave defined
on the definite domain within general fractional derivative via Lorenzo-Hartley kernel was
proposed and its solution were presented with the aid of the Laplace transforms and the special
functions. The obtained results are presented to describe the general fractional-order models
arising in mathematical physics.
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Nomenclature

x — space co-ordinate, [m] Greek symbol

t — time co-ordinate, [s] y — fractional order, [-]
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