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In the paper we consider a general fractional-order wave model with the general
fractional-order derivative involving the Miller-Ross kernel for the first time. The
analytical solution for the general fractional-order wave model is investigated in
detail. The obtained result is given to explore the complex processes in the mining
rock.
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Introduction

The mathematical model for the wave propagation in the mining rock has been inves-
tigated by many scientists, see [ 1-4] and references cited therein. For example, the linear model

for the wave propagation:
8291(x,t) 0 p GER(x,t)
o ax|l ox

where ¢, is a constant and R(x, 7) — the wave function, was proposed in [5]. As a special case of
(1), the linear model for the wave propagation:
2 2
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where ¢, is a constant and ‘R(x, ¢) is the wave function, was proposed in [6]. The models can
be used to describe 1-D wave propagation in the mining rock. Recently, a general fraction-
al-order derivative within the Miller-Ross kernel [7]. The main aim of the article is to propose
the general fractional-order derivative model for the wave propagation based on the general
fractional-order derivative involving the Miller-Ross kernel [8] and to investigate its analytical
solution.
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A general fractional-order calculus
involving the Miller-Ross kernel

In this section, we introduce the general fractional-order derivative involving the spe-
cial function, which proposed in by Miller and Ross, see [8], from the point of view of the
general fractional-order calculus application.

The Miller-Ross function and its Laplace transform

For the given real constant, A, the Miller-Ross function with one-parameter constant
A is defined [7, 8]:
» N 0 ﬂxt,( 0 /'thrﬂra
ACEY => ()
with the Laplace transform [8]:

L{soa(lt)}%{ir(wm }=i L=y (as<) @
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where the Laplace transform operator of the function u(?) is represented [7]:

0

S[u(t)] =u(s)= Ie"”u(t)dt (3)

0
A general fractional-order integral operators
involving the Miller-Ross kernel

The left-sided general fractional-order integral operator involving the Miller-Ross
kernel is defined [7]:

MR[:-;lj(t)ZJ.(@a [—/l(t—r)a]j(r)dr (4)

and the right-sided general fractional-order integral operator involving the Miller-Ross kernel:
b

wli0(0)= [0 [ ~A(e=1) | i()dr )

When a = 0, the general fractional-order integral operator involving the Miller-Ross
kernel become:

MRI([)ZJ:Aj(t):J.LgQa [—ﬂ(t—r)an(r)dT (6)
0
with its Laplace transform:

Sl ()] =5 (1+257) j (s) (7)

General fractional-order derivatives
involving the Miller-Ross kernel

The left-sided general fractional-order derivative of the Riemann-Liouville type in-
volving the Miller-Ross kernel is defined [7]:

t
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and the right-sided general fractional-order derivative of the Riemann-Liouville type involving
the Miller-Ross kernel:

8010~ Lwte50)=(5 ] fou[ae- i

where « is the positive integer numbers.
The left-sided general fractional-order derivative of the Liouville-Sonine type involv-
ing the Miller-Ross kernel is defined [7]:

WD (1) = w2 [ 10(0)] jso[ -7)" [/ (7)dr (10)

and the right-sided general fractional-order derivative of the Liouville-Sonine type within the
Miller-Ross kernel:

WD ()= w1 [-(1)] = jso[ ~1)" |/ (e)ar (11)

The left-sided general fractional-order derivative of the Liouville-Sonine-Caputo type
involving the Miller-Ross kernel is defined [7]:

WD ()= w1 [ (0)] j P, ~Alt=7)" | (7)dr (12)

and the right-sided general fractional-order derlvatlve of the Liouville-Sonine-Caputo type
within the Miller-Ross kernel:

WD ()= e I (1) (1) ] = (- Isoa[ ) ] (e a3

The relation between the general fractional-order derivative of the Riemann-Liouville
and Liouville-Sonine types is given [7]:

WDE (1) = W DE (1) =0, (~447) (0) (14)

The Laplace transforms of the general fractional-order derivatives can be given [7]:
S[ &gt ()= (14 25™) " j(s) (15)
J[ LSD””1 J—s’””l (1+ﬂ»s’1 )71 [sj(s)—j(O)] (16)

and
|:LSCD11 s ] g (1+ls71 )—1 {skj(s)—is"fj(f') (O)J (17)

A new general fractional-order wave model

We now consider a new general fractional-order wave model containing the general
fractional-order derivative of the Liouville-Sonine type within the Miller-Ross kernel:

azm—(f’t) (x>0, £>0) (18)

o () =

subjected to the initial and boundary conditions:
R (x,0)=0, R(x,0)=0, R(0,)=0, R(+o0,1)=0 (19)
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where the general fractional-order partial derivatives of orders 2 and 1 are defined:

RO R () =[ o, [ A (1=7) |0 (x,7)dr (20)
and ’
WO R () =[ @, [ -2 (t=2)" |8 (x,7)de 1)
0
respectively.
With the use of the Laplace transform, we present:
0N -
#:sla (1+2s) R(x,s) (22)

with the general solution, given:

ER(X’ S) _ Ale—x« s (1+Z.s"1)7 n Azex« s (1+Z.s"1)7 (23)

where A, and A, are the constants.
Finally, we have A,= 0 and A, = 0 and such that:

-x 51’”(1+15’1)71 _ 715'77"(“,1{1),1/2

R(x,s)=¢ =e (24)

Thus, we have:

o (—x)'  _len —n/2
i}?(x,s)zzr((nle)s 2 (1+/ls’1) (25)

which leads to:

R(x,t) i () t(a;])n_lE'”2 (—A4t) 26
1) = _
o &T(n+1) 1Q (26)
where the Laplace transform of the generalized Prabhakar function is written [7]:
(a%)nil © (_x)" 7(a71)n N
{t 2 E1~£‘2’;)’1(_b)}§r(n+1)s F ) 7

Conclusion

In our task, we investigate the new general fractional-order wave model with the gen-
eral fractional-order derivative involving the Miller-Ross kernel. With the aid of the Laplace
transform, we obtain the analytical solution. The special functions are accurate and efficient for
descriptions of the mining rock.
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Nomenclature

o — fractional order, [—] x —space co-ordinate, [m]
t —time co-ordinate, [m]
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